Computational Homology Project
(CHomP)

http://chomp.rutgers.edu

Konstantin Mischaikow

Mathematics and BioMaPS Institute
Rutgers University

mischaik@math.rutgers.edu



mailto:mischaik@math.rutgers.edu
mailto:mischaik@math.rutgers.edu
http://chomp.rutgers.edu
http://chomp.rutgers.edu

Computing Homology

1. Homology
2. Geometric Complexes

3. Geometric Preprocessors

4. Maps




1. Homology

vector space

X a topological space == > H, (X ) an abelian-grouj
Hi(X, Zo) £ 75

Betti number

f: X — Y continuous mag ——> £, : H,(X)! H.(Y)

grotn-homemershlsir

linear map

f1:Z—>ZZ

With an appropriate choice of basis f{ = |a, D]




Computing Homology

A free chain complex C= {C}., 0.} ez consists of free abelian
ocroups C}, called chains, and homomorphisms 0. : C. — CL_1,
called boundary operators, such that

6k O 6k+1 = 0.

The cycles are the subgroups Z;. := ker 0;..
The boundaries are the subgroups B} := image O+1 -
The k-th Homology group is

Hk(C) R B—k




Theorem: (Smith Normal Form) Given a matrix A :Z™ ! Z™
there exist invertible matrices R : Z"! Z*and @ :Zm ! Z™
such that

&

-

B SSoostoooo:

-

where b; are positive Integers,b, =1 for:=1,2, ..., s,
and b; divides b, ; for:=1,2,...,t" 1.




simplicial
Let X C RY be a eubieal set. The boundary map
Lk 1 Ck(X) — Ck_1(X) takes the form of a matrix

Ay : 7% — 78k

simplicies

where the basis is defined by the elementarycubes.




2. Geometric Complexes

Rayleigh-Benard Convection

Raw Intensity image captured Binary image obtained by
using 12-bit digital camera thresholding at the median value
and bltering of intensity

Data Is in not in the form of a chain complex

Data sets are large



Cubical complexes
An elementary interval is a closed interval I C R of the form

I=[14+1 or I=]1]

for some [ € Z.

An celementary cube IS a Pnite product of elementary intervals

Q= i <l e RS

where eachl; Is an elementary interval.

K9 .= k-dimensional cubes in R®

A cubical setis a Pnite union of elementary cube




3. Geometric Preprocessors

Co-Reduction , M. Mrozek, B. Batko |,

Dis. Comp. Geom. O09

ldea: Reduce the geometric complex as much
as possible before building the chain complex
and computing Smith Normal Form.

Fact: If A C X Is acylic, then
|
H.(X,A)®Z 1fk=0
Hi.(X,A) otherwise




Goal: Remove a OmaximalO acyclic subset A of X.

The Co-Reduce Algorithm

01 | Queue Q := NULL
. 02 | Q « oo
Geometric 03 | while (|Q| # 0)
boundary 04 Q—o

05 it (Ox (o) ={5})
06 X =X \{ o}

07 Q « 0x (5)

08 X =X \{ G}

09 else if (Ox (o) =1 )
10 Q « dox ()

11 end if
12 | end while
13 | return X

Geometric
co-boundary




XIs a Torus (70 vertices, 123 edges, 54 squares)

Goal: Construct a large acyclicset A

abcd

e

f

b ¢ d

C(X,A) generated by 19 edges, 16 squares




Run Times co-reduce
Random cubical complexesin R*

Size 607 617 52 Time
62,636 | 24, 2988, 20 | 0.53

116,284 | 36, 5552, 38 | 1.06
168,7/50| 48, 8060, 54 | 1.56
222,480 | 54, 10493, 71| 2.09 3.6 GHz PC

Pentium 4 processor
2 GB RAM

Large and high complexes

Size Betti Time
8,392,997 1, 1057 4.38
350,000,000 | 1, 7, 352 935
135,351 1,4,5, 0| 0.77
0,0,1,1 | 1.92

1,0, 0,
332.309 1,0, 0

)




Summary: The goal

Input: Large Geometrical Complex

Output: Small/Simple Chain Complex




3. Maps
A. Chain Maps (Algebra)

B. Approximating Continuous Maps

C. Constructing Chain Maps

D. Geometric Reductions




A. Chain Maps (Algebra)

Let C={Ck,d} and C ={C},0,} be chain complexes.
A sequence of abelian group homomorphisms
ok : Ck — C,, is a chain map if, for every k € Z,

a|!<90k = k" 10k-

Proposition: If ¢ : C — C’ is a chain map, ther

wr(Zr) C Z
or(Br) <€ B

for all k € Z.

Define the group homomorphisms ! ;. : H.(C)! Hg(C’) by

e (12]) = R(2)]




B. Approximating Continuous Maps

Consider a continuous map f : (X,A)! (Y,B)

Need to construct a chain mapf . : C, (X,A) ! C, (Y,B)




First Question:
Consider X C R", Y C R™. Let x € X. What is f(x)?

1. Consider a differential equation Xi= g(x)
which generates a Bowy) : R x R — R".
A natural continuous map is f (x) := (1, x).
f (X) Is obtained by numerically integrating ode.

Cost of Integration vs. Numerical Errors




2. Consider a parameterized family of maps
Errr X X

Want to study dynamics over a set Q # ! of parameter values

«ml Example: The Logistic Map

f(x,r)=r-x-(1—x)

Explicit nonlinearities may
give misleading information

| | | | | | | | | | | | | | | |

2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0
r

f(z, Q) Is the minimal object of interest.




Constructing an acyclic multivalued approximation

Consider f : R* — R*. Accounting for errors

Xt— [f1(X) =1, f:(X)+!] x[fa(X)=",fa(X)+!]
Choose a cubical gridX that covers X.

Construct a combinatorial multivalued map Fq : X = X.

L FQ(G)

/

= Error
bound

on f(G, Q)




C. Constructing Chain Maps and Homology
Y f:X! Y continuous Observe: f = Iy o IT*

With the cubical structure 11x, 11y are chain maps.

Acyclic Iimages of 7 implies ! x. Is an iIsomorphism

K. M., M. Mrozek, P. Pilarczyk FoCM (2005)



D. Geometric Reductions
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