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MOTIVATION

Vorticity Field

OBJECTIVES (inverse problems):

e Control fluid flow with the least amount of
energy possible

e Estimate flow based on incomplete and/or
noisy measurements

The Navier—Stokes system:

( OV
E+(v-D)v+Dp—pAv:<p,

STS-47 D . V — O,

Initial condition

| Boundary condition




ORIGINS OF MULTI-SCALE BEHAVIOR

Spectral (Fourier) representation of the Navier—Stokes equation:
(Vp = Yk Gp(k)€*X)

Atip(K) Koks

+vk?Op(K) + <1— >|a m)ls(l) = @
o p(K) mgk 2 ) latla(M)Us(l) = @

e The triadic interactions represent an intrinsic mechanism responsible for
transfer of energy across a wide range of time— and length-scales

e Regardless of the boundary conditions and the RHS forcing , motion exists
at a very broad range of length— and time—scales

e In an accurate simulation, all length— and time—scales need to be resolved.




WAKE OPTIMIZATION PROBLEM 2 |
PRELIMINARIES

o Find dopt = argming 7(¢), where
1 /7 ower related to ower needed to
1) =5[] " i P t
2.Jo the drag force control the flow

1 T
=3, . 1p(&)n—n-DIV(E))]-[6 (e: % 1) +vaydort

Y
e Assumptions:

— viscous, incompressible flow
— plane, infinite domain
— Re =150

4B. Protas & A. Styczek, Physics of Fluids 14, 2073, (2002)




WAKE OPTIMIZATION PROBLEM 11
THE COMPLETE OPTIMALITY SYSTEM FOR {opt, [Vopt; Popt], [V, P*]}

9(Bom) = 5  {HRN-D(V") T+ 0 D(v(ore) - (& 1)} d =0

( av

O)v —pAv+0 0

o H(v-Dv=plvlp ) inQx (0,T),
O-v 0

v=20 att =0,

onl

_ — % v [Ov* +(Ov*)T] — pAv* 4 Op*
—0-v*

:[ 8 ] inQx (0,T),

vi=0 att =T,

|V =1 X (dopt€) + Voo onl

e A counterpart of the Euler-Lagrange equation
e Formidable computational task when solved at once

e Need an iterative procedure to decouple the different parts




WAKE OPTIMIZATION PROBLEM 1|

PRIMAL AND ADJOINT SIMULATIONS
FOR CYLINDER ROTATION AS THE CONTROL

ANIMATION




MODIFICATIONS OF FLOW PATTERNS IN THE
CONTROLLED FLOowsS T =6




PDE-CONSTRAINED OPTIMIZATION
REDUCED HESSIANS [LEWIS (1997)]

e CONSTRAINED optimization problem

Enir; f(u,a)
{ S(u(a),a) =0

e Equivalent UNCONSTRAINED optimization problem

ma!n f(u(a),a) = mJnF(a)

e CONDITIONING of the problem is determined by the REDUCED HESSIAN
(of the unconstrained problem)

du du” du” du
2 _
D(a)F = Laa+Lau (ﬁ) + (ﬁ) Lua + <£) Luu <£)
L(.a) = f(u.a) + (\.S(u(a).a)

d T :
d_z = -5, 1s,, (implicit function theorem)




AN ILLUMINATING EXAMPLE
RITZ—GALERKIN METHOD FOR THE POISSON EQUATION

Solve

{Aug, ueH(Q), ge HH(Q)

U‘Gamma:O’ A H(:)L(Q) - H_l(Q)

by minimizing the functional 7 : H3 (Q) — R, 7(®) = [o[5 (O®)? +gd]dQ
The Gateaux differential (the optimality condition)

7(®; ') :/Q[—Aq>+g]cb’d§2 =0

Gradient in L (Q): b2y = —AdD+g e Ly(Q)
— Hessian eigenvalues (Fourier space): {k,k3, ..., k&}

. k2
— The condition number: K = k_g — oo for ky — oo
1

Gradient in H} (Q): 029 = —A AP — g € Lp(Q)]
— Hessian eigenvalues (Fourier space): {1,1,...,1}
— The condition number: k =1 independent of ky
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APPLICATIONS TO MULTI-SCALE SYSTEMS

ANIMATION — Courtesy of Dr. Peter Blossey Wall-normal adjoint velocity

Issues:
e Multiple local solutions

e Nonsmooth gradients
e Rapid growth of adjoint fields in regions with steep gradients

In order to better handle multi-scale systems we need REGULARIZATION to:
e focus optimization procedure on the physics of interest

e define numerically tractable adjoint operators

e extract properly preconditioned gradients

11



AVAILABLE OPTIONS — THE BIG PICTURE
(Protas et al. JCP 195)

V

cost functional

J =",

nonlinear state equation <)—‘

gradient extraction

J' = (Vja(bl)‘l%

‘ duality pairing i

<U*7'CUI>‘I’2 = <£*U*7UI>‘I’2 +b

e regularization of the state (evolution) equation itself

e different choices of the brackets
— usually Ly(0,T;L2(Qj)), e.0.
— now HP(0,T;HY(Qj)), e.g.

Wy <'7'>LP2’ and <'7'>LP3
‘UHEZ(Q) = [ou*dQ
’uHZHIO(Q) = Zipzo fQ(D(I)U)ZdQ

CONTINUOUS SETTING
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KURAMOTO-SIVASHINSKY EQUATION

(nonlinear, multiscale, chaotic 1D model)

e e Spatio-Temporal Pattern
e The primitive form

|7 / UV [HlfinY
{ 0V + 405V + K (92v 4 vayv) =0, - DD

d\.v(0,t) =dlv(2mt), i=0,...,3,
v(x,0) = ¢.

D

0

e The “streamfunction” form Actual Initial Condition

0.u(0,t) =ad.u(2mt), i=0,...,3,

du+40%u 4K |92u+ 1 (0cu)?| =0,
u(x,0) = 5o = y.

e The “vorticity” form

p

Ot + 405 + K (03w + VO, W +w?) = 0,
W = 0xV =V = dy 1w,

0.w(0,t) = dlw(2rmt), i=0,...,3,
w(x,0) = 3x¢ = @




STATE ESTIMATION FOR THE

KURAMOTO-SIVASHINSKY EQUATION
prototypical 4ADVAR — Standard Derivation of the Adjoint Algorithm

W) =W, = W3 =1,(0,T;L2(Q))
The optimization problem: ming 7(¢),

90) = |V =) [ 0,00 = 3 Jo &1~y dxdt
Optimality condition — vanishing of the Gé’feaux differential:
7' (Gopii ') = Jo Jo" H (Hv—y)V'(¢')dxdt = 0
duality pairing (all boundary terms vanish due to periodicity):

21
<Lv’,v*> = <v’,L*v*> —/ o've|  dx.
Ly (0.T;L(Q)) L,(0.TiLy(Q)  Jo t=0

\ 7 \ . 7
Vv

0 7' (9:9")

definition of adjoint system:
L* —6tv*+46§(‘v*+K(6)2(v*+v6Xv*) = H* (Hv—y)="T,
v (0, t) oV (2mt), j=0,....3,
( T)=

cost functional gradient
7'(0:9") = [ET0'v*|,_odx = (07%2,0"), = 072 =v*|,_,

14



OPTION #1 — DEFINITION OF ADJOINT EQUATION
FOR ALTERNATIVE FORMS OF STATE EQUATION

e evolution governed by the vorticity equation —-
the cost functional minimized w.r.t. the vorticity variable

T pr2mn
7(6:0) = 7(0x; 0x0') = — /0 /0 019 (Hv—y)] aw (')dxdt.

e duality pairing for the vorticity equation:

21
<9\/[W’,W*> = <W’,M*W*> —/ w*|  dyhdx,
Ly (0.TiLy(Q)) L,(0.TiLy(Q)  Jo t=0

- \ . -
~" ~"

0 T Oxi0x)

o _ e cost functional gradient:
e “vorticity” adjoint equation:

o *
(MW = —0W* + 403w + K (02w — g (va2w)) =W

= =0t H T (HV —y),
o.w*(0,t) = olw*(2mt), i=0,...,3,
L w*(x,T)=0.
DIFFERENTIATION AND TAKING ADJOINT DO NOT COMMUTE: (0xL)" # 0xL*

t=0
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OPTION #2 — ALTERNATIVE DEFINITIONS
OF THE COST FUNCTIONAL

(with the same set of available measurements)

. H  (4) — Sl
Ingeneral: 7 (¢)—H}[V(¢) yLZ(O,TJHk(Q))

e k=0 — standard formulation (discussed before)

e k =1 — differentiation of observations

2
M (: ) / /HOZ}[* Hv—y)V (¢) dxdr
— f1 = —02H" (Hv—Yy)

e k= —1—integration of observations
T r21n
—/ / 0, 2H™ (Hv—y)V (¢')dxdt
0 JO
— g = 0, °H" (Hv—y)

DIFFERENT FUNCTIONALS RESULT IN DIFFERENT RHS FORCING TERMS IN THE
ADJOINT SYSTEMS

16



OPTION #3 — DEFINITION OF THE ADJOINT
STATE WITH ALTERNATIVE DUALITY PAIRINGS

T pr2m
o definition of new duality pairing: (7.7 ety 2 / / (9x21) (Bx22) dxdlt
2(U, 15 JO JO

<Lv’ v*""l> = <v’ L{v*""l> —/Znaxvj Oxd’dx.
’ Lo(0,T;H1(Q)) ’ L,(0,T;HL(Q)) Jo t=0

\ . > \ >
Vv

0 J6 (9:9")

e new adjoint equation:

p 1 1 1 1 Energy Spectra
L*’H V*,H :_atv*,H +4ajv*,H 4

K [92vHt 4 9L (Vg™ HT)
= _6;2“]—[* ('r]_[v - y)a

dv=H(0,t) = alvHt (2mit), j=0,....3,

vt (x,T) = 0.

e new (smoother) gradient:
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OPTION #4 — ALTERNATIVE (PRECONDITIONED)
DEFINITIONS OF THE GRADIENT

Riesz representation theorem: J(d;¢) = 02"¢’v* ]tzodx = (07%,9")x, e.g.,

212

El o 1712, 1 -1 -1
<21’22>w'17'—1 = (1+If)(1+|31)/0 {21224- m (0xZ1) (0x22) + m (0 21) (0y 22)] dx

Assuming |_; — oo, we obtain:

Iq 0 / 21 . ©
(9.0 = f 0V | o { (11300 = v
—

1417
W 900y = OV g(2m)

t=0
1

211
= 7175 + 120,21 0,2, dx
1+|%/() (12‘|‘1x1x2)

In Fourier space:

qwirey _ 1/ |
k2 + 1/If t=0
10
Low—pass filter with the cut-off length 11z lim;, o |Z|W|1’°°j =029 s
2
Gradient extraction in Sobolev spaces 102
can be applied as post-processing




SUMMARY — Z0OO OF ADJOINTS

Perturbation Duality
system pairing Adjoint system

LV =0 L*V*:f:}[*(}[V—y),
V/(O) =@ <'7 '>L2(0,T;L2(Q)) V* (T) -0
M*W* —

O TLH (W) = =0,
w*(T)=0
K*u* —

OxL" (aglu*) = —0xf,
U (T)=0
L*,Hlv*,Hl —
8,2L" (93w H") = 8,7,
viHY Ty =0
L*,H_lv*,H_l —
02L* (0 = 33,
v T) =0

MW/ — axLVI — 0,
W (0) = ¢ = 0,0 (0T @)

<'7 '>L2(O,T;L2(Q))

<"'>L2(O,T;H1(Q))

<'>‘>L2(0,T;H—1(Q))




EXACT PRECONDITIONING
AN ANALYTICAL EXAMPLE

— H =1d (complete observations) ,
— v=0 (firstiteration)

e gradient extracted using an L, inner product

(@) = o (1 B e2(4k4Kk2)T) _ ,fk‘(ﬁzct

(4k4 — kk?)
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EXACT PRECONDITIONING

AN ANALYTICAL EXAMPLE
e asSsume.

— H =1d (complete observations) ,
— v=0 (firstiteration)

e gradient extracted using an L, inner product

(@) = o (1 B e2(4k4Kk2)T) _ F’l:q;ﬁct

(4k4 — kk?)

e gradient extracted using the inner product (V1,V2)F_1/2, where B, = \/

(), o

<1_e—2(4k4—Kk2)T> |

2(4k4 —kk?)

21
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COMPUTATIONAL RESULTS |

2
. _ |_2 _ -
M|n|m|2|r.lg]. (¢_) H}[v-(cl).)- y 0T L)
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COMPUTATIONAL RESULTS |

2
. _ |—2 _ -
M|n|m|2|r.lg]. (¢_) H}[v-(cl).)- y LT L)

first iteration, zero initial guess

10
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1 2n 5 -
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COMPUTATIONAL RESULTS ||

2
. _ |_2 _ -
Minimizing ] (¢_) H}[v(c-l)). | y 0T L)

many iterations, zero initial guess

1

0 10 20 30 40 50 X 60 70 80 90 100
Iteration
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COMPUTATIONAL RESULTS ||

Minimizing 72 (¢) — H}[v(cl))—y i

L2(O,T;L2(Q))

many iterations, zero initial guess

Otz g

W™ 7.1, — constant

W' g 1, — 0 withn

1 7

2I1Jx,
o 9 11=0.1, 1 -~ const.
1 o \], |1:0.l, |1 —00

J, |1=0.1, Il —0

10 20 30 40 60 70 80

50
Iteration
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RECONSTRUCTION OF A TURBULENT
CHANNEL FLow Il

e Solver: finite—differences/spectral in space,

hybrid implicit/explicit in time

e wall shear and wall pressure measurements

+
r

NAVIER—STOKES SYSTEM:

o

a .
A(q) = ou;  Ouju " au;

3 oxj ' 0x
Ult—o =P in Q,
u(0,y,z) = u(2mLy,y,z);
u(x,y,0) = u(x,y,2rm,)
u(x,+1,x) =0

e constant mass flux

e turbulent flow
at Re; = 100

9P

27
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RECONSTRUCTION OF A TURBULENT
CHANNEL FLow 111

DIFFERENT STRATEGIES FOR GRADIENT EXTRACTION (OPTION # 4)

L> GRADIENT EXTRACTION

0.8

T———

06 ‘

0.4

02 |
0

-0.2 [

-04

-06 ; I

-0.8

0 5 10 15 20 25 30
i

J'(CD;h):—/u* hdQ = (07'2%, )

Q It=0 Lo(Q)

t=0

1412

H! GRADIENTS LEAD TO BETTER FLOW
RECONSTRUCTION THAN Ly, GRADIENTS

H! GRADIENT EXTRACTION

/ (Os"" 20,054 0,n) do
Q

Helmholtz operator

-\
la )

% 1+ 12A07H" = —u?

t=0
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GRADIENT EXTRACTION IN BANACH SPACES —
THEORY (I)

e Consider a Banach space X (without Hilbert structure!)

2mn X
@0 = [0V | otx= (T7.0)

Note that X* (the dual space) is usually “bigger” than X
Hence (1% 7 ¢ X is not an acceptable descent direction !!!
No Riesz Theorem in Banach spaces ...

e Alternative definition of the descent direction g ensuring that g € X

21
G= argmax”q,/HX:l <DX]’¢/>X*XX = MaX [/0 (I)/V>'< ‘t:OdX—i_ U”(I)/HX

e For instance, when X =W P9(Q) with ||z|jwea = J¢™|2|9 + 19P|0%u|% dX,

{ plul P2+ pag (0%u]P-2ofu) = —v*|,_

a?u}x:o - a>r<nu‘x:2r[ =0

p—LAPLACIAN equation

e The spaces WP:4(Q) are the natural setting for many nonlinear PDESs
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GRADIENT EXTRACTION IN BANACH SPACES —
THEORY (I1)

e Nonlinear equations with p—LAPLACIAN
— p-LAPLACIAN as a nonlinear generalization of the LAPLACIAN
— for a positive—definite RHS, a unique positive-definite solution exists

— solution readily obtained with nonlinear FEM

e Special cases:
— p=0,g=1 = WPIYQ)=L1(Q) (not reflexive),
The steepest descent doe not exist ...
- p=0,g>1 = WPIQ)=L4(Q),

the gradient G = —sgn(w™) q—\l/ﬁ sgn w*w*
— p=0,g=0 = WPIQ)=Lx(Q),
the gradient G = —sgn(w™)
- p=109=2 = WPIQ)=HYQ),
the gradient (I —12A)G = —w*, G|g = G|y =0




GRADIENT EXTRACTION IN BANACH SPACES

RESULTS FOR THE KURAMOTO—SIVASHINSKY EQUATION (1)

COMPARISON OF THE DIFFERENT (NONLINEAR) GRADIENTS
(the first iteration)
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GRADIENT EXTRACTION IN BANACH SPACES
RESULTS FOR THE KURAMOTO—SIVASHINSKY EQUATION (I1)

2
inimizing 72 () — _
Minimizing 7-2(¢) Hﬂ{v(q)) y LT L)
VERY LONG OPTIMIZATION HORIZON ( tough problem)

1

° DLZJ

LZl’J
W™
—— v"" 31,1001, —0

o O™ g I, — 0withn




GRADIENT EXTRACTION IN BANACH SPACES

RECONSTRUCTION OF A TURBULENT CHANNEL FLow (111)
CONVERGENCE OF ITERATIONS WITH DIFFERENT GRADIENTS

L2
H* with the best I,
L3

P
|[terations
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SUMMARY & FUTURE DIRECTIONS

e Extended formulation of an adjoint—-based analysis allowing for a better
treatment of multiscale systems;
Examples:

— derivation of numerically tractable adjoint operators
— stability of sensitivity calculation

— extraction of better preconditioned gradients
— accelerated convergence of iterations
— advantages of spaces without Hilbert structure (nonlinear
preconditioning)

e Future directions:

— Solution of Optimization Problems in non-standard spaces
(e.g., Besov B, ...)
— exploit adaptivity of gradient preconditioning
—> understand why! (numerical analysis)

More information at:  http://nath. ncnast er. cal bpr ot as/ resear ch

34



