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Boundary conditions for molecular dynamics
L Motivations

Boundary Reflection

Fracture simulation in

triangular lattice (Holian et. al.

1996)
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L Motivations

Boundary Reflection

Fracture simulation in BCC iron (Machova and Ackland 1998)
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Boundary conditions for molecular dynamics

L Motivations

Boundary condition

The role of boundary conditions:
1. Prevent phonon reflection
2. External loading

3. Maintain the system
temperature

4. Couple with continuum models

MD
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L Motivations

Outline

General formulation

v

Zero temperature boundary conditions
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From zero temperature to finite temperature

v

Summary
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Boundary conditions for molecular dynamics

L General formulation

Mori - Zwanzig's view

Generalized Langevin equation (GLE),

dA | t

— =iw(t)A— | O(t—s)A(s)ds + R(t).
dt 0

» A = (q,p): smaller number of variables

» O(t): correlation matrix

» R(t): from unresolved degrees of freedom

» (R(t)A(0)) =0

PENNSTATE



Boundary conditions for molecular dynamics

L General formulation

Random forcing
For system embedded in a linear heat bath,
R(t) is a stationary Gaussian process.

The second fluctuation dissipation theorem:

(R(t)R(0)T) = (p(0)*)O(t) = kg TO(t).

» the correlation function determines the random force
» for T =0, R=0; ©(t) provides zero temperature BC.
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Boundary conditions for molecular dynamics

L General formulation

Existing work

GLE formulations
One dimensional case: Adelman and Doll 1974, 1975
Multi dimensional case: Tully 1980

Zero temperature BC
Exact BC: Cai, de Koning, Bulatov and Yip 2000
Approx. BC: E and Huang 2001, 2002
General Exact BC: Wagner, Karpov, Liu, Park et al 2004, 2005
Approx. BC for general system: E and Li 2006
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Boundary conditions for molecular dynamics

|—Zero temperature boundary condition

Zero temperature boundary condition

Exact boundary conditions: ) ) . ) . )
. Sl e e
ui(t) = Z/o 0;(s)uij(t—s)ds. T
; n

Boundary condition
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Boundary conditions for molecular dynamics

|—Zero temperature boundary condition
:

Exact boundary condition: a 1D example

w(e) = [ Bt u(s)ds.j <0

3 = J2(tQt)
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|—Zero temperature boundary condition
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Exact boundary condition: a 1D example
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|—Zero temperature boundary condition
:

Exact boundary condition: a 1D example

w(e) = [ Bt u(s)ds.j <0

3 = J2(tQt)
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Boundary conditions for molecular dynamics

LZelro temperature boundary condition

Boundary conditions: exact vs approximate
Exact boundary conditions:
» nonlocal in both space and time
» numerical implementation is expensive
» premature truncation leads to large reflection

Local boundary condition:
Variational BC (E and Huang 2001 and 2002, E and Li 2006)

Z/ s)ujtj(t —s)ds, |J| finite.

Jjed

» Local in both space and time

» Minimize phonon reflection

PENNSTATE
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Boundary conditions for molecular dynamics

|—Zero temperature boundary condition
:

Variational boundary condition

Main components:

1. Reflection coefficients

u = ei(rj-k’_wst)ss(kl)

+ Cslzlei(rj~kR—w;(kR)t)€ls(kR)
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|—Zero temperature boundary condition
:

Variational boundary condition

Main components:

1. Reflection coefficients
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|—Zero temperature boundary condition
:

Variational boundary condition

Main components:

1. Reflection coefficients
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Boundary conditions for molecular dynamics

|—Zero temperature boundary condition
:

Variational boundary condition

Main components:

1. Reflection coefficients
2. Energy flux

Jr = Z/BZ | chﬂzwf (Vws-n)dk.
s /
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Boundary conditions for molecular dynamics

I—Zercn temperature boundary condition
:

Variational boundary condition

Main components

1. Reflection coefficients
2. Energy flux

Enin I{ey}in]
3. Variational formulation

Z/ D e (Ve mya
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Boundary conditions for molecular dynamics

LZelro temperature boundary condition

Choosing the stencil J

The space stencil J,

> only involves a small number of
atoms

» translational invariant along the
boundary

> respect some crystal symmetry
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LZelro temperature boundary condition
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LZelro temperature boundary condition

Choosing the stencil J

The space stencil J,

> only involves a small number of
atoms

» translational invariant along the
boundary

> respect some crystal symmetry
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Boundary conditions for molecular dynamics

LZero temperature boundary condition

Example I: 1D chain

, to .
= Ze“k/ aj(r)e'“7dr
K 0
to
0

1- Ze‘Uk/ aj(t)e™ dr
J

R(K)

» The approximate kernels can be
quite different from the exact ones

» VBC leads to much less reflection
than the exact BC truncated to the
same interval time history kernels
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LZero temperature boundary condition

Example I: 1D chain

, to .
= Ze“k/ aj(r)e™Tdr
K 0
to
0

1- Ze‘Uk/ aj(t)e™ dr
J

R(K)

» The approximate kernels can be
quite different from the exact ones

» VBC leads to much less reflection
than the exact BC truncated to the
same interval phonon reflection
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|—Zercn temperature boundary condition

Example Il: comparing different stencils

Selection of the stencil
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|—Zero temperature boundary condition

Example Il: comparing different stencils
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|—Zero temperature boundary condition

Example Il: comparing different stencils
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Boundary conditions for molecular dynamics

|—Zero temperature boundary condition

Example Il: comparing different stencils
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Boundary conditions for molecular dynamics

LZero temperature boundary condition

Example Il: comparing different stencils

Total reflection on various stencil
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Boundary conditions for molecular dynamics

|—Zero temperature boundary condition

Application: fracture simulation in BCC Iron

fixed boundary condition

variational boundary condition

=
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Boundary conditions for molecular dynamics

LFinite temperature boundary conditions

From zero to finite temperature: GLE
Boundary condition:

U(r,t) = ZJ:/O Aj(t —s)u(r +rj,s)ds.

» r € Jy the boundary atoms — those atoms at the boundary
that have been removed from the system,

> r+r; € Ji: the interior atoms next to the boundary that are
directly influenced by the boundary atoms.

Forr e Ji, N
f(r.t) = —— 1 f
(r:1) or 1
f*: the force due to the boundary atoms,
fFex — Z Dy U(rg, t). PEN!\S%T[
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Boundary conditions for molecular dynamics

I—Finite temperature boundary conditions

Zero temperature GLE

Adding the external force:

u(r,t) = Z /Otﬂm(s)u(r +rm,t—s)ds —

oV
GLE in the standard form,

or

+ R(t)

ﬁ(r7 t) = Z@m(O)u(r+rm,t)—/Ot@m(s)u(r—i—rm,t S)

oV
dS—E

Om(t) = — /too Br(5)d.
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Boundary conditions for molecular dynamics

LFinite temperature boundary conditions

Solving GLE

Represent the noise by a Fourier integral:

R(t) = / R(w)e™ duw.

The Fourier coefficients are Gaussian random variables and,

(R(t)R(0)T) = ©(t) = (R(w)R(n)) = ©(w)8(w +1)-

» O(w): power spectrum

» the random noise is determined by the power spectrum
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Boundary conditions for molecular dynamics

LFinite temperature boundary conditions

Approximation of the power spectrum

6-6y~ C(E+ CE)_I.

» ©: computed from approximate boundary condition
» Op: computed from exact boundary condition
> C: reflection coefficients.

The error is controlled by the reflection coefficients !
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LFinite temperature boundary conditions

Example I: one dimensional chain

DOV O

00 2000 3000 4000 5000 6000 7000 8000
t

System temperature Velocity correlation

PENNSTATE



Boundary conditions for molecular dynamics

|—Finite temperature boundary conditions

Example Il: 2D triangular lattice

UG

System temperature Velocity correlation
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Boundary conditions for molecular dynamics

LSummary

Summary

1. General formulation from Mori - Zwanzig's viewpoint

2. Determine the random forcing from the correlation function
3.

4. Reflection coefficients as a measure of the accuracy

5.

Variational formulation to obtain the correlation function

Applications to various systems

Reference: X. Li and W. E, Variational boundary conditions
for molecular dynamics simulations of solids at low
temperature, comm. comp. phys. 1 (2006), 136--176.
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