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OBJECTIVES (inverse problems):

• Control fluid flow with the least amount of

energy possible

• Estimate flow based on incomplete and/or

noisy measurements

The Navier–Stokes system:






∂v
∂t

+(v ·∇∇∇)v+∇∇∇p−µ∆v = φφφ, in Ω× (0,T )

∇∇∇ ·v = 0, in Ω× (0,T )

Initial condition on Γ× (0,T )

Boundary condition in Ω at t = 0
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ORIGINS OF MULTI–SCALE BEHAVIOR

Spectral (Fourier) representation of the Navier–Stokes equation:

(vp = ∑k ûp(k)eik·x)

∂ûp(k)

∂t
+νk2ûp(k)+ ∑

m+l=k

(

1−
kpks

k2

)

lqûq(m)ûs(l) = φ̂p

• The triadic interactions represent an intrinsic mechanism responsible for

transfer of energy across a wide range of time– and length–scales

• Regardless of the boundary conditions and the RHS forcing , motion exists

at a very broad range of length– and time–scales

• In an accurate simulation, all length– and time–scales need to be resolved.
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WAKE OPTIMIZATION PROBLEM a I
PRELIMINARIES

• Find ϕ̇opt = argminϕ̇ J (ϕ̇), where

J (ϕ̇) =
1
2

Z T

0










power related to

the drag force



+




power needed to

control the flow










dt

=
1
2

Z T

0

I

Γ0

{[p(ϕ̇)n−µn ·D(v(ϕ̇))] · [ϕ̇(ez × r)+v∞]}dσdt,

• Assumptions:

– viscous, incompressible flow

– plane, infinite domain

– Re = 150

infV

V(t)τ

�� (t)ϕ

Y

X

Ω

O

Γ

D

aB. Protas & A. Styczek, Physics of Fluids 14, 2073, (2002)
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WAKE OPTIMIZATION PROBLEM II
THE COMPLETE OPTIMALITY SYSTEM FOR {ϕ̇opt , [vopt , popt ], [v∗, p∗]}







∇J (ϕ̇opt ) =
1
2

I

Γ
{µRn ·D(v∗) · τ+µn ·D(v(ϕ̇opt)) · (ez × r)}dσ = 0







[
∂v
∂t +(v ·∇∇∇)v−µ∆v+∇∇∇p

∇∇∇ ·v

]

=

[

0

0

]

in Ω× (0,T ),

v = 0 at t = 0,

v = ϕ̇opt τ on Γ






N ∗

[

v∗

p∗

]

=

[

− ∂v∗
∂t −v ·

[
∇∇∇v∗ +(∇∇∇v∗)T

]
−µ∆v∗ +∇∇∇p∗

−∇∇∇ ·v∗

]

=

[

0

0

]

in Ω× (0,T ),

v∗ = 0 at t = T,

v∗ = r× (ϕ̇opt ez)+v∞ on Γ

• A counterpart of the Euler–Lagrange equation

• Formidable computational task when solved at once

• Need an iterative procedure to decouple the different parts
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WAKE OPTIMIZATION PROBLEM III
PRIMAL AND ADJOINT SIMULATIONS

FOR CYLINDER ROTATION AS THE CONTROL

ANIMATION
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WAKE OPTIMIZATION PROBLEM IV
MODIFICATIONS OF FLOW PATTERNS IN THE

CONTROLLED FLOWS T = 6
No Control

t = 68
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PDE–CONSTRAINED OPTIMIZATION
REDUCED HESSIANS [LEWIS (1997)]

• CONSTRAINED optimization problem






min
(u,a)

f (u,a)

S(u(a),a) = 0

• Equivalent UNCONSTRAINED optimization problem

min
a

f (u(a),a) = min
a

F(a)

• CONDITIONING of the problem is determined by the REDUCED HESSIAN

(of the unconstrained problem)

∇2
(a)F = Laa +Lau

(
du
da

)

+

(
du
da

)∗

Lua +

(
du
da

)∗

Luu

(
du
da

)

where
L(u,a,λ) = f (u,a)+ 〈λ,S(u(a),a)〉

du
da

= −S−1
u Sa, (implicit function theorem)
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AN ILLUMINATING EXAMPLE
RITZ–GALERKIN METHOD FOR THE POISSON EQUATION

• Solve 





∆u = g, u ∈ H1
0 (Ω), g ∈ H−1(Ω)

u
∣
∣
Gamma = 0, ∆ : H1

0 (Ω) → H−1(Ω)

by minimizing the functional J : H1
0 (Ω) → R, J (Φ) =

R

Ω[ 1
2 (∇∇∇Φ)2 +gΦ]dΩ

• The Gâteaux differential (the optimality condition)

J (Φ;Φ′) =
Z

Ω
[−∆Φ+g]Φ′ dΩ = 0

• Gradient in L2(Ω): ∇L2 J = −∆Φ+g ∈ L2(Ω)

– Hessian eigenvalues (Fourier space): {k2
1,k

2
2, . . . ,k

2
N}

– The condition number: κ =
k2

N
k2

1
→ ∞ for kN → ∞

• Gradient in H1
0 (Ω): ∇L2 J = −∆−1

0 [∆Φ−g ∈ L2(Ω)]

– Hessian eigenvalues (Fourier space): {1,1, . . . ,1}

– The condition number: κ = 1 independent of kN
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APPLICATIONS TO MULTI–SCALE SYSTEMS

ANIMATION — Courtesy of Dr. Peter Blossey Wall–normal adjoint velocity

Issues:

• Multiple local solutions

• Nonsmooth gradients

• Rapid growth of adjoint fields in regions with steep gradients

In order to better handle multi–scale systems we need REGULARIZATION to:

• focus optimization procedure on the physics of interest

• define numerically tractable adjoint operators

• extract properly preconditioned gradients
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AVAILABLE OPTIONS – THE BIG PICTURE
(Protas et al. JCP 195)
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• regularization of the state (evolution) equation itself

• different choices of the brackets ‖ · ‖Ψ1 , 〈·, ·〉Ψ2 , and 〈·, ·〉Ψ3

– usually L2(0,T ;L2(Ωi)), e.g. ‖u‖2
L2(Ω) =

R

Ω u2dΩ

– now Hp(0,T ;Hq(Ωi)), e.g. ‖u‖2
H p(Ω) = ∑p

i=0
R

Ω(∇(i)u)2dΩ
CONTINUOUS SETTING
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KURAMOTO–SIVASHINSKY EQUATION
(nonlinear, multiscale, chaotic 1D model)

• The primitive form







∂t v+4∂4
xv+κ

(
∂2

x v+ v∂xv
)

= 0,

∂i
xv(0,t) = ∂i

xv(2π,t), i = 0, . . . ,3,

v(x,0) = ϕ.

• The “streamfunction” form







∂t u+4∂4
x u+κ

[

∂2
x u+ 1

2 (∂xu)2
]

= 0,

∂i
xu(0,t) = ∂i

xu(2π,t), i = 0, . . . ,3,

u(x,0) = ∂−1
x ϕ , ψ.

• The “vorticity” form







∂t w+4∂4
x w+κ

(
∂2

x w+ v∂xw+w2
)

= 0,

w = ∂xv ⇒ v = ∂−1
x w,

∂i
xw(0,t) = ∂i

xw(2π,t), i = 0, . . . ,3,

w(x,0) = ∂xϕ , φ.

Spatio-Temporal Pattern

0 /2 3 /2 2
x

t

Actual Initial Condition

0 /2 3 /2 2
x
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STATE ESTIMATION FOR THE
KURAMOTO–SIVASHINSKY EQUATION

prototypical 4DVAR — Standard Derivation of the Adjoint Algorithm
Ψ1 = Ψ2 = Ψ3 = L2(0,T ;L2(Ωi))

• The optimization problem: minϕ J (ϕ),

J (ϕ) =
∥
∥(H v− y)

∥
∥2

L2(0,T ;L2(Ω))
= 1

2

R T
0

R 2π
0 [H v− y]2 dxdt

• Optimality condition – vanishing of the Gâteaux differential:
J ′(ϕopt ;ϕ′) =

R T
0

R 2π
0 H ∗ (H v− y)v′(ϕ′)dxdt = 0

• duality pairing (all boundary terms vanish due to periodicity):
〈

Lv′,v∗
〉

L2(0,T ;L2(Ω))
︸ ︷︷ ︸

0

=
〈

v′,L∗v∗
〉

L2(0,T ;L2(Ω))
︸ ︷︷ ︸

J ′(ϕ;ϕ′)

−
Z 2π

0
ϕ′ v∗

∣
∣
∣
t=0

dx.

• definition of adjoint system:






L∗v∗ = −∂t v∗ +4∂4
x v∗ +κ

(
∂2

x v∗ + v∂xv∗
)

= H ∗ (H v− y) = f ,
∂iv∗

∂xi (0,t) = ∂iv∗

∂xi (2π,t), j = 0, . . . ,3,

v∗(x,T ) = 0,

• cost functional gradient:
J ′(ϕ;ϕ′) =

R 2π
0 ϕ′v∗

∣
∣
t=0dx = (∇J L2 ,ϕ′)L2 =⇒ ∇J L2 = v∗

∣
∣
t=0
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OPTION #1 – DEFINITION OF ADJOINT EQUATION
FOR ALTERNATIVE FORMS OF STATE EQUATION

• evolution governed by the vorticity equation =⇒
the cost functional minimized w.r.t. the vorticity variable

J ′(ϕ;ϕ′) = J ′
φ(∂xϕ;∂xϕ′) = −

Z T

0

Z 2π

0

[
∂−1

x H ∗ (H v− y)
]

∂xw′(ϕ′)dxdt.

• duality pairing for the vorticity equation:
〈

M w′,w∗
〉

L2(0,T ;L2(Ω))
︸ ︷︷ ︸

0

=
〈

w′,M ∗w∗
〉

L2(0,T ;L2(Ω))
︸ ︷︷ ︸

J ′φ(∂xϕ;∂xϕ′)

−
Z 2π

0
w∗

∣
∣
∣
t=0

∂xhdx,

• “vorticity” adjoint equation:






M ∗w∗ = −∂t w∗ +4∂4
x w∗ +κ

(
∂2

x w∗ −∂−1
x (v∂2

xw∗)
)

= −∂−1
x H ∗ (H v− y),

∂i
xw∗(0,t) = ∂i

xw∗(2π,t), i = 0, . . . ,3,

w∗(x,T ) = 0.

• cost functional gradient:

∇Jφ = w∗
∣
∣
∣
t=0

DIFFERENTIATION AND TAKING ADJOINT DO NOT COMMUTE: (∂xL)∗ 6= ∂xL∗
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OPTION #2 – ALTERNATIVE DEFINITIONS
OF THE COST FUNCTIONAL

(with the same set of available measurements)

In general: J Hk
(ϕ) =

∥
∥
∥H v(ϕ)− y

∥
∥
∥

2

L2(0,T ;Hk(Ω))

• k = 0 — standard formulation (discussed before)

• k = 1 — differentiation of observations

J ′H1
(ϕ;ϕ′) = −

Z T

0

Z 2π

0
∂2

xH ∗ (H v− y)v′(ϕ′)dxdτ

=⇒ f1 = −∂2
xH ∗ (H v− y)

• k = −1 — integration of observations

J ′H−1
(ϕ;ϕ′) = −

Z T

0

Z 2π

0
∂−2

x H ∗ (H v− y)v′(ϕ′)dxdτ

=⇒ f−1 = −∂−2
x H ∗ (H v− y)

DIFFERENT FUNCTIONALS RESULT IN DIFFERENT RHS FORCING TERMS IN THE

ADJOINT SYSTEMS
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OPTION #3 – DEFINITION OF THE ADJOINT
STATE WITH ALTERNATIVE DUALITY PAIRINGS

• definition of new duality pairing:
〈

z1,z2

〉

L2(0,T ;H1(Ω))
,

Z T

0

Z 2π

0
(∂xz1)(∂xz2) dxdt

〈

Lv′,v∗,H
1
〉

L2(0,T ;H1(Ω))
︸ ︷︷ ︸

0

=
〈

v′,L∗
1 v∗,H

1
〉

L2(0,T ;H1(Ω))
︸ ︷︷ ︸

J ′
ϕ(ϕ;ϕ′)

−

Z 2π

0
∂xv∗1

∣
∣
∣
t=0

∂xϕ′dx.

• new adjoint equation:







L∗,H1
v∗,H

1
= −∂t v

∗,H1
+4∂4

x v∗,H
1
+

κ
[

∂2
x v∗,H1 +∂−1

xx (v∂xxxv∗,H
1
)
]

= −∂−2
x H ∗ (H v− y),

∂i
xv∗,H

1
(0,t) = ∂i

xv∗,H
1
(2π,t), j = 0, . . . ,3,

v∗,H
1
(x,T ) = 0.

Energy Spectra

1 2 5 10 2 5 10
2

2

k

10
-40

10
-30

10
-20

10
-10

10
0

E
(k

)
u 1

u 0

• new (smoother) gradient: ∇J H1
= v∗,H

1
|t=0
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OPTION #4 – ALTERNATIVE (PRECONDITIONED)
DEFINITIONS OF THE GRADIENT

Riesz representation theorem: J ′(ϕ;ϕ′) =
R 2π

0 ϕ′ v∗
∣
∣
t=0dx = (∇J X ,ϕ′)X , e.g.,

(

z1,z2

)

Wl1 ,l−1
=

l2
−1

(1+ l2
1)(1+ l2

−1)

Z 2π

0

[

z1 z2 +
l2
1 l2

−1

l2
1 + l2

−1

(∂xz1)(∂xz2)+
1

l2
1 + l2

−1

(∂−1
x z1)(∂−1

x z2)
]

dx

Assuming l−1 → ∞ , we obtain:
(

∇Wl1 ,∞ J , ϕ′
)

Wl1 ,∞ =

Z 2π

0
ϕ′ v∗

∣
∣
∣
t=0

dx

=
1

1+ l2
1

Z 2π

0

(
z1z2 + l2

1 ∂xz1 ∂xz2
)

dx

=⇒







1
1+l2

1

[
1− l2

1 ∂2
x

]
∇W l1 ,∞ J = v∗

∣
∣
∣
t=0

∇W l1 ,∞ J (0) = ∇W l1 ,∞ J (2π)

In Fourier space:

̂∇Wl1 ,∞ J =
1/l2

1

k2 +1/l2
1

v̂∗
∣
∣
∣
t=0

Low–pass filter with the cut–off length l1: liml1→0 ∇Wl1 ,∞ J = ∇L2 J

Gradient extraction in Sobolev spaces
can be applied as post-processing

k1

k

10
-2

2

5

10
-1

2

5

10
0

2

F l
p
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SUMMARY – ZOO OF ADJOINTS

Perturbation
system

Duality
pairing Adjoint system ∇L2 J

Lv′ = 0
v′(0) = φ 〈·, ·〉L2 (0,T ;L2(Ω))

L∗v∗ = f = H ∗(H v− y),
v∗(T ) = 0 v∗

∣
∣
t=0

M w′ = ∂xLv′ = 0,
w′(0) = ϕ = ∂xφ 〈·, ·〉L2 (0,T ;L2(Ω))

M ∗w∗ =

∂−1
x L∗(∂xw∗) = −∂−1

x f ,
w∗(T ) = 0

−∂xw∗
∣
∣
t=0

K u′ = ∂−1
x Lv′ = 0,

u′(0) = ψ = ∂−1
x φ 〈·, ·〉L2 (0,T ;L2(Ω))

K ∗u∗ =

∂xL∗(∂−1
x u∗) = −∂x f ,

u∗(T ) = 0
−∂−1

x u∗
∣
∣
t=0

Lv′ = 0,
v′(0) = φ 〈·, ·〉L2 (0,T ;H1(Ω))

L∗,H1
v∗,H

1
=

∂−2
x L∗(∂2

x v∗,H
1
) = ∂−2

x f ,

v∗,H
1
(T ) = 0

−∂2
x v∗,H

1 ∣
∣
t=0

Lv′ = 0,
v′(0) = φ 〈·, ·〉L2(0,T ;H−1(Ω))

L∗,H−1
v∗,H

−1
=

∂2
x L∗(∂−2

x v∗,H
−1

) = ∂2
x f ,

v∗,H
−1

(T ) = 0

−∂−2
x v∗,H

−1 ∣
∣
t=0
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EXACT PRECONDITIONING
AN ANALYTICAL EXAMPLE

• assume:

– H = Id (complete observations) ,

– v ≡ 0 (first iteration)

• gradient extracted using an L2 inner product

(

∇̂L2 J
)

k
=

ϕ̂act
k

2(4k4 −κk2)

(

1− e−2(4k4−κk2)T
)

= F̂kϕ̂act
k

• gradient extracted using the inner product (v1,v2)F−1/2 , where F̂k =

√ (

1−e−2(4k4−κk2 )T
)

2(4k4−κk2 )
:

(
̂∇F−1/2 J

)

k
= ϕ̂act

k

λ1

λ2 J

λ1λ2 >

��� ���
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EXACT PRECONDITIONING
AN ANALYTICAL EXAMPLE

• assume:

– H = Id (complete observations) ,

– v ≡ 0 (first iteration)

• gradient extracted using an L2 inner product

(

∇̂L2 J
)

k
=

ϕ̂act
k

2(4k4 −κk2)

(

1− e−2(4k4−κk2)T
)

= F̂kϕ̂act
k

• gradient extracted using the inner product (v1,v2)F−1/2 , where F̂k =

√ (

1−e−2(4k4−κk2 )T
)

2(4k4−κk2 )
:

(
̂∇F−1/2 J

)

k
= ϕ̂act

k

λ1

λ2 J

λ1λ2 >
F−1/2

J

��� ���

λ1

λ2
λ2 λ1=

F−1/2

J

������
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COMPUTATIONAL RESULTS I
Minimizing J L2 (ϕ) =

∥
∥
∥H v(ϕ)− y

∥
∥
∥

2

L2(0,T ;L2(Ω))

first iteration, zero initial guess

J ′(ϕ;ϕ′)= (∇J L2 ,ϕ′)L2

=

Z 2π

0
(z1 z2) dx

J ′(ϕ;ϕ′)= (∇Wl1 ,∞ J ,ϕ′)
Wl1 ,∞

=
1

1+ l2
1

Z 2π

0

(
z1z2 + l2

1 ∂xz1 ∂xz2
)

dx

J ′(ϕ;ϕ′)= (∇W∞,l−1 J ,ϕ′)
W∞,l−1

=
l2
−1

1+ l2
−1

Z 2π

0

(

z1z2 +
1

l2
−1

∂−1
x z1 ∂−1

x z2

)

dx
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COMPUTATIONAL RESULTS I
Minimizing J L2 (ϕ) =

∥
∥
∥H v(ϕ)− y

∥
∥
∥

2

L2(0,T ;L2(Ω))

first iteration, zero initial guess

J ′(ϕ;ϕ′)= (∇J L2 ,ϕ′)L2

=

Z 2π

0
(z1 z2) dx

J ′(ϕ;ϕ′)= (∇Wl1 ,∞ J ,ϕ′)
Wl1 ,∞

=
1

1+ l2
1

Z 2π

0

(
z1z2 + l2

1 ∂xz1 ∂xz2
)

dx

J ′(ϕ;ϕ′)= (∇W∞,l−1 J ,ϕ′)
W∞,l−1

=
l2
−1

1+ l2
−1

Z 2π

0

(

z1z2 +
1

l2
−1

∂−1
x z1 ∂−1

x z2

)

dx
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COMPUTATIONAL RESULTS II
Minimizing J L2 (ϕ) =

∥
∥
∥H v(ϕ)− y

∥
∥
∥

2

L2(0,T ;L2(Ω))

many iterations, zero initial guess

• ∇L2 J

• ∇W l1 ,∞ J , l1 — constant

• ∇W l1 ,∞ J , l1 → ∞ with n

• ∇W l1 ,∞ J , l1 → 0 with n
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COMPUTATIONAL RESULTS II
Minimizing J L2 (ϕ) =

∥
∥
∥H v(ϕ)− y

∥
∥
∥

2

L2(0,T ;L2(Ω))

many iterations, zero initial guess

• ∇L2 J

• ∇W l1 ,∞ J , l1 — constant

• ∇W l1 ,∞ J , l1 → ∞ with n

• ∇W l1 ,∞ J , l1 → 0 with n
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RECONSTRUCTION OF A TURBULENT
CHANNEL FLOW I

WALL SHEAR — THE “FOOTPRINT” OF STREAKY STRUCTURES IN THE BOUNDARY LAYER            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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RECONSTRUCTION OF A TURBULENT
CHANNEL FLOW II

�

�

� � � �

�

NAVIER–STOKES SYSTEM:







N (q) =






∂u j
∂x j

∂ui
∂t

+
∂u jui
∂x j

−ν
∂ui
∂x j

+
∂p
∂xi




 = 0

u|t=0 = Φ in Ω,

u(0,y,z) = u(2πLx ,y,z);

u(x,y,0) = u(x,y,2πLz)

u(x,±1,x) = 0

• Solver: finite–differences/spectral in space,
hybrid implicit/explicit in time

• wall shear and wall pressure measurements

• constant mass flux

• turbulent flow
at Reτ = 100

J (Φ) =
1
2

Z T

0

[

α1

∥
∥
∥
∥

∂u1

∂x2
−m1

∥
∥
∥
∥

2

Γ±2

+α2

∥
∥
∥
∥

p−m2

∥
∥
∥
∥

2

Γ±2

+α3

∥
∥
∥
∥

∂u3

∂x2
−m3

∥
∥
∥
∥

2

Γ±2

]

dt,
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RECONSTRUCTION OF A TURBULENT
CHANNEL FLOW III

DIFFERENT STRATEGIES FOR GRADIENT EXTRACTION (OPTION # 4)

L2 GRADIENT EXTRACTION

−0.2
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0.8
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−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

t+

y

J ′ (Φ;h) =−
Z

Ω
u∗

∣
∣
∣
t=0

·hdΩ =
(

∇∇∇J L2(Ω) , h
)

L2(Ω)

=⇒∇∇∇J L2(Ω) = −u∗
∣
∣
∣
t=0

H1 GRADIENTS LEAD TO BETTER FLOW

RECONSTRUCTION THAN L2 GRADIENTS

H1 GRADIENT EXTRACTION
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0

0.2

0.4

0.6

0.8
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−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

t+

y
J ′ (Φ;h) =

1
1+ l2

1

Z

Ω

(

∇∇∇J H1
·h+ l2

1 ∂x∇∇∇J H1
·∂xh

)

dΩ

=⇒







Helmholtz operator
︷ ︸︸ ︷

1
1+ l2

1

[1+ l2
1 ∆]∇∇∇J H1

= −u∗
∣
∣
∣
t=0

∇∇∇J H1
∣
∣
∣
Γ

= 0
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GRADIENT EXTRACTION IN BANACH SPACES —
THEORY (I)

• Consider a Banach space X (without Hilbert structure!)

J ′(ϕ;ϕ′) =
Z 2π

0
ϕ′ v∗

∣
∣
t=0 dx =

〈
∇XJ ,ϕ′

〉

X∗×X

Note that X∗ (the dual space) is usually “bigger” than X
Hence ∇XJ /∈ X is not an acceptable descent direction !!!

No Riesz Theorem in Banach spaces ...

• Alternative definition of the descent direction g ensuring that g ∈ X

G = argmax‖ϕ′‖X=1

〈
∇XJ ,ϕ′

〉

X∗×X = max

[
Z 2π

0
ϕ′ v∗

∣
∣
t=0 dx+µ‖ϕ′‖X

]

• For instance, when X = W p,q(Ω) with ‖z‖W p,q =
R 2π

0 |z|q + lqp|∂p
x u|q dx,







p|u|(p−2)u+ p∂q
x

(

|∂q
xu|(p−2)∂q

xu
)

= −v∗
∣
∣
t=0

∂m
x u

∣
∣
x=0 = ∂m

x u
∣
∣
x=2π = 0

p–LAPLACIAN equation

• The spaces W p,q(Ω) are the natural setting for many nonlinear PDEs
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GRADIENT EXTRACTION IN BANACH SPACES —
THEORY (II)

• Nonlinear equations with p–LAPLACIAN

– p–LAPLACIAN as a nonlinear generalization of the LAPLACIAN

– for a positive–definite RHS, a unique positive-definite solution exists

– solution readily obtained with nonlinear FEM

• Special cases:

– p = 0, q = 1 ⇒ W p,q(Ω) = L1(Ω) (not reflexive) ,

The steepest descent doe not exist ...

– p = 0, q > 1 ⇒ W p,q(Ω) = Lq(Ω),

the gradient G = −sgn(w∗) q−1

√
1
µ sgnw∗w∗

– p = 0, q = ∞ ⇒ W p,q(Ω) = L∞(Ω),

the gradient G = −sgn(w∗)

– p = 1, q = 2 ⇒ W p,q(Ω) = H1(Ω),

the gradient (I− l2∆)G = −w∗, G|0 = G|2π = 0
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GRADIENT EXTRACTION IN BANACH SPACES
RESULTS FOR THE KURAMOTO–SIVASHINSKY EQUATION (I)

COMPARISON OF THE DIFFERENT (NONLINEAR) GRADIENTS

(the first iteration)

0 /2 3 /2 2
x

J

W
1,4

L
L5

L2
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GRADIENT EXTRACTION IN BANACH SPACES
RESULTS FOR THE KURAMOTO–SIVASHINSKY EQUATION (II)

Minimizing J L2 (ϕ) =
∥
∥
∥H v(ϕ)− y

∥
∥
∥

2

L2(0,T ;L2(Ω))

VERY LONG OPTIMIZATION HORIZON ( tough problem )

• ∇L2 J

• ∇W 1,4 J , l1 → 0 with n 5
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GRADIENT EXTRACTION IN BANACH SPACES
RECONSTRUCTION OF A TURBULENT CHANNEL FLOW (III)

CONVERGENCE OF ITERATIONS WITH DIFFERENT GRADIENTS
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SUMMARY & FUTURE DIRECTIONS

• Extended formulation of an adjoint–based analysis allowing for a better

treatment of multiscale systems;

Examples:

– derivation of numerically tractable adjoint operators

=⇒ stability of sensitivity calculation

– extraction of better preconditioned gradients

=⇒ accelerated convergence of iterations

=⇒ advantages of spaces without Hilbert structure (nonlinear

preconditioning)

• Future directions:

– Solution of Optimization Problems in non–standard spaces

(e.g., Besov Bp,q
s , ... )

=⇒ exploit adaptivity of gradient preconditioning

=⇒ understand why! (numerical analysis)

More information at: http://math.mcmaster.ca/bprotas/research


