Robust Portfolio Selection

Garud lyengar

IEOR Department
Columbia University, New York.

Workshop on Large Scale Robust Optimization
Sandia National Laboratories
Aug. 31st - Sept. 2nd, 2005

Joint work with Don Goldfarb and Emre Erdogan
CORC Tech. Rep.s TR-2002-03, TR-2002-04, TR-2004-11



Markets and portfolios

» Discrete time market with n assets

» Historical market returns Ry, Ry, ..., Ry € R”

» Investment:

» ¢;: fraction of wealth invested in asset i
» ¢ €R"suchthat >, ¢ =1

Goal: Portfolio that maximizes return and minimizes risk

» Have define risk and return

» Two standard methodologies

» Parametric methods: e.g. R IID Normal
» Non-parametric methods: Data rules!
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Markowitz portfolio selection model

» Model class: Returns R are [ID NV (p, X)
» Model selection: Maximum likelihood estimation
A 1 N
. lf - N thlNRt
s Y=g Y (Re— )R — )7
» Portfolio ¢

> return: Expected return p’ ¢
» risk: Variance ¢ ¢

» Portfolio selection problem

max p’¢—Ap Lo,
st. 17¢p=1.
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Sharpe portfolio selection model

» (n+ 1)-th asset is riskless asset: return r¢

» Sharpe optimal portfolio

dTEP =
17 Y — rel)

st. 1'¢p=1.

(Il'—rfl)T¢' Z—l —rel
max } = d)* (p’ rf )

» Optimal portfolio: aepy1 + (1 — o)™
» Great theoretical success: Capital Asset Pricing Model

» Unreliable practical performance: Parameter uncertainty!
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Instability of Sharpe optimal portfolio: error in p

» Simple example n =2

» Error in p: n = w

» Error in ¢: ||<25 — oo

> Averaged over N = 1000 samples for each value of n
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Instability of Sharpe optimal portfolio: error in

» Simple example n =2

» Errorin o1: = %

» Error in ¢: ||<25 — oo

> Averaged over N = 1000 samples for each value of n
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Sharpe optimal investment on S&P 500 assets

Cumulative wealth: $1 on Jan 1st, 1994
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Sharpe optimal investment on S&P 500 assets
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Sharpe optimal investment on S&P 500 assets

Cumulative wealth: $1 on Jan 1st, 1994
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Methods to handle parameter uncertainty

» Solutions:

» Bounds: Chopra (1993), Frost & Savarino (1988),
Jagannathan & Ma (2003)

» James-Stein estimates for the mean: Chopra et al (1993)

» Bayesian estimation: Chopra (1993), Frost et al (1986),
Black-Litterman

» Resampling (p, X): Michaud (1989)

» Stochastic programming: Ziemba & Mulvey (1998)

» These approaches
» Do not model parameter uncertainty
» Do not provide performance guarantees
» Curse of dimensionality with stochastic programming
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Simple robust portfolio selection

» Assume: covariance matrix X is known

v

Mean return vector belongs to the uncertainty set
Sm={p:|pui— fil <€}

» Minimax problem (Ben-Tal & Nmeirovski, El Ghaoui et. al.)

max minges, {n" ¢} —Ap T
st. 17T¢p=1.

> Inner min: ming - <ey{idiy = (Ai — sign(¢i)e;)di

» First interpretation: modification of the return vector

mmax (f —sign(¢)e)" ¢ — Ao  X¢p
st. 17¢p=1.
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Simple robust portfolio selection

» Assume: covariance matrix X is known

» Mean return vector belongs to the uncertainty set
Sm={p:|pui— fil <€}
» Minimax problem (Ben-Tal & Nmeirovski, El Ghaoui et. al.)

max minges, {n" ¢} —Ap T
st. 17T¢p=1.

» Inner min: mi”{ﬂ;:lﬂ;—ﬁ;lﬁe;}{“i¢i} = (f1; — sign(pi)ei) i
» Second interpretation: modification of the covariance matrix

max ' ¢—Ap Ep— T diag(35) ¢
st. 17T¢p=1.
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Robust portfolio selection

» w-confidence regions

Si = An:llp— Al < cuw)}
A1 N
S, = {Z:Z=%?(1+A)'%

AINERE®)

» Robust Sharpe optimal portfolio problem
- (=—r))7¢
max mlnues‘“zesu {ﬁ}
st. 17T¢p=1.
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Robust portfolio selection

» w-confidence regions

Se = {u i il < )}
A1 A1
S = {Z:E=£040)7E 7 A < o (w)}
» Robust Sharpe optimal portfolio problem
max min,cs, ses {7(“’_"1)%5}
AN

st. 17T¢p=1.

» Reformulation

min  maxses, {¢TZ¢}

st. minges, {(u — rfl)Tqb} >1,
17¢p =1.
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Robust portfolio selection

» w-confidence regions

Se = {n: Il < o)}

A1 A1
So = {Z:Z=3%(1+0)'2 2 |A| < c(w)}

» Robust Sharpe optimal portfolio problem
max Mmin,cs ses {w}
HESLEES  JyTrg
st. 17T¢p=1.

» Reformulation
. T
min- 1= Co(w) {¢ Z¢}
st. (p—r1)T ¢ — cu(w)| o] > 1,
17¢ — k=0,
k> 0.

» Second-order cone program: Efficiently solvable!

Robust Portfolio Selection
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Theoretical properties of robust optimization

» Analog of Markowitz problem for ambiguous markets: Gilboa
& Schmeidler (1989), Hansen & Sargent (2001)

» The 1-fund theorem extends: CAPM-type results possible

» Probabilistic guarantee on performance
» pick confidence level w
» ¢*(w): solution of the robust max Sharpe ratio problem
» s*(w): value of the robust max Sharpe ratio problem
» Realized Sharpe ratio of ¢*(w) > s*(w) with probability w

» Implementation: How can we make this method scale 7
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Large scale problems

» Factor model: r=pu +V'f+e
» mean return: p € R” (n assets)
factor returns: f ~ N(0,F), F € R™™ (m factors)
factor loading matrix: V € R™*"
residual returns: € ~ A(0,D), D =0

v vy

» Current strategy: Use point estimates of (u,V,F,D)
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Large scale problems

» Robust factor model: r = p+V'f+e
» mean return: p € Sy, = {p = po+v: v <~i}
» factor returns: f ~ A/(0,F), F known and stable
» factor loading matrix:

VeS, ={V=Vo+W: W], 2,/ WGW; < p;}}
» residual returns: € ~ A(0,D), B
D € Sq = {D = diag(d) : d; < d; < d;}

» Proposal: Solve a robust problem for the w-confidence region

Garud lyengar, Columbia University Robust Portfolio Selection



Large scale problems

» Robust factor model: r = p+V'f+e
» mean return: @ € Sy = {p = po + v vl < i}
» factor returns: f ~ A/(0,F), F known and stable
» factor loading matrix:

VeS, ={V=Vo+W: W], 2,/ WGW; < p;}}
» residual returns: € ~ A(0,D), B
D € Sq = {D = diag(d) : d; < d; < d;}

» Proposal: Solve a robust problem for the w-confidence region

» Steps in the robust recipe
» Given return data {(r',f*): t =1,..., k} and confidence level
w parametrize the uncertainty structure.
» Given a particular choice of (S4, Sm, Sy), solve a robust
portfolio selection problem
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Robust Sharpe ratio problems

» For a fixed (u, V, D) the market return
r~N@V'FV+D) = r,~N(u'¢ ¢"(V'FV+D)g)

» Robust maximum Sharpe ratio portfolio selection:

. — 1 T
max mln{“esm,VESV,Desd}%’
st. 17T¢p=1.

» Reformulation
. TyT
min  maxqyes, pes,}{¢’ (VTFV + D)o},
st. mingues (- )T} > 1,
17¢ — k=0,
k> 0.

Robust Portfolio Selection

Garud lyengar, Columbia University



Robust Sharpe ratio problems

» For a fixed (u, V, D) the market return
r~N@V'FV+D) = r,~N(u'¢ ¢"(V'FV+D)g)

» Robust maximum Sharpe ratio portfolio selection:

. — 1 T
max mln{“esm,VESV,Desd}%’
st. 17T¢p=1.

» Reformulation
. TyT
min  maxgyes, pes,}{¢’ (VTFV + D)o},
st (mp—rl)Té —vT ¢ =1,
17¢ — k=0,
k> 0.
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Reformulating robust variance constraint

> ¢T(VTFV+D)¢ = |F2V|2+ ¢ Do < |F:Vo|>+¢ D¢

» Worst case variance: all W; must be aligned

\rpeasXHF quH T ow ||w||g<p, “Fz(vo¢+§¢IW)||
— 2
= {v:|mfg>;1}||':2(vo¢+ﬂv %, p= Zp,|¢|
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Reformulating robust variance constraint

1 1 —
> ¢T(VTFV+D)¢ = [F2V|>+$" D¢ < |[F2Vo|*+ ¢ De
» Worst case variance: all W; must be aligned

1 2 1 2
FzV = m F2(Voo +
V“elas): ” ¢|| {v:||v||agX§1} H ( 0P pv)H
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Reformulating robust variance constraint

1 1 —
> ¢"(VTFV+D)¢ = [F2Ve|*+¢ Do < |F2Vo|*+¢ Do
» Worst case variance: all W; must be aligned

1 2 1 2
FiVo|® = F2(V
max |[F2Va| R IF2(Voo + pv)||

» S-Lemma: duality for quadratic forms
IF3(Vop+ )P <v ¥ v <1

=@V FVop  rFVoo ],

v
>0: =
A720:M r¢"FV, G — r’F| —
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Reformulating robust variance constraint

1 1 =
> " (VIFV+D)p = [F2Ve|>+¢" D¢ < [[F:Vo|*+ ¢ Dg
» Worst case variance: all W; must be aligned

e [Favel w1 }HFZ(VOQHPV)H2

» S-Lemma: duality for quadratic forms

IF2 (Vo + pv)|P <v ¥ |v| <1

v—1—¢"V{FVop rFVoo

d7>0: M=
720 r¢TFV0 7G — r°F 0
» Linear algebra manipulations: M = 0 if and only if
w = QTVOQ')
1"t < v—1
Wi2 < t,'(]. — O’)\,'), Vi

Second-order cone constraints
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Reformulation to SOCPs

» Collecting all the bits and pieces ...

min 7+17t+46

S.t. w = QTV0¢
ro = Z?:l/’i|¢i|
17¢p = 1
1"t < v—r
w? < ti(l—o)), i=1...,m
r2 < orT
1
N W ()
$'Dp < §

» second-order cone program ‘“comparable” to convex QPs.
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Summary

» Markowitz-strategies sensitive to parameter perturbation
Robust strategies correct this via uncertainty sets
Uncertainty sets given by data and desired confidence level w

>
>
» Resulting SOCP can be solved efficiently
>

Robust investment strategy
» Collect data: asset returns r and factor returns f.
» Compute the least squares estimates p,, Vo and F
» Choose a confidence level w and define S,,, S,, and Sy
» Solve the SOCP corresponding to the robust problem of
interest
» Our modifications

» Replace original problem by the robust version.
» Choice of w is dictates risk averseness
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Computational time
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Performance on real market data

» Market period: December 31st, 1993 - March 26, 2003
» Assets: Constituents of S&P 500 index
» Factors: DJA, SPX, NDX, RUT, TYX + eigenvectors of X
» Experimental procedure:
> Investment period: p = 60 days

> In each period, estimate X and keep eigenvectors
corresponding to the top E/100 eigenvalues.

» Estimate Vg, pg, G, p and «y over a h = 4 period history

» Set d; = s? and rr = average T-bill rate

» Compute robust (resp. Markowitz) portfolio ¢ (resp. ¢.,)
selected by robust (resp. Markowitz) Sharpe ratio problem

» Re-balance ¢ and ¢!, at the beginning of period .
» Qut-of-sample testing but suffers from survivorship bias

» Myopic investment strategy

Robust Portfolio Selection
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Plain vanilla robust portfolio selection
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Robust index tracking and active portfolio selection

s Active Portfolio Management, (Cumulative returns)
L L s
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Multiperiod investment

» Return R; = 7 + Nz;

Price Pt =Po+ Y ! R, =Po+mt+ N>, 2,)
Constraints: Pl ¢pg =1, P[4, <0, ¢, = ¢, — ¢
Objective: P,-’\;(;’)N

Uncertainty structure: Bertsimas & Thiele

Z:{(zl,...,zN):||;zk||§\/7_',7':1,...,N}

vV v.v Yy

v

Robust optimization problem

max  mingez {Pn(2)7 (o + 1L %)}
st. Pu(z2)™y, <0, zeZ,t=1,...,N,
» An SOCP ... can be solved well.
» Make all decisions at time 0: typically conservative
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Multiperiod investment: Adjustable robust methods

0
>, = ¢£ ) + Z;:l F:rR-(2)
» Robust constraint

t
P(2) "9, = Pe(2) 9" + Y Pi(2)FirR,(2) <0, z€Z

T=1

» semidefinite constraint ... hard

» performance significantly superior
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Robust mean-variance portfolio selection

» Robust Markowitz problem: explicitly models errors
» The uncertainty set parametrized by confidence level w
» The robust optmization problem is an SOCP ... “easy”
> No parameters need to be tuned

» Robust index tracking strategy
» Works for capitalization weighted indices
» Tracks the index with far fewer assets
» The standard deviation is comparable to the index

» Robust active investment strategy
» Does have some tunable parameters
» Outperform S&P 500 by at least 60% using ~ 70 stocks
» Have a strategy to manage transaction costs

» Current focus

» Better multiperiod models
> Asset liability management
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