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Model problem — linear elliptic equation

[ B

[ div(AVu)+b-Vu+ou=Ff inD
<fu,:g on I'p
| ®(u) := (AVu)-n=h on I'ny

—
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Model problem — linear elliptic equation

[ B

(_div(AVu) +b-Vu+ou=Ff inD
Su=g on I'p
| ®(u) := (AVu)-n=h on I'ny

® The solution u depends on
- model’s coefficients B = [Aij, b;, O]
- forcingterms £ = [f, h]

- Dirichlet boundary conditions g

— u=u(G,L,9)

—
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Model problem — linear elliptic equation

[ B

(_div(AVu) +b-Vu+ou=Ff inD
Su=g on I'p
| ®(u) := (AVu)-n=h on I'ny

® The solution u depends on
- model’s coefficients B = [Aij, b;, O]
- forcingterms £ = [f, h]

- Dirichlet boundary conditions g

— u=u(G,L,9)

® All the parameters 7 = (3, L, g) are supposed to be uncertain.
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Uncertainty model

[y

e characterize uncertainty in terms of  sets A,, of admissible |
parameters (can be infinite dimensional! ).

—
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Uncertainty model

[y

e characterize uncertainty in terms of  sets A,, of admissible |
parameters (can be infinite dimensional! ).

Example : pointwise perturbation,
around the nominal value nq, within a
given uncertainty strip:

uncert. strip

—
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Uncertainty model

[y

e characterize uncertainty in terms of  sets A,, of admissible |
parameters (can be infinite dimensional! ).

Example : pointwise perturbation,
around the nominal value nq, within a
given uncertainty strip:

uncert. strip

perturbed coeff.

A, ={n=mn9+06n, |on(z)| <ey(x), YV}

—
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Uncertainty model

—

| We characterize uncertainty in terms of  sets A,, of admissible
parameters (can be infinite dimensional! ).

Example : pointwise perturbation,
around the nominal value nq, within a
given uncertainty strip:

uncert. strip

perturbed coeff.

A, ={n=mno+6on, |[in(z) <ey(z), Vo}

® Other parameter sets could be considered as well, with e.g.
smoother perturbations. Computations get more involved.
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Goal of the analysis

[, B

We focus on a specific feature of the solution: Quantity of interest

)
local average of the solution Q = / u
w(CD
Examples : <{ local average of the flux Q = / AVu - e;
w(CD
boundary flux Q = P (u)
\ I'p

—
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Goal of the analysis

[, B

We focus on a specific feature of the solution: Quantity of interest
(
local average of the solution Q = u
w(CD
Examples : <{ local average of the flux Q = AVu - e;
w(CD
boundary flux Q = P (u)
\ I'p

General form for the Q.0.l.  Q(n,u, ®) = Q1(n,u) + Q2(P).
notation : #(n) = Q(n, u(n), ®(n))

—
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Goal of the analysis

[, B

We focus on a specific feature of the solution: Quantity of interest
(
local average of the solution Q = u
w(CD
Examples : { local average of the flux Q = AVu - e;
w(CD
boundary flux Q = P (u)
\ I'p

General form for the Q.0.l.  Q(n,u, ®) = Q1(n,u) + Q2(P).
notation =t (n) = Q(n, u(n), ®(n))

Worst scenario analysis -compute Qo = ¥ (ny) (nominal value)
-estimate AQ = sup (1) — P (1)
neAy

—
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Example: groundwater flow problem

> - T = Typ U T gy

1280 ft

upper and lower
surf.

- 3 : lateral surf.

100 ft

- 3 : permeability

[ aw P= g (hydrostatic pressure)

—
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Example: groundwater flow problem

[ . B

- T =Typ U gy

1280 ft
upper and lower
surf.
. - 3 : lateral surf.
) FdW P =g (hydrostatic pressure) - ,8 . permeab”'ty
(div(3Vp) =0 in D
. =0 on I’
Mathematical Model 3 P up
b=—4g on I' j.
\/Banp =0 on X

—
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Example: groundwater flow problem

= - T = Typ UTgy:

1280 ft

upper and lower
surf.

- 3 : lateral surf.

i rdw P= g (hydrostatic pressure) ) ’8 : permeablllty
(div(BVp) =0 in D
_ p=20 on I'yp
Mathematical Model ¢
pP=g on I 4.,
| BOn,p =10 on X

® Q.o.l. extraction rate fromthe well:  Q(p) = |, BVp-n

—
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Permeability (real data)
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Permeability (real data)

b1
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Permeability (real data)
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Permeability (real data)
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Permeability (real data)
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Uncertainty bounds for the permeability

[ B
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Uncertainty bounds for the permeability
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Uncertainty bounds for the permeability

[ B

b1
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0.055
0.05
0.045
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Uncertainty bounds for the permeability
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Uncertainty bounds for the permeability
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Uncertainty bounds for the permeability

[ B
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Validation of a worst-case scenario model

o

orst-case scenario model

—

& input: nominal value + uncertainty band (Mg, e(x))

® output : uncertainty interval IQ = [Qo = AQ)]

—
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Validation of a worst-case scenario model

o

orst-case scenario model

—

& input: nominal value + uncertainty band (Mg, e(x))
® output : uncertainty interval IQ = [Qo = AQ)]
validation
experiment
WCS

/ model
input
data

WCS
model

prediction
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Validation of a worst-case scenario model

o

orst-case scenario model

—

& input: nominal value + uncertainty band (Mg, e(x))
® output : uncertainty interval IQ = [Qo £ AQ]
oxpeimen v
WCS }.IQ

model 8
input S discrepanc
data ¢ ] betwee%pmogllel

e ' andmeas.
‘ experiments

Toj

WCS }
model

prediction

—
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Validation of a worst-case scenario model

o

orst-case scenario model

—

& input: nominal value + uncertainty band (Mg, e(x))
® output : uncertainty interval IQ = [Qo = AQ)]
validation
experiment

WCS

/ model
input
data /

P

1 discrepancy
] between model
o and meas.
experiments
p
1Q

WCS
model

¥

prediction

—
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Validation of a worst-case scenario model

o

orst-case scenario model

—

& input: nominal value + uncertainty band (Mg, e(x))
® output : uncertainty interval IQ = [Qo = AQ)]
validation
experiment

WCS

/ model
input
data /

P

1 discrepancy
I betwee%pmodel
- ° and mess.
‘ experiments
p
1Q
WCS
model |
/ distance
prediction IQUP - [ in prediction

—
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Validation of a worst-case scenario model

[, B

Model update based on [V validation data @Y,z =1,...,N.

model output: Q" = [Q(no) £ AQ(ng, €)]

—
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Validation of a worst-case scenario model

.,

Model update based

v ]

on N validationdata Q7,z=1,...

model output: Q" = [Q(ng) £ AQ(ng,€)]

Idea: interpret it as a uniform random variable Q¥ ~ U(ZQ"). This
allows us to write a likelihood

L("Oa €|Qf) = 9

, 1
ZO (o, e~ Al @7 € ZQ%(mo, )
0

0 otherwise

\

and perform a Bayesian update of the input data (ng,€).

—
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Validation of a worst-case scenario model

[, B

Model update based on [V validation data @Y,z =1,...,N.

model output: Q" = [Q(ng) £ AQ(ng,€)]

Idea: interpret it as a uniform random variable Q¥ ~ U(ZQ"). This
allows us to write a likelihood

( 1

ifall QY € ZQ%(ng,¢)
L(no,e|Q7) = < I ZQ" (ng,€) | °
0 otherwise

\

and perform a Bayesian update of the input data (7n,,¢). Take for
Instance maximum likelihood estimator

(ngpo E:up) = arg max L(7707 €|Q§)ﬂ-prior (7707 5)

—
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Validation of a worst-case scenario model

.

In the prediction level we measure the distance between the or iginal
model and the updated one: distance among intervals

—

Distance in the prediction (validation metric ):

|1Q" original model

1Q" updated model

—
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Validation of a worst-case scenario model

.

In the prediction level we measure the distance between the or iginal
model and the updated one: distance among intervals

—

Distance in the prediction (validation metric ):

|Q" original model

1Q" updated model

Distance = |ZQP \ ZQ"P|

— | |

IQ"\I1Q™

—
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Validation of a worst-case scenario model

.

In the prediction level we measure the distance between the or iginal
model and the updated one: distance among intervals

—

Distance in the prediction (validation metric ):

|Q" original model

1Q"  updated model
| | Distance = |ZQP \ ZQ"P|

A ' I

IQ"\I1Q™

® Rejection criterion : for a given tolerance tol > 0

model rejected if IZQP \ ZQ™P| > tol

—
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Solution Technique

-

he computation of the Worst-Case Scenario bound

AQ = sup |[P(n) — P(n)]

neA,

IS a constrained optimization problem
& non convex in general

& may have many local maxima

— Very difficult to solve

—
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Solution Technique

-

he computation of the Worst-Case Scenario bound

AQ = sup |[P(n) — P(n)]

neA,

IS a constrained optimization problem
& non convex in general

& may have many local maxima

— Very difficult to solve

® \We have followed a simpler approach based on perturbation
techniques

—
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Perturbation method

I_Taylor expansion of (n) around n,: 30 € (0,1) S.t. —l

1
»(m) = (nmo) =< Dnp(no), 61 > + D33 (ng + 0m)(3n, 6n).

(here Dy, D??zp are Fréchet derivatives of 1 (n)).

—
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Perturbation method

I_Taylor expansion of (n) around n,: 30 € (0,1) S.t. —l

1
»(m) = (nmo) =< Dnp(no), 61 > + D33 (ng + 0m)(3n, 6n).

(here Dy, D??zp are Fréchet derivatives of 1 (n)).

Then AQ < sup | < Dyy(ng),on > |
oneA,—mnq

7

N

Linear term (AQ!™)

1
+ - sup  sup |DZe(ng + 8n)(dn,dn)].
2 sneA,—n, 6€(0,1)

A\ . 4
"~

Remainder (R)

—
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Perturbation method

I_Taylor expansion of (n) around n,: 30 € (0,1) S.t. —l

1
»(m) = (nmo) =< Dnp(no), 61 > + D33 (ng + 0m)(3n, 6n).

(here Dy, D??zp are Fréchet derivatives of 1 (n)).

Then AQ < sup | < Dyy(ng),on > |
dnEAn—mno

7

aV a

Linear term (AQ!™)

1 2
+ - sup  sup [D ¢(ng + 0dn)(én,dn)|.
2 sneA,—n, 6€(0,1)

A\ . 4
"~

Remainder (R)

s Remark: @ depends linearly on the boundary conditions g and

forcing terms L. In this case R = 0.
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Duality method

find —l

| We first rewrite the primal problem in the following weak form:
uw € HY(D)and A € H-3(I'p) s.t.

B(B;u,v) + [ _Av = L(v) Vve HY(D)
frD up = frD gH Vu € H=%(T'p)

where we use a Lagrange multiplier to impose boundary conds. a nd

B(B;u,v) = /D [((AVu) - Vv + b (Vu) v+ ouv] dx

—
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Duality method

find —l

| We first rewrite the primal problem in the following weak form:
uw € HY(D)and A € H-3(I'p) s.t.

B(B;u,v) + [ _Av = L(v) Vve HY(D)
frD up = frD gH Vu € H=%(T'p)

where we use a Lagrange multiplier to impose boundary conds. a nd

B(B;u,v) = /D [((AVu) - Vv + b (Vu) v+ ouv] dx

® The Lagrange multiplier A corresponds to the outgoing normal

flux. A= —®(u)

—
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Duality method

find —l

| We first rewrite the primal problem in the following weak form:
uw € HY(D)and A € H-3(I'p) s.t.

B(B;u,v) + [p, Ao = L(v) Vv € H (D)
frD up = frD gH Vu € H=%(T'p)
where we use a Lagrange multiplier to impose boundary conds. a nd

B(B;u,v) = /D [((AVu) - Vv + b (Vu) v+ ouv] dx

® The Lagrange multiplier A corresponds to the outgoing normal
flux. A= —®(u)
® A Q.o.l. associated to the normal flux can be written in the form

Q= Q(A) |
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Duality method (cont'd)

—

We also introduce a dual problem : find ¢ € H'(D) and
£ € H_%(I‘D) S.1.

—

B(B;v,9) + Jp, €0 = Qu(B,v) Vv € HY(D)
Jo en = Q2(p) Vu € H-z(T'p)

—
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Duality method (cont'd)

—

We also introduce a dual problem : find ¢ € H'(D) and
¢ € H =(T'p) s.t.

—

B(B;v,¢) + fy, €0 = Qu(B,v) Vo € H(D)
Jo en = Q2(p) Vu € H-z(T'p)

& The dual problem has non homogeneous Dirichlet boundary cond

—

Sandia CSRI Workshop, Albuguerque, August 14-16, 2007 — p.15/46




Duality method (cont'd)

—

We also introduce a dual problem : find ¢ € H'(D) and
£ € H_%(I‘D) S.1.

—

B(B;v,¢) + fy, €0 = Qu(B,v) Vo € H(D)
Jo en = Q2(p) Vu € H-z(T'p)

& The dual problem has non homogeneous Dirichlet boundary cond
& The following representation of the quantity of interest ho lds

Q(u,A) = B(B5u,p) + §u + PA

I'p I'b

—
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Duality method (cont'd)

—

¢ € H =(T'p) s.t.

We also introduce a dual problem : find ¢ € H'(D) and

—

B(B;v,¢) + fy, €0 = Qu(B,v) Vo € H(D)
Jo en = Q2(p) Vu € H-z(T'p)

& The dual problem has non homogeneous Dirichlet boundary cond
» The following representation of the quantity of interest ho lds

Q(u,A) = B(B5u,¢) + | Eu+

I'p

I'b

PA

B(B;u,v) = fD G(B; u,v) dz

We typically have {

with G € L1 (D)

Q1(B;v) = [p F(B;v) da + fFN H(v)dS with F, H € L1

—
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Uncertainty in the coefficients 8= |51,...,0,]
I_By a duality argument, the Fréchet derivative of P wrt Bis _l

< Dptp(By), 08 >= /D Vs (F — G) (Bo» tios po) - 66 dar

—

Sandia CSRI Workshop, Albuguerque, August 14-16, 2007 — p.16/46




Uncertainty in the coefficients 8= |51,...,0,]
I_By a duality argument, the Fréchet derivative of P wrt Bis _l

< Dav(80):38 >= | Vs (F = G) (B, uo, o) - 36 da
D
We consider the set of coefficients (pointwise uncorr. pertu rbations):

As ={B8=08,+d8: D —R™, |i8;i(x)| <e;i(x), Vx € D}

—
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Uncertainty in the coefficients 8= |51,...,0,]
I_By a duality argument, the Fréchet derivative of P wrt Bis _l

< Dav(80):38 >= | Vs (F = G) (B, uo, o) - 36 da
D
We consider the set of coefficients (pointwise uncorr. pertu rbations):

Ag ={B8=Bo+8: D —R™, [6Gi(z)| <ei(x), Vx € D}

Linear worst scenario analysis:

. i O(F — G)
a) AQ"" = / ' Bos o, o) | € d,
7::21 Ny (Bos uos ¥o)
| . (O0(F - Q)
b) worst perturbation: 03; = €;sign o3

—
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—

® Tocompute AQY™ we need only to
» solve the primal and dual problems for 3 = (g

# postprocess the solution to compute the bound
—— very inexpensive (al least for pointwise perturbations)

—
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—

® Tocompute AQY™ we need only to

» solve the primal and dual problems for

B = Bo

# postprocess the solution to compute the bound
—— very inexpensive (al least for pointwise perturbations)

® From the expression of AQ"™ we can extract sensitivity
Information (per unit volume and unit relative pert.)

(Z)(w) = Boi(x)

a(F — Q)

9p3;

(x), Vxe D

—
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[ | ]

® Tocompute AQY™ we need only to
» solve the primal and dual problems for 3 = (g
# postprocess the solution to compute the bound
—— very inexpensive (al least for pointwise perturbations)

® From the expression of AQ"™ we can extract sensitivity
information (per unit volume and unit relative pert.)

o (z) = Boi (w)a(F 95, &) (), VYx €D

® Other types of perturbation sets could be considered as well
For instance, correlated coefficients or smoother perturbations

In this case the postprocess is more involved but still relati vely
cheap.

—
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Bounds for the reminder

Not easy in general !

(elor Comp,,

3 5 10 COL SCLNIIHLY
FJ
, £ TFlorida State University,_g8
aygpg pu® s MODELING AND & Scﬁonf(j_Cnmput'a!icmaf Setence
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Bounds for the reminder

1
= sup  sup |D3p(B, + 058)(88,60)- ]

2 68c.A—B, 6€(0,1)
® Second order Gateaux derivative  (case Q = Q(u(3)))

| » Reminder R =

D2+4(8)(58,88) = — D2B(8; u(B8), »(8)) (8, 40)
— 2 < DgB(B; Dsu(B)(88), »(8)), 68 >

—
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Bounds for the reminder

I_.. Reminder = L sup  sup |Dg¢(,80 + 663)(68,400)]|. —l

2 68c.A—B, 6€(0,1)
® Second order Gateaux derivative  (case Q = Q(u(3)))

D2+4(8)(58,88) = — D2B(8; u(B8), »(8)) (8, 40)
— 2 < DgB(B; Dsu(B)(88), »(8)), 68 >

® For symmetric problems : combine a priori and a posteriori
estimates to get a bound of the form

1
R < —|uol|E,8,|¥0|E,8, SUP Z Ci;(B)EiE;
2 BEAg i,j

where &; = sup, . p €;(x): maximum perturbation for the  i-th coefficient.
The constants C;;(3) can be estimated in simple cases.

—
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Other estimates for thereminder

I_.D If computable a priori bounds are impossible to obtain or the —l
previous estimate is too pessimistic, then we can take as an
estimate for the reminder the second derivative of ¥ (B) computed in
the worst-direction  68™: R ~ ;D%¢(8,)(68",3")

Implies the computation of w = Dgu(B3)(68™) which satisfies

B(B,w,v) = —/ VsG(3,ug,v) - 63" dz, Yv € V
D

—
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Other estimates for thereminder

—

I_.D If computable a priori bounds are impossible to obtain or the
previous estimate is too pessimistic, then we can take as an
estimate for the reminder the second derivative of ¥ (B) computed in
the worst-direction  68™: R ~ ;D%¢(8,)(68",3")

Implies the computation of w = Dgu(B3)(68™) which satisfies

B(B,w,v) = —/ VsG(3,ug,v) - 63" dz, Yv € V
D

® Alternatively : sample at random some perturbations 63,
1 : .
j=1,...,Mandcompute R~ max 5Dggb(ﬁo)(ciﬁ(ﬂ),56(3)).
J=—"Ly.eey
Implies the solution of M additional problems.

—
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Uncertainty in load and boundary cond.s

It can be done in a similar way as for the coefficients. Observe t hat |
for a linear problem and linear Q.o.l, the reminder R vanishes.

—
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Uncertainty in load and boundary cond.s

It can be done in a similar way as for the coefficients. Observe t hat |
for a linear problem and linear Q.o.l, the reminder R vanishes.

Uncertainty in the load

uncertainty set Ar={f=Ffo+df: |[0fll2p) < e}
uncertainty bound AQ = €||leol|L2(D)-

worst perturbation O0f" = epo/|lpollLz(D)

—
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Uncertainty in load and boundary cond.s

It can be done in a similar way as for the coefficients. Observe t hat |
for a linear problem and linear Q.o.l, the reminder R vanishes.

Uncertainty in the load

uncertainty set Ar={f=Ffo+df: |[0fll2p) < e}
uncertainty bound AQ = €||leol|L2(D)-

worst perturbation O0f" = epo/|lpollLz(D)

Uncertainty in Dirichlet boundary conditions

uncertainty set A, ={g9=9g0+dg: |dg(z)| <e4(x)}
uncertainty bound  AQ :/ o] eg(x) da
I'p

worst perturbation d0g™ = sign(&op)eq(x).

____|
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Verification issues

[, B

and ogp.

ssume we compute primal and dual finite element solutions  wugp

What has to be verified?

—
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Verification issues

[, B

and ogp.

ssume we compute primal and dual finite element solutions  wugp

What has to be verified?

a) The computation of the quantity of interest Qon based on the FE
solution. We used Dual Weighted Residual error estimators.

—
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Verification issues

| Assume we compute primal and dual finite element solutions  wugp, |
and ogp.

What has to be verified?

a) The computation of the quantity of interest Qon based on the FE
solution. We used Dual Weighted Residual error estimators.

b) The computation of the linear uncertainty bound AQY™ based

on the FE solution. Need both a priori and a posteriori error
bounds.

In [Babuska-N-Tempone '05] we proved that

IAQY"™ — AQL™| < C (J|luo — wonlla + |0 — wonrll )

—
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Verification issues

—

c) A posteriori control on the accuracy in the computation of |

E€; dx.

: ik O(F — G
AQlen:;/D| (3,3z' )(BO;UOhaQOOh)

The function ‘B(g—;G) g; Is not regular, in general (has surfaces

of non differentiability). We have used  adaptive integration
FromSlide2

d) Check the accuracy of the estimate for the reminder . How to do
it properly is an open guestion.

—

Sandia CSRI Workshop, Albuquerque, August 14-16, 2007 — p.22/46




Numerical Results — Heat transfer

—

- POnu =1 [ div(BVu) =0, in D CR3
u = 0, onI'y UTI's
< B O,u=1 on I's
r, \,3 O,u=20 OD\T1,23

y u. temperature; 3. conductivity;

Binclusion = 50 * Bmate'r'ial

—
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Numerical Results — Heat transfer

| u=20 _
Bj?nu =1 (_ div(BVu) =0, in D CR3
< u = 0, onI'y UTI's
B 0,u=1 on I's
r \/6 8n'u, =0 oD \ F1,2,3
u /k u: temperature;  3: conductivity;

Binclusion = 50 * Bmate'r'ial

Q.o.l: outward fluxon Tq.  Q(B,u(B)) = — [, BOnu(B)dS.

& Uncertainty characterization:

Be Ag={B € L™(D), |B(x) — Bo(z)| < ep(x), Vx € D}

—
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Numerical Results — heat transfer

—

Q(By) = 0.597+1%

Mesh adapted w.r.t.
a goal-oriented error
estimator;

7535 Q2 FE.

primal solution dual solution

—
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Numerical Results — heat transfer

—

Uncertainty in conductivity coefficient: 'B(“’go_(g‘)’("’” < 10%.

AQY™ = 0.0446 = 7.47% Q(Bo, u(Bo))

—
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Numerical Results — heat transfer

Uncertainty in conductivity coefficient: 'B(‘”g;(%)’("’” < 10%.

AQY™ = 0.0446 = 7.47% Q(Bo, u(Bo))

50
40
1.5
1

Worst distribution  3* of the conductivity coefficient in the
material (left) and the inclusion (right).

—
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Numerical Results — heat transfer

Sensitivity function

b1
3
2.57143
2.14288
1.71428
1.28571
0.857143
0.428571
0
-0.428571
-0.857143
-1.28571
-1.71428
-2.142886
-2.57143
-3
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Numerical Results — heat transfer

[ B

he following computable bound can be obtained

1
2
Lee > H :Bmzn

where e is the relative maximum perturbation: € = supsg ||68/Bo||L~ (D)-

2

OO

R| < uo|m.s0 |ols.0q ( 4 H S

AQY™ = 0.0446 = 7.47% Q(Bo, u(Bo))

R < 6.5¢* 4+ O(e®) =~ 0.065, for e = 0.1

—
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Numerical results — Linear elasticity

Isotropic material: Bo = [Eo, o] |
load: go = [0,0,1]" MPa on S.

Quantities of interest

1
Q1(u) = |—S|/Suz dsS

1
Q2(u) = —— U, dS
2(W = 153 sz ¥

—
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Numerical results — Linear elasticity

Isotropic material: Bo = [Eo, o] |
load: go = [0,0,1]" MPa on S.

Quantities of interest

1
Q1(u) = |—S|/Suz dsS

1
Q2(u) = —— uy dS
2(W = 153 sz ¥

Uncertainty:
coefficients : Ag ={|E(x) — Eo| < eg; |v(x) —wvo| < e,, Ve D

load: Ag = {g € [L*(S)]® s.t. ||g;: — goillLz(s) < &g, @ =1,20r 3}
we can also impose constraints such as f S (g; — goi) = O.

—
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Numerical results — linear elasticity

I

ncertainty characterization of material properties

|E(x) — Eo| < 1%Ey lv(x) — vo| < 8%y

Quantity of Interest AQ"/Q | R/Q | 1/2D3%/Q
Q. = —7.3613510—4 1.536% > 15% 0.027%
Q> = 5.3964107° 1.594% > 27.6% 0.016%

—
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Numerical results — linear elasticity, ()4

—

Worst distribution of FE (left) and v (right).

b1 b2

1 0.34
- 0.938552 0.317544
. 0.877103 0.295087

0.815655 0.272631
= 0.754206 0.250175
- 0.692758 0.227718
- 0.63131 0.205262
|| 0.569861 0.182806
- 0.508413 0.160349
- 0.446964 0.137893
- 0.385516 0.115437
m 0.324068 z 0.0929804

0.262619 0.070524

0.201171 0.0480677

0.139722 0.0256114

X Y

Sensitivity functions o (left) and o (right).

’ forica State University 4
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Numerical results — linear elasticity, ()5

Worst distribution of

b1 b2
-0.00442 0.00036
= 001125 -0.00181
-0.01807 -0.00397
-0.02490 -0.00614
-0.03173 -0.00831
-0.03855 -0.01048
-0.04538 -0.01265
-0.05221 -0.01482
| -0.05904 -0.01699
-0.06586 -0.01916
-0.07269 -0.02132
| -0.07952 -0.02349
-0.08635 -0.02566
-0.00317 -0.02783
-0.10000 -0.03000

Sensitivity functions o (left) and o (right).

P orida. State Universicy_ g 4
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Numerical results — linear elasticity

[ B

ncertainty characterization of the load  g: let

€x = €y = 170/|9zllL2(s), €2 = 57%l9=llL2(s)

set § = [2=, oy g 9: 1T Perturbation set:
first case: A}: — {g = go +0g : ||5E||[L2(S)]3 < ]_}
second case: A% = {g € AL, /Ség = 0}

AQ1/Q1 | AQ2/Q2
AL | 5.007% | 5.003%

A2 | 0.085% | 0.12%

—
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Numerical results — linear elasticity

og dg. dg;

jm 200 45000
15 1 1 | S S N B, 150 40000

1 LTI PP 100 35000

05 50 30000

1 0 0 25000

-05 -50 20000

ﬂt 1 AR EEEEEEEE 100 15000

-15 -150 10000

-200 5000

600
500
400
300
200
100

Worst distribution of the load for the set AL

—
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Numerical Results — grounawater tiow
problem

[ . B

1280 ft - I =Typ Ulgw:

! upper and lower

= z | surf.

p=0 5 - ¥ : lateral surf.

100 ft

- 3 : permeability

[ aw P= g (hydrostatic pressure)

—
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—

Numerical Results — grounawater tiow

100 ft

5 ft |
"~ 1280ft - I'=Tup UTLqw:
I upper and lower
- %0“4801;1: | f
ROV | R surf.
=0
’ > - Y : lateral surf.
rdW P=g (hydrostatic pressure) - 3 permeability

Mathematical Model

( .
div(BVp) =0 in D
< p=20 on I'yp
P=4g on I' gy
| BOn,p =10 on X

—
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Numerical results — groundwater flow

[ B

- well model: 5 ft diameter hole with permeability 20 times larger.

- Q.o.I: extraction rate from the well: Q) = [, . BVp-n

® Primal and dual solutions computed with Qq finite elements, 14K
dofs on a goal oriented mesh. Q(p) = 497.4 with a discretization
error smaller than 5%

$® Perturbation in permeabllity coeff: max. 10% pointwise

® Perturbation in boundary pressure on the bottom: 10% pointwi se

—
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Numerical results — groundwater flow

[ B

primal and dual solutions

Dual solution

—
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Numerical results — groundwater flow

[ B

primal and dual solutions

Enlargement around the well

(zoom x 16) Dual solution

—
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Numerical results — groundwater flow

[ B

primal and dual solutions

7 I -

Enlargement around the well Enlargement around the well
(zoom x 16) (zoom x 16)

—
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Numerical results — groundwater flow

[ B

flux on the bottom and top surfaces

Top

—
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Numerical results — groundwater flow

[ B

flux on the bottom and top surfaces

Top: enlargement x16

—
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Numerical results — groundwater flow

[ B

flux on the bottom and top surfaces

Top: enlargement x16 Bottom

—
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Numerical Results — groundwater flow

|_ Uncertainty analysis _l

® Pert. in permeability : AQY™" = 4.83 ( 1%Q) (error in quadrature
formula < 1%). The estimate for the Reminder is too pessimistic in
this case.

® Pert. in boundary pressure : AQ = 51 (10%Q) ( no error in
guadrature formula)

Sensitivity
function
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Conclusions

I_ ® The Worst-Case Scenario can be easily computed, for certain _l
classes of infinite dimensional perturbations in coefficient s and
loads, by postprocessing the solutions of the primal and dual

problems computed for the nominal values of the parameters

® The WCS analysis can be set at the continuous level. Allows fo r
rigorous convergence results of the finite element solution t 0
the theoretical bounds.

® We have shown how the WCS approach fits nicely in a
Verification and Validation framework.

® We have proposed an effective way to compute the worst-case
scenario for perturbations in Dirichlet boundary conditio ns, by
the use of Lagrange multipliers.

® How to obtain good (guaranteed) bounds for the reminder is sti |

an open question in many applications.
8 (G4 £ CALCDLE) SLLNTINCD @ : f |

PR (N
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Other types of perturbation sets ()

I_a) Correlated coefficients _l
Ag = {68 € [L=(D)|™, (B)(z) € X(z) CR™, Vx € D}

where 3 (x) is a convex polygon, piecewise smooth w.r.t. x.

—
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Other types of perturbation sets ()

I_a) Correlated coefficients _l
Ag = {68 € [L=(D)|™, (B)(z) € X(z) CR™, Vx € D}

where 3 (x) is a convex polygon, piecewise smooth w.r.t. x.

. it

B1

uncorrelated coefficients

—
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Other types of perturbation sets ()

I_a) Correlated coefficients _l
Ag = {68 € [L=(D)|™, (B)(z) € X(z) CR™, Vx € D}

where 3 (x) is a convex polygon, piecewise smooth w.r.t. x.

— Iin each element K of the mesh we have to solve a linear

constrained optimization problem to find the maximum over the
set 3.

o it .
=5

uncorrelated coefficients correlated coefficients

B1 B1

—
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Other types of perturbation sets (Il)

[ B

b) Smoother perturbations

We could use a penalization approach: find the worst
perturbation 683™ s.t.

1 m
08" = argmax {< Dg1p(Bo),08 > — Zpiﬂwz‘ll?{l(m} ’

sB€A—[

=1

—
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Other types of perturbation sets (Il)

[ B

b) Smoother perturbations

We could use a penalization approach: find the worst
perturbation 683™ s.t.

1 m
08" = argmax {< Dg1p(Bo),08 > — Zpi|l5ﬁillirl(p>} ’

5BEA—B, =

—> this problem is no longer separable in  x. Implies a greater
computational effort.

—
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Uncertainty in the load

—

| Much easier . u Is linear (affine) with respect to the load; the dual
solution does not depend on the load.

—
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Uncertainty in the load

—

| Much easier . u Is linear (affine) with respect to the load; the dual
solution does not depend on the load.

The first Fréchet derivative of 1y wrt Lis < DY (Ly), 0L >= L(p).
All higher derivatives vanish.

—
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Uncertainty in the load

—

| Much easier . u Is linear (affine) with respect to the load; the dual
solution does not depend on the load.

The first Fréchet derivative of 1y wrt Lis < DY (Ly), 0L >= L(p).
All higher derivatives vanish.

We consider the parameter set
A[, — {ﬁ = ,Co -+ oL : 0L € W’, ||5£||W’ S 6}

for some Banach spaces W DO V, (typically W = L9).

—
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| Much easier

Uncertainty in the load

. u IS linear (affine) with respect to the load; the dual

—

solution does not depend on the load.

The first Fréchet derivative of 1y wrt Lis < DY (Ly), 0L >= L(p).
All higher derivatives vanish.

We consider the parameter set

Aﬁ, — {L =Log+0L: 0L € W’, ||5£||W’ < 6}

for some Banach spaces W DO V, (typically W = L9).

SUILNLIGICT

Theorem

a)

0 There exists a worst perturbation  dL*. |

AQ = Sup [P (L) — Y (Lo)| = ellellw.
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Uncertainty in the Dirichlet boundary cond.

I_The first Fréchet derivative of 1 w.r.t. the boundary datum g is _l

< Dg(g0), 09 >= o 09
I'p

where £ is the dual flux . All the higher derivatives vanish.

—
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Uncertainty in the Dirichlet boundary cond.

I_The first Fréchet derivative of 1 w.r.t. the boundary datum g is _l

< Dg(g0), 09 >= o 09
I'p

where £ is the dual flux . All the higher derivatives vanish.

We consider the parameter set

A;={9=go+dg: dg € L=(I'p), |dg(z)| < e4(x)}

—
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Uncertainty in the Dirichlet boundary cond.

I_The first Fréchet derivative of 1 w.r.t. the boundary datum g is _l

< Dg(g0), 09 >= o 09
I'p

where £ is the dual flux . All the higher derivatives vanish.

We consider the parameter set

Ag={9=9go+3dg: dg € L=(I'p), |dg(x)|<ey4(x)}

Worst Scenario bound . if the dual flux is at leastin  L1(T'p).

Q) AQ=sup [¥(9) — ¥(g0)| < | éo|ey() da

gEAg FD

b) worst perturbation  §g* = sign(&o)eq(x).

—
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Details on adaptive integration

| Build a sequence of adapted meshes h4lk], k=1,2,.... |
for each element n =1,2,..., N[k],
- compute the integral I, = [p a(g—ﬁ__G) £i

- uniformly h-refine the element, recompute the integral and
use the difference as error indicator 7, [k]

- if k] > E2L then

Nk]
mark the element for refinement
- end If
end for

refine the marked elements

(Convergence proof in “Moon-Von Schwerin-Szepessy-Tempo ne '04")

—
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Details on adaptive integration

| Build a sequence of adapted meshes h4lk], k=1,2,.... |
for each element n =1,2,..., N[k],
- compute the integral I, = [p B(f;—ﬁ__G) £i

- uniformly h-refine the element, recompute the integral and
use the difference as error indicator 7, [k]

- if k] > E2L then

Nk]
mark the element for refinement
- end If
end for

refine the marked elements

(Convergence proof in “Moon-Von Schwerin-Szepessy-Tempo ne '04")

The final mesh is well suited to represent the worst per-

0 55 (as a piecewise constant function). |
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Numerical computation of the dual flux

—

If one computes the finite element dual solution er € Vj, with strong
Imposition of the boundary conds., the dual flux can be
reconstructed as: find £ € V,(I'p) s.t.

—

: & pn = Q1(B, E(un)) — B(B; E(un)s pn), Yun € Vi(T'p)

where E(up) is an arbitrary extension of py, inside the domain.

—
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Numerical computation of the dual flux

—

If one computes the finite element dual solution er € Vj, with strong
Imposition of the boundary conds., the dual flux can be
reconstructed as: find £ € V,(I'p) s.t.

—

: & pn = Q1(B, E(un)) — B(B; E(un)s pn), Yun € Vi(T'p)

where E(up) is an arbitrary extension of py, inside the domain.

® To compute &) we need only to invert a mass matrixon  I'p.

—
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Numerical computation of the dual flux

| If one computes the finite element dual solution er € Vj, with strong |

Imposition of the boundary conds., the dual flux can be
reconstructed as: find £ € V,(I'p) s.t.

. 53 pr = Q1(8, E(nn)) — B(Bs E(un),Yn)s, Vun € Va(I'p)

where E(up) is an arbitrary extension of up inside the domain.
® To compute &) we need only to invert a mass matrixon  I'p.

® For a quasi-uniform mesh and ¢ € L?(T'p), one has sub-optimal
rate of convergence

h _1 .
— 2 <Ci1h 2 inf — v 1
1€0 fo”L ('p) =41 on Vi (D) |0 nll B (D)t

C inf — |
= 2 urnE€EVR(I'p) ”€0 uh”L2(FD)
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