




Dimensionality reduction

• Let 
• Introduce the Karhunen-Loève expansion & truncate:

– λi and φi(x) are eigenvalues/eigenfunctions of C(x1,x2)

– ci ∼ N(0,1)

• Transform the inverse problem (dim = K << n)

– ci ∼ N(0,1) is now the prior on c
– Obtain posterior density p(c|d)

• With hyperparameter: prior is ci ∼ N(0,θ)
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Computational approach

• Explore the full K+1-dimensional posterior:

• Single-component MCMC scheme:
– Gibbs update for θ: sample from full conditional p(θ|c)
– Random-walk Metropolis updates for c
– Cholesky factorization Σ = LLT for grid-based case; m = Lz

• Numerical details
– Nystrom method to solve integral equation for λi and φi(x)
– Explicit RKC scheme for deterministic and stochastic forward problems

• Solve inverse problem in three ways: (1) grid-based, p(zn,θ |d);
(2) K-L, p(cK,θ |d); (3) K-L + PCe, p(ξΚ,θ |d)
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Bayesian inversion

• Invert for log-diffusivity profile (13 sensors, ≈ 10% noise)

grid-based inversion — target randomly drawn from GP

mean, stdev, realizations median, quantiles, true profile



Bayesian inversion

• Invert for log-diffusivity profile (13 sensors, ≈10% noise)

grid-based inversion — sinusoidal target

mean, stdev, realizations median, quantiles, true profile



Dimensionality reduction

• Invert for log-diffusivity profile (13 sensors, ≈10% noise):

grid-based 4 K-L modes



Dimensionality reduction

• Invert for log-diffusivity profile (13 sensors, ≈10% noise):

grid-based 6 K-L modes



Dimensionality reduction

• Invert for log-diffusivity profile (13 sensors, ≈10% noise):

grid-based 8 K-L modes



K-L based inversion

• Posterior marginals of the scaled KL mode strengths, p(λ1/2 ci | d):

c1 c2 c3 c7 c8 c9c4 c5 c6 c10



• Invert for log-diffusivity profile (13 sensors, ≈10% noise):

Contours of posterior covariance, C(x1,x2), random-draw target
solid = 49 grid points; dashed = 8 K-L modes

K-L based inversion



• 1-D & 2-D posterior marginals of the KL mode strengths, p(ci|d):

K-L based inversion



• Limiting behavior of higher-order modes

c6 c8
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• Coarsen the data (same msmnt times and noise level):

13 sensors 2 sensors—
only at the boundaries

posterior for sinusoidal target

K-L based inversion



• Posterior marginals of the KL mode strengths, p(ci|d), and p(θ|d):

13 sensors 2 sensors

K-L based inversion



• Posterior distributions p(ci|d,θ) with coarser data:

c6, 13 sensors c6, 2 sensors
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K-L based inversion



• Further step—accelerate with PCe:
→ put ci = ϖξi, i = 1…K, and solve the stochastic forward problem once

• MCMC sampling from the surrogate posterior:

PCe + KL-based inversion
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• Further step—accelerate with PCe:
→ put ci = ϖξi, i = 1…K, and solve the stochastic forward problem once

• MCMC sampling from the surrogate posterior:

grid-based, direct forward evals 6 K-L modes, p=4

PCe + KL-based inversion



PCe + KL-based inversion

6 KL modes, 4th-order PCe

• Computational times for this
example:
(200K posterior samples)
– solution on grid, direct MCMC

sampling: 45885 s
– 6 KL modes, direct MCMC

sampling: 6418 s
– 6 KL modes + polynomial

chaos: 248 s



Conclusions

• Stochastic spectral methods for Bayesian inference
– Efficient propagation of prior uncertainty through the forward model
– Change of variables; rapid sampling of the surrogate posterior
– Inference of spatial fields, with dimensionality reduction (basis from GP

prior)
– Enabling Bayesian inference with realistic physical models

• Extensions and ongoing work
– Larger-scale problems, complex dynamical systems— depends on

advances in spectral UQ:
• Parallelism (partitioning prior support)
• Multi-wavelet approaches
• Adaptive sparse truncation of PC bases
• Sparse quadrature for high-dimensional problems (non-intrusive)

– Incorporating flexible high-performance simulation frameworks
(e.g., Nihilo/Sundance, with B. van Bloemen Waanders)




