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Abstract
Reliabilit y methods are probabilistic algorithms for quantifying the e®ectof simulation input uncertainties on response

metrics of interest. In particular, they compute approximate responsefunction distribution statistics (probabilit y, reliabilit y,
and response levels) based on speci¯ed input random variable probabilit y distributions. In this paper, a number of
algorithmic variations are explored for both the forward reliabilit y analysis of computing probabilities for speci¯ed response
levels (the reliabilit y index approach (RIA)) and the inverse reliabilit y analysis of computing response levels for speci¯ed
probabilities (the performance measure approach (PMA)). These variations include limit state linearizations, probabilit y
integrations, warm starting, and optimization algorithm selections. The resulting RIA/PMA reliabilit y algorithms for
uncertainty quanti¯cation are then employed within bi-level and sequential reliabilit y-baseddesignoptimization approaches.
Relativ e performance of theseuncertainty quanti¯cation and reliabilit y-baseddesign optimization algorithms are presented
for a number of computational experiments performed using the DAK OTA/UQ software.
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1 In tro duction

Reliabilit y methods are probabilistic algorithms for quantifying the e®ectof simulation input uncertainties on responsemet-
rics of interest. In particular, they perform uncertainty quanti¯cation (UQ) by computing approximate responsefunction
distribution statistics basedon speci¯ed input random variable probabilit y distributions. Theseresponsestatistics include re-
sponsemean,responsestandard deviation, and cumulativ e or complementary cumulativ e distribution function (CDF/CCDF)
responselevel and probabilit y/reliabilit y level pairings. Thesemethods are often more e±cient at computing statistics in the
tails of the responsedistributions (events with low probabilit y) than sampling-basedapproachessincethe number of samples
required to resolve a low probabilit y can be prohibitiv e. Thus, these methods, as their name implies, are often used in a
reliabilit y context for assessingthe probabilit y of failure of a system when confronted with an uncertain environment.

A number of classicalreliabilit y analysis methods are discussedin [Haldar and Mahadevan, 2000], including Mean-Value
First-Order Second-Moment (MVF OSM), First-Order Reliabilit y Method (FORM), and Second-OrderReliabilit y Method
(SORM). More recent methods which seekto improve the e±ciency of FORM analysisthrough limit state approximations in-
clude the useof local and multip oint approximations in AdvancedMean Value methods (AMV/AMV+ [Wu et al., 1990]) and
Two-point Adaptiv e Nonlinear Approximation-based methods (TANA [Wang and Grandhi, 1994, Xu and Grandhi, 1998]),
respectively. Each of the FORM-based methods can be employed for \forw ard" or \in verse" reliabilit y analysis through the
reliabilit y index approach (RIA) or performancemeasureapproach (PMA), respectively, as described in [Tu et al., 1999].

The capability for assessingreliabilit y is broadly useful within a design optimization context, and reliabilit y-based
design optimization (RBDO) methods are popular approaches for designing systems while accounting for uncertainty.
RBDO approaches may be broadly characterized as bi-level (in which the reliabilit y analysis is nested within the opti-
mization, e.g. [Allen and Maute, 2004]), sequential (in which iteration occurs betweenoptimization and reliabilit y analysis,
e.g. [Wu et al., 2001]), or unilevel (in which the design and reliabilit y searches are combined into a single optimization,
e.g. [Agarwal et al., 2004]). Bi-level RBDO methods are simple and general-purpose,but can be computationally demand-
ing. Sequential and unilevel methods seekto reducecomputational expenseby breaking the nestedrelationship through the
useof iterated or simultaneous approaches.

In order to provide accessto a variety of uncertainty quanti¯cation capabilities for analysis of large-scaleengineering
applications on high-performanceparallel computers, the DAK OTA project [Eldred et al., 2003] at Sandia National Labo-
ratories has developed a suite of algorithmic capabilities known as DAK OTA/UQ [Wojtkiewicz et al., 2001]. This package
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contains the reliabilit y analysisand RBDO capabilities described in this paper, and is freely available for download worldwide
through an open sourcelicense.

This paper exploresa variety of algorithms for performing reliabilit y analysis. In particular, forward and inversereliabilit y
analysesare performed using multiple linearization, integration, warm starting, and optimization algorithm selections.These
uncertainty quanti¯cation capabilities are then usedasa foundation for exploring bi-level and sequential RBDO formulations.
Sections 2 and 3 describe these algorithmic components, Section 4 provides computational results for three simple test
problems, and Section 5 provides concluding remarks.

2 Reliabilit y Metho d Form ulations

2.1 Mean Value

The Mean Value method (MV, also known as MVF OSM in [Haldar and Mahadevan, 2000]) is the simplest, least-expensive
reliabilit y method in that it estimates the response means, response standard deviations, and all CDF/CCDF response-
probabilit y-reliabilit y levelsfrom a singleevaluation of responsefunctions and their gradients at the uncertain variable means.
This approximation can have acceptableaccuracy when the responsefunctions are nearly linear and their distributions are
approximately Gaussian,but can have poor accuracyin other situations. The expressionsfor approximate responsemean¹ g,
approximate responsestandard deviation ¾g, responsetarget to approximate probabilit y/reliabilit y level mapping ( ¹z ! p; ¯ ),
and probabilit y/reliabilit y target to approximate responselevel mapping ( ¹p; ¹̄ ! z) are

¹ g = g(¹ x ) (1)

¾g =
X

i

X

j

Cov(i; j )
dg
dxi

(¹ x )
dg
dxj

(¹ x ) (2)

¯ cdf =
¹ g ¡ ¹z

¾g
(3)

¯ ccdf =
¹z ¡ ¹ g

¾g
(4)

z = ¹ g ¡ ¾g
¹̄

cdf (5)

z = ¹ g + ¾g
¹̄

ccdf (6)

respectively, where x are the uncertain values in the spaceof the original uncertain variables (\x-space"), g(x) is the limit
state function (the responsefunction for which probabilit y-responselevel pairs are needed),and the CDF reliabilit y index
¯ cdf , CCDF reliabilit y index ¯ ccdf , CDF probabilit y p(g · z), and CCDF probabilit y p(g > z) are related to one another
through

p(g · z) = ©(¡ ¯ cdf ) (7)

p(g > z) = ©(¡ ¯ ccdf ) (8)

¯ cdf = ¡ ©¡ 1(p(g · z)) (9)

¯ ccdf = ¡ ©¡ 1(p(g > z)) (10)

¯ cdf = ¡ ¯ ccdf (11)

p(g · z) = 1 ¡ p(g > z) (12)

where ©() is the standard normal cumulativ e distribution function. A common convention in the literature is to de¯ne g in
such a way that the CDF probabilit y for a responselevel z of zero (i.e., p(g · 0)) is the responsemetric of interest. The
formulations in this paper are not restricted to this convention and are designedto support CDF or CCDF mappings for
general response,probabilit y, and reliabilit y level sequences.

2.2 MPP Search Metho ds

All other reliabilit y methods solve a nonlinear optimization problem to compute a most probable point (MPP) and then
integrate about this point to compute probabilities. The MPP search is performed in transformed standard normal space(\u-
space") sinceit simpli¯es the probabilit y integration: the distanceof the MPP from the origin hasthe meaningof the number
of standard deviations separatingthe meanresponsefrom a particular responsethreshold. The transformation from x-spaceto
u-spaceis performedusing the transformation u = T(x) with the reversetransformation denotedasx = T ¡ 1(u). Commonap-
proachesfor performing thesemappings include the Rosenblatt [Rosenblatt, 1952] and Nataf [Der Kiureghian and Liu, 1986]
transformations, where the results in this paper employ the latter.

The forward reliabilit y analysis algorithm of computing CDF/CCDF probabilit y/reliabilit y levels for speci¯ed response
levels is called the reliabilit y index approach (RIA), and the inversereliabilit y analysisalgorithm of computing responselevels



for speci¯ed CDF/CCDF probabilit y/reliabilit y levels is called the performancemeasureapproach (PMA) [Tu et al., 1999].
The di®erencesbetweenthe RIA and PMA formulations appear in the objective function and equality constraint formulations
usedin the MPP searches. For RIA, the MPP search for achieving the speci¯ed responselevel ¹z is formulated as

minimize uT u

subject to G(u) = ¹z (13)

and for PMA, the MPP search for achieving the speci¯ed reliabilit y/probabilit y level ¹̄ ; ¹p is formulated as

minimize § G(u)

subject to uT u = ¹̄ 2 (14)

where u is a vector centered at the origin in u-spaceand g(x) ´ G(u) by de¯nition. In the RIA case,the optimal MPP
solution u¤ de¯nes the reliabilit y index from ¯ = §k u¤k2, which in turn de¯nes the CDF/CCDF probabilities (using Eqs. 7-8
in the caseof ¯rst-order integration). The sign of ¯ is de¯ned by

G(u¤) > G(0) : ¯ cdf < 0; ¯ ccdf > 0 (15)

G(u¤) < G(0) : ¯ cdf > 0; ¯ ccdf < 0 (16)

where G(0) is the median limit state responsecomputed at the origin in u-space(where ¯ cdf = ¯ ccdf = 0 and ¯rst-order
p(g · z) = p(g > z) = 0.5). In the PMA case,the sign applied to G(u) (equivalent to minimizing or maximizing G(u)) is
similarly de¯ned by ¹̄

¹̄
cdf < 0; ¹̄

ccdf > 0 : maximize G(u) (17)
¹̄

cdf > 0; ¹̄
ccdf < 0 : minimize G(u) (18)

and the limit state at the MPP (G(u¤)) de¯nes the desiredresponselevel result.

2.2.1 Limit state linearizations

There are a variety of algorithmic variations that can be explored within RIA/PMA reliabilit y analysis. First, one may
selectamong several di®erent linearization approachesfor the limit state function that can be usedto reducecomputational
expenseduring the MPP searches. Options include:

1. a single linearization per response/probabilit y level in x-spacecentered at the uncertain variable means (commonly
known as the AdvancedMean Value (AMV) method).

g(x) »= g(¹ x ) + r x g(¹ x )T (x ¡ ¹ x ) (19)

2. sameas AMV, except that the linearization is performed in u-space. This option has been termed the u-spaceAMV
method (note: ¹ u = T(¹ x ) and is nonzero in general).

G(u) »= G(¹ u ) + r u G(¹ u )T (u ¡ ¹ u ) (20)

3. an initial x-spacelinearization at the uncertain variable means,with iterativ e relinearizations at each MPP estimate
(x¤) until the MPP converges(commonly known as the AMV+ method).

g(x) »= g(x¤) + r x g(x¤)T (x ¡ x¤) (21)

4. same as AMV+, except that the linearizations are performed in u-space. This option has been termed the u-space
AMV+ method.

G(u) »= G(u¤) + r u G(u¤)T (u ¡ u¤) (22)

5. the MPP search on the original responsefunctions without the useof any linearizations.

The selectionbetweenx-spaceor u-spacefor performing linearizations dependson where the limit state will be more linear,
since an approximation that is accurate over a larger range will result in more accurate MPP estimates (AMV) or faster
convergence(AMV+). Sincethis relative linearit y dependson the forms of the limit state g(x) and the transformation T(x)
and is therefore application dependent in general,DAK OTA/UQ supports both options. A concernwith linearization-based
iterativ e search methods (i.e., x-/u-space AMV+) is the robustnessof their convergenceto the MPP. It is possiblefor the
MPP iterates to oscillate or even diverge. However, to date, this occurrencehas been relatively rare, and DAK OTA/UQ
contains checks that monitor for this behavior.



2.2.2 In tegrations

The secondalgorithmic variation involves the integration approach for computing probabilities at the MPP, which can be
selected to be ¯rst-order (Eqs. 7-8) or second-orderintegration. Second-orderintegration involves applying a curvature
correction [Breitung, 1984, Hohenbichler and Rackwitz, 1988, Hong, 1999]. The simplest of thesecorrections is

p = ©(¡ ¯ )
n ¡ 1Y

i =1

1
p

1 + ¯ · i
(23)

where · i are the principal curvatures of the limit state function and ¯ ¸ 0 (select CDF or CCDF correction basedon sign of
¯ ). Second-orderreliabilit y approachesare discussedin detail in a companion paper [Eldred and Wojtkiewicz, 2005].

Combining the no-linearization option of the MPP search with ¯rst-order and second-orderintegration approachesresults
in the traditional ¯rst-order and second-orderreliabilit y methods (FORM and SORM). Additional probabilit y integration
approaches can involve importance sampling in the vicinit y of the MPP [Hohenbichler and Rackwitz, 1988, Wu, 1994], but
are outside the scope of this paper.

2.2.3 Optimization algorithms

The third algorithmic variation involves the optimization algorithm selection for solving Eqs. 13 and 14. The Hasofer-Lind
Rackwitz-Fissler (HL-RF) algorithm [Haldar and Mahadevan, 2000] is a classicalapproach that has been broadly applied.
It is a Newton-basedapproach lacking line search/trust region globalization, and is generally regarded as computationally
e±cient but occasionally unreliable. DAK OTA/UQ takes the approach of employing robust, general-purposeoptimization
algorithms with provable convergenceproperties. This paper explores the use of sequential quadratic programming (SQP)
and nonlinear interior-p oint (NIP) optimization algorithms from the NPSOL [Gill et al., 1998] and OPT++ [Meza, 1994]
libraries, respectively.

2.2.4 W arm Starting of MPP Searches

The ¯nal algorithmic variation involves the use of warm starting approaches for improving computational e±ciency. MPP
searchescan be acceleratedthrough three distinct typesof warm starting:

² with internal iteration increment (within an AMV+ reliabilit y analysis)

² with z=p=¯ level increment (within any reliabilit y analysis)

² with designvariable increment (acrossmultiple reliabilit y analysesfor RBDO)

and involve several di®erent typesof data:

² linearization point and associated responsevalues(for AMV+ reliabilit y analysis)

² MPP optimizer initial guess(for any reliabilit y analysis)

Within a single reliabilit y analysis, the AMV+ linearization point and associated responsedata for each new z=p=¯ level
is warm started using the MPP from the previous level. The initial guessfor each new MPP search is warm started di®erently
for AMV+ iterations, RIA level changes,or PMA level changes. For unconverged AMV+ iterations, a simple copy of the
previousMPP estimate is used. In the caseof an advanceto the next z=p=¯ level, the initial guessis determined by projecting
from the current MPP out to the new ¯ radius or responselevel. This projection is important sincepremature optimization
termination can occur with someoptimizers if the RIA/PMA ¯rst-order optimalit y conditions (u + ¸ r u G = 0 for RIA or
r u G + ¸ u = 0 for PMA) remain satis¯ed for the new level, even though the new equality constraint will be violated. That
is, even though initial guessmay not a®ectoverall e±ciency in linearization-basedsearches, it can a®ectsearch robustness.
For RIA projections, an approximate u (k+1) is computed using a ¯rst-order Taylor seriesapproximation of the next g level:

G(k+1) = G(k ) + r u G(u (k ) )T (u (k+1) ¡ u (k ) ) (24)

where u (k+1) is de¯ned as a projection along r u G from u (k )

u (k+1) = u (k ) + ®r u G(u (k ) ) (25)

Substituting Eq. 25 into Eq. 24 de¯nes the step

® =
G(k+1) ¡ G(k )

kr u G(u (k ) )k2
(26)



This projection could bypassthe needfor r u G with knowledgeof the Lagrangemultipliers at the current MPP (r u G = ¡ 1
¸ u

for RIA). For PMA projections, an approximate u (k+1) is computed by scaling u (k ) to match its magnitude to the next ¯
target.

u (k+1) =
¯ (k+1)

¯ (k )
u (k ) (27)

In the caseof multiple reliabilit y method invocations within RBDO, the optimizer initial guessfor the ¯rst level can be
warm started using information from the previous reliabilit y analysis. The simplest approach usesthe MPP for the ¯rst level
from the previous reliabilit y method invocation. A more advancedapproach for the caseof RIA-based RBDO corrects the
previous MPP using a projection [Burton and Hajela, 2004], resulting in an expressionsimilar to Eqs. 25-26:

u (k+1) = u (k ) ¡
r dG(d (k ) )T (d (k+1) ¡ d (k ) )

kr u G(u (k ) )k2
r u G(u (k ) ) (28)

For AMV+, the linearization point for the ¯rst level is also warm started using the previous/pro jected MPP, although the
response data at the linearization point must be reevaluated to account for design variable changes. Warm starts for all
subsequent levels within the new reliabilit y analysis are performed using Eqs. 25-27.

3 Reliabilit y-Based Design Optimization

Reliabilit y-based design optimization (RBDO) methods are used to perform design optimization accounting for reliabilit y
metrics. The reliabilit y analysiscapabilities described in Section2 provide a rich foundation for exploring a variety of RBDO
formulations. This paper will present ¯rst-order methods for bi-level and sequential RBDO.

3.1 Bi-lev el RBDO

The simplest and most direct RBDO approach is the bi-level approach in which a full reliabilit y analysis is performed for
every optimization function evaluation. This involvesa nesting of two distinct levels of optimization within each other, one
at the design level and one at the MPP search level.

Since an RBDO problem will typically specify both the z level and the p=¯ level, one can use either the RIA or the
PMA formulation for the UQ portion and then constrain the result in the design optimization portion. In particular, RIA
reliabilit y analysis maps z to p=¯ , so RIA RBDO constrains p=¯ :

minimize f

subject to ¯ ¸ ¹̄

or p · ¹p (29)

And PMA reliabilit y analysis maps p=¯ to z, so PMA RBDO constrains z:

minimize f

subject to z ¸ ¹z (30)

where z ¸ ¹z is usedas the RBDO constraint for a cumulativ e failure probabilit y (failure de¯ned as z · ¹z) but z · ¹z would
be used as the RBDO constraint for a complementary cumulativ e failure probabilit y (failure de¯ned as z ¸ ¹z). It is worth
noting that DAK OTA is not limited to thesetypesof inequality-constrained RBDO formulations; rather, they are convenient
examples.DAK OTA supports generaloptimization under uncertainty mappings [Eldred et al., 2002] which allow °exible use
of statistics within multiple objectives, inequality constraints, and equality constraints.

An important performanceenhancement for bi-level methods is the useof sensitivity analysis to analytically compute the
designgradients of probabilit y, reliabilit y, and responselevels. When designvariablesareseparatefrom the uncertain variables
(i.e., they are not distribution parameters), then the following expressionsmay be used [Hohenbichler and Rackwitz, 1986,
Karamchandani and Cornell, 1992, Allen and Maute, 2004]:

r dz = r dG (31)

r d¯ cdf =
1

k r u G k
r dG (32)

r dpcdf = ¡ Á(¡ ¯ cdf )r d¯ cdf (33)

where Á() is the standard normal density function. From Eqs. 11-12, it is evident that

r d¯ ccdf = ¡r d¯ cdf (34)

r dpccdf = ¡r dpcdf (35)



Even when r dG is estimated numerically, theseanalytic expressionscan be used to avoid numerical di®erencingacrossfull
reliabilit y analyses.Sincetheseexpressionsare derived using the KKT conditions for a convergedMPP, they are appropriate
for RBDO using AMV+ and FORM, but not for RBDO using MV or AMV.

3.2 Sequential/Surrogate-based RBDO

An alternativ e RBDO approach is the sequential approach, in which additional e±ciency is sought through breaking the
nestedrelationship of the MPP and designsearches. The generalconcept is to iterate betweenoptimization and uncertainty
quanti¯cation, updating the optimization goalsbasedon the most recent probabilistic assessment results. This update may
be basedon safety factors [Wu et al., 2001] or other approximations.

A particularly e®ectiveapproach for updating the optimization goalsis to usethe p=¯ =z sensitivity analysisof Eqs.31-33in
combination with local surrogatemodels[Zou et al., 2004]. In this paper, ¯rst-order Taylor seriesapproximations will be used
for both the objective function and the constraints, although the useof constraint approximations aloneis su±cient to remove
the nesting. When surrogate models are employed, a trust-region model management framework [Giunta and Eldred, 2000]
can be usedto adaptively managethe extent of the approximations and ensureconvergenceof the RBDO process.

In particular, RIA trust-region surrogate-basedRBDO employs surrogate models of f and p=¯ within a trust region ¢ k

centered at dc:

minimize f (dc) + r df (dc)T (d ¡ dc)

subject to ¯ (dc) + r d¯ (dc)T (d ¡ dc) ¸ ¹̄

or p(dc) + r dp(dc)T (d ¡ dc) · ¹p

k d ¡ dc k1 · ¢ k (36)

and PMA trust-region surrogate-basedRBDO employs surrogate models of f and z within a trust region ¢ k centered at dc:

minimize f (dc) + r df (dc)T (d ¡ dc)

subject to z + r dz(dc)T (d ¡ dc) ¸ ¹z

k d ¡ dc k1 · ¢ k (37)

where the senseof the z constraint may vary as described previously.

4 Computational Exp erimen ts

The algorithmic variations of interest in reliabilit y analysisinclude the linearization approaches(MV, x-/u-space AMV, x-/u-
spaceAMV+, and FORM), integration approaches(¯rst-/second-order), warm starting approaches,and MPP optimization
algorithm selections(SQP or NIP). RBDO algorithmic variations of interest include useof bi-level, fully-analytic bi-level, or
sequential approaches, use of RIA or PMA formulations for the underlying UQ, and the speci¯c z=p=¯ mappings that are
employed. Relative performanceof these algorithmic variations will be presented in this section for a number of computa-
tional experiments performed using the DAK OTA/UQ software [Wojtkiewicz et al., 2001]. DAK OTA/UQ is the uncertainty
quanti¯cation component of DAK OTA [Eldred et al., 2003], an open-sourcesoftware framework for designand performance
analysis of computational models on high performancecomputers.

4.1 Lognormal ratio

This test problem has a limit state function de¯ned by the ratio of two lognormally-distributed random variables.

g(x) =
x1

x2
(38)

The distributions for both x1 and x2 are Lognormal(1, 0.5) with a correlation coe±cient betweenthe two variables of 0.3.

4.1.1 Uncertain t y quan ti¯cation

For RIA, 24 responselevels (.4, .5, .55, .6, .65, .7, .75, .8, .85, .9, 1, 1.05,1.15,1.2, 1.25,1.3, 1.35,1.4, 1.5, 1.55,1.6, 1.65,1.7,
and 1.75) are mapped into the corresponding cumulativ e probabilit y levels. For PMA, these24 probabilit y levels (the fully
convergedresults from RIA FORM) are mapped back into the original responselevels. Tables1 and 2 show the computational
results for each of the six method variants using numerical gradients computed with central di®erences.Duplicate function
evaluations (detected by DAK OTA's evaluation cache) are not included in the totals, and an AMV+ convergencetolerance
of k u (k+1) ¡ u (k ) k2 < 10¡ 4 is used to give comparableaccuracy to the FORM SQP/NIP converged results. The RIA p
error norms and PMA z error norms are measuredrelative to the fully-convergedFORM results. That is, the FORM errors



Table 1: Reliabilit y index approach results, lognormal ratio test problem.

RIA SQP Function Evals NIP Function Evals CDF p Target z
Approach (Cold/W arm Start) (Cold/W arm Start) Error Norm O®setNorm
MV 5 5 0.2312 0.0
x-spaceAMV 30 30 0.05210 0.5100
u-spaceAMV 30 30 0.0 0.6915
x-spaceAMV+ 504/506 505/506 0.0 0.0
u-spaceAMV+ 388/381 389/381 0.0 0.0
FORM 1416/1371 546/491 0.0 0.0

Table 2: Performancemeasureapproach results, lognormal ratio test problem.

PMA SQP Function Evals NIP Function Evals CDF z Target p
Approach (Cold/W arm Start) (Cold/W arm Start) Error Norm O®setNorm
MV 5 5 0.6072 0.0
x-spaceAMV 30 30 0.1166 0.0
u-spaceAMV 30 30 0.0 0.0
x-spaceAMV+ 390/406 415/406 0.0 0.0
u-spaceAMV+ 150/221 178/231 0.0 0.0
FORM 3241/861 879/481 0.0 0.0

(RIA p error norm of 0.01538and PMA z error norm of 0.03775)relative to a Latin Hypercube referencesolution of 106

samplesare not included in order to avoid obscuring the relative errors. Figure 1 overlays the computed CDF valuesfor each
of the six method variants as well as the Latin Hypercube referencesolution.

It is evident that, relative to the fully-converged AMV+/F ORM results, MV accuracy degradesrapidly away from the
means. AMV is reasonably accurate over the full range (x-space AMV has a factor of 4.8 reduction in error norm on
averagerelative to MV, and u-spaceAMV has zero error for this problem) but has undesirable o®setsfrom the prescribed
response levels in the RIA case. In terms of computational expense,MV is two orders of magnitude less expensive than
AMV+/F ORM and AMV is one order of magnitude less expensive, which makes these techniques attractiv e when rough
statistics are su±cient. When more accurate statistics are desired, AMV+ has equal accuracy to FORM and is a factor of
9.1 lessexpensive on averagein the caseof cold starts using sequential quadratic programming (SQP) for each level, which
decreasesto a factor of 3.1 lessexpensive in the caseof warm starts using SQP. That is, FORM bene¯ts more from warm
starting than AMV+. When using a nonlinear interior-p oint (NIP) optimizer, FORM solutions are generally lessexpensive
and becomedirectly competitiv e with AMV+ in somecases(AMV+ is a factor of 2.4 lessexpensive on averagethan FORM
in the caseof cold starts using NIP, which decreasesto a factor of 1.4 in the caseof warm starts using NIP). The SQP/NIP
comparison is much lessrelevant for the AMV/AMV+ methods since the MPP searches are linearized. Another bene¯t of
NIP relative to SQP hasbeenobserved in PMA solutions (Eq. 14). PMA solutions with SQP involve penaltiesapplied to the
equality constraint (e.g., in an augmented Lagrangian merit function) and must have strict u-spacebound constraints (e.g.,
10 standard deviations) to avoid excessive u-spaceexcursionsin minimizing G(u) prior to enforcement of the u T u equality
constraint. These excursionscan result in inaccurate Hessianapproximations in moderate casesand numerical over°ow in
extremecases.NIP methods are lessprone to this di±cult y sincethey proceedtoward constraint satisfaction more uniformly.

4.2 Short column

This test problem involvesthe plastic analysisand designof a short column with rectangular crosssection(width b and depth
h) having uncertain material properties (yield stressY) and subject to uncertain loads (bending moment M and axial force
P) [Kuschel and Rackwitz, 1997]. The limit state function is de¯ned as:

g(x) = 1 ¡
4M

bh2Y
¡

P2

b2h2Y 2 (39)

The distributions for P, M , and Y are Normal(500, 100), Normal(2000, 400), and Lognormal(5, 0.5), respectively, with a
correlation coe±cient of 0.5 between P and M (uncorrelated otherwise). The nominal values for b and h are 5 and 15,
respectively. In this test problem, analytic gradients of f and g with respect to P, M , and Y are used to reduce function
evaluation counts (note: the evaluation counts re°ect data requestsfrom the algorithm and do not separatevalueand gradient
requests).
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Figure 1: Lognormal ratio cumulativ e distribution function.

Table 3: Reliabilit y index approach results, short column test problem.

RIA SQP Function Evals NIP Function Evals CDF p Target z
Approach (Cold/W arm Start) (Cold/W arm Start) Error Norm O®setNorm
MV 1 1 0.1548 0.0
x-spaceAMV 45 45 0.009275 18.28
u-spaceAMV 45 45 0.006408 18.81
x-spaceAMV+ 239/192 239/192 0.0 0.0
u-spaceAMV+ 263/207 263/207 0.0 0.0
FORM 653/636 473/351 0.0 0.0

4.2.1 Uncertain t y quan ti¯cation

For RIA, 43 responselevels (-9.0, -8.75, -8.5, -8.0, -7.75, -7.5, -7.25, -7.0, -6.5, -6.0, -5.5, -5.0, -4.5, -4.0, -3.5, -3.0, -2.5, -2.0,
-1.9, -1.8, -1.7, -1.6, -1.5, -1.4, -1.3, -1.2, -1.1, -1.0, -0.9, -0.8, -0.7, -0.6, -0.5, -0.4, -0.3, -0.2, -0.1, 0.0, 0.05,0.1, 0.15,0.2, 0.25)
are mapped into the corresponding cumulativ e probabilit y levels. For PMA, these43 probabilit y levels (the fully converged
results from RIA FORM) are mapped back into the original responselevels. Tables3 and 4 show the computational results for
each of the six method variants. The RIA p error norms and PMA z error norms are measuredrelative to the fully-converged
FORM results. That is, the FORM errors (RIA p error norm of 0.01370and PMA z error norm of 0.2181)relative to a Latin
Hypercube referencesolution of 106 samplesare omitted in order to avoid obscuring the relative errors. Figure 2 overlays
the computed CDF valuesfor each of the six method variants as well as the Latin Hypercube referencesolution.

Relative to the fully-convergedAMV+/F ORM results, MV accuracyagain degradesrapidly away from the means. AMV
is again reasonablyaccurate over the full range (a factor of 15 reduction in error norm on averagerelative to MV) but has
undesirableo®setsfrom the prescribed responselevels in the RIA case. In terms of computational expense,MV and AMV
are again signi¯cantly lessexpensive. AMV+ has equal accuracy to FORM and is a factor of 3.8 lessexpensive on average

Table 4: Performancemeasureapproach results, short column test problem.

PMA SQP Function Evals NIP Function Evals CDF z Target p
Approach (Cold/W arm Start) (Cold/W arm Start) Error Norm O®setNorm
MV 1 1 7.454 0.0
x-spaceAMV 45 45 0.9420 0.0
u-spaceAMV 45 45 0.5828 0.0
x-spaceAMV+ 201/171 190/179 0.0 0.0
u-spaceAMV+ 246/205 242/205 0.0 0.0
FORM 1123/716 780/325 0.0 0.0
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Figure 2: Short column cumulativ e distribution function.

than FORM in the caseof cold starts using SQP for each level, which decreasesto a factor of 3.5 in the caseof warm starts
using SQP. NIP-based FORM solutions are again lessexpensive than SQP-basedFORM solutions and are approaching the
expenseof AMV+ solutions (AMV+ is a factor of 2.8 lessexpensive on averagethan FORM in the caseof cold starts using
NIP, which decreasesto a factor of 1.7 in the caseof warm starts using NIP).

4.2.2 Reliabilit y-based design optimization

The short column example problem is also amenableto RBDO. An objective function of cross-sectionalarea and a target
reliabilit y index of 2.5 (cumulativ e failure probabilit y = p(g · 0) · 0:00621)are usedin the designproblem:

min bh

s:t : ¯ ¸ 2:5

5:0 · b · 15:0

15:0 · h · 25:0 (40)

It is important to note that only a single response/probabilit y mapping is neededfor each uncertainty analysis (instead of
the 43 used previously in generating a full CDF). As is evident from the UQ results shown in Figure 2, the initial design
of (b;h) = (5; 15) is infeasible and the optimization must add material to obtain the target reliabilit y at the optimal design
(b;h) = (8:68; 25:0).

Table 5 shows the results for bi-level RBDO for 18 variants. Constraint violations are raw norms (not normalized by
allowable). Analytic gradients of g with respect to P, M , and Y are used at the uncertainty analysis level, but numerical
gradients of f and z=p=¯ with respect to b and h are computed using central ¯nite di®erencesat the optimization level. SQP
is used for optimization at both levels. It is evident that RBDO with MV and AMV is relatively inexpensive, but can only
obtain an approximate optimal solution. Applying reliabilit y constraints using ¯ is generallypreferred to applying probabilit y
constraints using p in the RIA RBDO formulation of Eq. 29 (expensereducedby a factor of 2.3 on average), since ¯ tends
to be more linear/w ell-behaved/well-scaledfor the top-level optimizer than p. In addition, warm starts are generally helpful,
reducing expenseby a factor of 1.2 on average,and AMV+-based RBDO consistently outperforms FORM-based RBDO by
a factor of 4.8 on average. No consistent preferencefor RIA-based or PMA-based RBDO is evident in this case,although
RIA AMV+ RBDO using warm starts and ¯ constraints was the top performer and solved the problem in fewer than 200
function evaluations.

Table 6 shows the results for fully-analytic bi-level RBDO employing the gradient expressionsfor p, ¯ , and z (Eqs. 31-33).
In this case,only the AMV+ and FORM variants for RIA/PMA RBDO are allowed, sincethe sensitivity expressionsrequire
a fully-converged MPP. In comparison with Table 5, it is evident that avoiding numerical di®erencingof reliabilit y metrics
at the design level results in a signi¯cant improvement in e±ciency (factor of 2.3 on average). In this case,warm starts are
lesse®ective (only a factor of 1.1 on average)sincethe designchangesbetweenreliabilit y analysesare larger than when ¯nite
di®erencing.AMV+-based RBDO outperforms FORM-based RBDO by a factor of 5.6 on average.

Table 7 shows the results for sequential RBDO using a trust-region surrogate-basedapproach. The surrogatesare ¯rst-
order Taylor-seriesusing the sameanalytic gradients of p, ¯ , and z. The sequential caseis moree±cient than the fully-analytic



Table 5: Bi-level RBDO results, short column test problem.

RBDO Function Evals Objective Constraint
Approach (Cold/W arm Start) Function Violation
RIA z ! p MV 50 197.8 0.01913
RIA z ! p x-spaceAMV 150 197.5 0.01962
RIA z ! p u-spaceAMV 147 198.9 0.01721
RIA z ! p x-spaceAMV+ 370/354 217.1 0.0
RIA z ! p u-spaceAMV+ 400/371 217.1 0.0
RIA z ! p FORM 1877/1781 217.1 0.0
RIA z ! ¯ MV 16 197.7 0.5475
RIA z ! ¯ x-spaceAMV 48 197.4 0.5559
RIA z ! ¯ u-spaceAMV 48 198.2 0.5326
RIA z ! ¯ x-spaceAMV+ 195/185 216.7 0.0
RIA z ! ¯ u-spaceAMV+ 211/193 216.7 0.0
RIA z ! ¯ FORM 916/1088 216.7 0.0
PMA p;¯ ! z MV 35 197.7 0.1547
PMA p;¯ ! z x-spaceAMV 124 214.8 0.01367
PMA p;¯ ! z u-spaceAMV 124 215.6 0.008390
PMA p;¯ ! z x-spaceAMV+ 268/212 216.8 0.0
PMA p;¯ ! z u-spaceAMV+ 328/214 216.8 0.0
PMA p;¯ ! z FORM 1567/707 216.8 0.0

Table 6: Analytic bi-level RBDO results, short column test problem.

RBDO Function Evals Objective Constraint
Approach (Cold/W arm Start) Function Violation
RIA z ! p x-spaceAMV+ 161/149 217.1 0.0
RIA z ! p u-spaceAMV+ 171/160 217.1 0.0
RIA z ! p FORM 865/911 217.1 0.0
RIA z ! ¯ x-spaceAMV+ 76/72 216.7 0.0
RIA z ! ¯ u-spaceAMV+ 82/76 216.7 0.0
RIA z ! ¯ FORM 538/612 216.7 0.0
PMA p;¯ ! z x-spaceAMV+ 105/100 216.8 0.0
PMA p;¯ ! z u-spaceAMV+ 125/102 216.8 0.0
PMA p;¯ ! z FORM 508/285 216.8 0.0



Table 7: Surrogate-basedRBDO results, short column test problem.

RBDO Function Evals Objective Constraint
Approach (Cold/W arm Start) Function Violation
RIA z ! p x-spaceAMV+ 77/75 216.9 0.0
RIA z ! p u-spaceAMV+ 82/81 216.9 0.0
RIA z ! p FORM 573/577 216.9 0.0
RIA z ! ¯ x-spaceAMV+ 67/65 216.7 0.0
RIA z ! ¯ u-spaceAMV+ 72/72 216.7 0.0
RIA z ! ¯ FORM 508/561 216.7 0.0
PMA p;¯ ! z x-spaceAMV+ 79/76 216.7 2.1e-4
PMA p;¯ ! z u-spaceAMV+ 87/79 216.7 2.1e-4
PMA p;¯ ! z FORM 333/228 216.7 2.1e-4

L = 100”

w

t
X

Y

Figure 3: Cantilever beam test problem.

bi-level case,with expensereducedby another factor of 1.4 on average. Warm starts are even lesse®ective than in the fully-
analytic bi-level caseand save only 6% on average. AMV+-based sequential RBDO outperforms FORM-based sequential
RBDO by a factor of 6.2 on average,and solvesthe problem in as few as 65 function evaluations.

4.3 Cantilev er beam

The ¯nal test problem involves the simple uniform cantilever beam [Sueset al., 2001, Wu et al., 2001] shown in Figure 3.
Random variables in the problem include the yield stressR of the beammaterial, the Young's modulus E of the material,

and the horizontal and vertical loads,X and Y , which are modeledwith normal distributions using N(40000,2000),N(2.9E7,
1.45E6), N(500, 100), and N(1000, 100), respectively. Problem constants include L = 100 in. and D 0 = 2.2535 in. The
constraints on beam responsehave the following analytic form:

str ess =
600
wt2 Y +

600
w2t

X · R (41)

displacement =
4L 3

Ewt

r

(
Y
t2 )2 + (

X
w2 )2 · D0 (42)

or when scaled:

gS =
str ess

R
¡ 1 · 0 (43)

gD =
displacement

D0
¡ 1 · 0 (44)

4.3.1 Uncertain t y quan ti¯cation

For RIA, 11 levels (0.0 to 1.0 in 0.1 increments) are employed for each limit state function (gS and gD ) and are mapped into
the corresponding cumulativ e probabilit y levels. For PMA, these probabilit y levels (the fully converged results from RIA
FORM) are mapped back into the original responselevels. In this test problem, analytic gradients of gS and gD with respect
to R, E , X , and Y are usedto reducefunction evaluation counts. Tables8 and 9 show the computational results for each of
the method variants. In this case,sinceall uncertain variablesare normally distributed, the x-spaceand u-spacelinearization
approaches are equivalent. The RIA p error norms and PMA z error norms are measuredrelative to the fully-converged
FORM results. That is, the FORM errors (RIA p error norm of 0.02764and PMA z error norm of 0.04198)relative to a
Latin Hypercube referencesolution of 106 samplesare not included in order to avoid obscuring the relative errors. Figure 4
overlays the computed CDF valuesfor each of the method variants as well as the Latin Hypercube referencesolution.



Table 8: Reliabilit y index approach results, cantilever test problem.

RIA SQP Function Evals NIP Function Evals CDF p Target z
Approach (Cold/W arm Start) (Cold/W arm Start) Error Norm O®setNorm
MV 1 1 0.01889 0.0
x-/u-space AMV 23 23 0.001175 0.1261
x-/u-space AMV+ 92/89 93/94 0.0 0.0
FORM 249/165 235/189 0.0 0.0

Table 9: Performancemeasureapproach results, cantilever test problem.

PMA SQP Function Evals NIP Function Evals CDF z Target p
Approach (Cold/W arm Start) (Cold/W arm Start) Error Norm O®setNorm
MV 1 1 0.1239 0.0
x-/u-space AMV 23 23 0.01946 0.0
x-/u-space AMV+ 81/69 96*/88 0.0 0.0
FORM 625/265 440*/234* 0.0 0.0
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Figure 4: Cantilever beam cumulativ e distribution functions.



Table 10: Bi-level RBDO results, cantilever test problem.

RBDO Function Evals Objective Constraint
Approach (Cold/W arm Start) Function Violation
RIA z ! p MV 95 11.37 0.0
RIA z ! p x-/u-space AMV 285 11.37 0.0
RIA z ! p x-/u-space AMV+ 597/624 9.563 0.0
RIA z ! p FORM 1522/1111 9.563 0.0
RIA z ! ¯ MV 44 9.392 0.2958
RIA z ! ¯ x-/u-space AMV 132 9.392 0.2958
RIA z ! ¯ x-/u-space AMV+ 540/493 9.520 0.0
RIA z ! ¯ FORM 1082/865 9.520 0.0
PMA p;¯ ! z MV 53 9.393 0.03216
PMA p;¯ ! z x-/u-space AMV 159 9.504 0.003602
PMA p;¯ ! z x-/u-space AMV+ 547/428 9.521 0.0
PMA p;¯ ! z FORM 3631/1148 9.521 0.0

Relative to the fully-convergedAMV+/F ORM results, MV accuracyagaindegradesrapidly away from the means.AMV is
reasonablyaccurateover the full range(a factor of 11 reduction in error norm on averagerelative to MV) but hasundesirable
o®setsfrom the prescribed response levels in the RIA case. In terms of computational expense,MV and AMV are again
signi¯cantly lessexpensive. AMV+ has equal accuracy to FORM and is a factor of 5.2 and 2.8 lessexpensive on average
in the caseof cold and warm starts, respectively, using SQP, and is a factor of 3.6 and 2.3 lessexpensive on averagein the
caseof cold and warm starts, respectively, using NIP. NIP can be seento be lessrobust than SQP for this problem, as \*"
indicates that one or more of the 11 levels failed to converge.

4.3.2 Reliabilit y-based design optimization

The designproblem is to minimize the weight (or, equivalently , the cross-sectionalarea) of the beam subject to the displace-
ment and stressconstraints. If the random variablesare ¯xed at their means,the resulting deterministic designproblem (with
constraints gS · 0 and gD · 0) has the solution (w, t) = (2.35, 3.33) with an objective function of 7.82. When seekingrelia-
bilit y levels of 3.0 for theseconstraints (complementary cumulativ e failure probabilities p(gS ¸ 0) and p(gD ¸ 0) · 0:00135),
the designproblem becomes:

min wt

s:t : ¯ D ¸ 3:0

¯ S ¸ 3:0

1:0 · w · 4:0

1:0 · t · 4:0 (45)

which has the solution (w, t) = (2.45, 3.88) with an objective function of 9.52.
Table 10 shows the results for bi-level RBDO using 12 variants (the x-spaceand u-spacelinearizations are identical for

this problem). Constraint violations are raw norms (not normalized by allowable). Analytic gradients of gS and gD with
respect to R, E , X , and Y are usedat the uncertainty analysis level, but numerical gradients of f and z=p=¯ with respect to
w and t are computed using central ¯nite di®erencesat the optimization level. SQP is used for optimization at both levels.
Again, RBDO with MV and AMV is relatively inexpensive, but can only obtain an approximate optimal solution. Reliabilit y
constraints are again preferred to probabilit y constraints in RIA RBDO (expensereduced by a factor of 1.6 on average).
In addition, warm starts are helpful, reducing expenseby a factor of 1.5 on average,and AMV+-based RBDO consistently
outperforms FORM-based RBDO by a factor of 2.9 on average. PMA RBDO with AMV+ was the top performer in this
caseand solved the problem in 428 function evaluations.

Table 11 shows the results for fully-analytic bi-level RBDO employing the gradient expressionsfor p, ¯ , and z (Eqs. 31-33).
As for short column, only the AMV+ and FORM variants for RIA/PMA RBDO are allowed, sincethe sensitivity expressions
require a fully-converged MPP. In comparison with Table 10, avoiding numerical di®erencingat the design level reduces
computation expenseby a factor of 2.3 on average. Again, warm starts are lesse®ective (reduction of only a factor of 1.2 on
average)sincethe designchangesbetweenreliabilit y analysesare larger than when ¯nite di®erencing.AMV+-based RBDO
outperforms FORM-based RBDO by a factor of 2.8 on average.

Table 12 shows the results for sequential RBDO using a trust-region surrogate-basedapproach. The surrogates are
¯rst-order Taylor-series using the same analytic gradients of p, ¯ , and z. The sequential caseis more e±cient than the



Table 11: Analytic bi-level RBDO results, cantilever test problem.

RBDO Function Evals Objective Constraint
Approach (Cold/W arm Start) Function Violation
RIA z ! p x-/u-space AMV+ 279/319 9.529 1.1e-5
RIA z ! p FORM 623/531 9.563 0.0
RIA z ! ¯ x-/u-space AMV+ 207/208 9.520 0.0
RIA z ! ¯ FORM 367/324 9.520 0.0
PMA p;¯ ! z x-/u-space AMV+ 247/232 9.521 0.0
PMA p;¯ ! z FORM 1408/843 9.521 0.0

Table 12: Surrogate-basedRBDO results, cantilever test problem.

RBDO Function Evals Objective Constraint
Approach (Cold/W arm Start) Function Violation
RIA z ! p x-/u-space AMV+ 197/186 9.520 1.0e-9
RIA z ! p FORM 342/457 9.520 1.0e-9
RIA z ! ¯ x-/u-space AMV+ 189/203 9.520 9.5e-5
RIA z ! ¯ FORM 372/442 9.520 9.5e-5
PMA p;¯ ! z x-/u-space AMV+ 181/181 9.520 2.7e-9
PMA p;¯ ! z FORM 759/487 9.520 2.7e-9

fully-analytic bi-level case,with expensereduced by another factor of 1.3 on average. Warm starts are lesse®ective than
in the fully-analytic bi-level caseand save only 2% on average. AMV+-based sequential RBDO outperforms FORM-based
sequential RBDO by a factor of 2.5 on average,and solvesthe problem in under 200 function evaluations.

5 Conclusions

DAK OTA/UQ providesa °exible, object-oriented implementation of reliabilit y methods that allowsplug-and-play experimen-
tation with RIA/PMA formulations and various linearization, integration, warm starting, and MPP optimization algorithm
selections.Linearization approacheshave included MV, x-spaceand u-spaceAMV, x-spaceand u-spaceAMV+, and no lin-
earization (FORM); integration options have included ¯rst-order and second-orderintegrations; warm starting has included
MPP reuseand projections; and MPP search selectionhas included SQP and NIP optimization algorithms. Thesereliabilit y
analysiscapabilities provide a substantial foundation for RBDO formulations, and bi-level and sequential RBDO approaches
have been explored in this paper. Bi-level RBDO has included basic and fully-analytic approaches, and sequential RBDO
has utilized a trust-region surrogate-basedapproach.

Reliabilit y method performance comparisonsfor the three simple test problems presented indicate several trends. MV
and AMV are signi¯cantly less expensive than AMV+ and FORM, but come with corresponding reductions in accuracy.
In combination, these methods provide a useful spectrum of accuracy and expensethat allow the computational e®ort to
be balancedwith the statistical precision required for particular applications. In addition, support for forward and inverse
mappings (RIA and PMA) provide the °exibilit y to support di®erent UQ analysis needs. Relative to FORM, AMV+ has
beenshown to have equal accuracy, equal robustness(for thesetest problems), and consistent computational savings (factor
of 3.5 reduction in function evaluations on average). In addition, NIP optimizers have shown promise in being lesssusceptible
to PMA u-spaceexcursionsand in being more e±cient than SQP optimizers in most cases(factor of 1.8 lessexpensive on
averagefor FORM). Warm starting with projections has beenshown to be e®ective for reliabilit y analyses,with a factor of
1.3 reduction in expenseon average. The x-spaceand u-spacelinearizations for AMV and AMV+ were both e®ective, and
the relative performancewasstrongly problem-dependent (u-spaceAMV+ wasconsistently more e±cient for lognormal ratio,
x-spaceAMV+ was consistently more e±cient for short column, and x-spaceand u-spacewere equivalent for cantilever).
Among all combinations tested, AMV+ with warms starts is the recommendedapproach.

RBDO results mirror the reliabilit y analysis trends. Basic bi-level RBDO has been evaluated with up to 18 variants
(RIA/PMA with di®erent p/ ¯ / z mappings for MV/x-space AMV/u-space AMV/x-space AMV+/u-space AMV+/F ORM),
and fully-analytic bi-level and sequential RBDO have beenevaluated with up to 9 variants (RIA/PMA with di®erent p/ ¯ / z
mappings for x-spaceAMV+/u-space AMV+/F ORM). Bi-level RBDO with MV and AMV are inexpensive but give only
approximate optima. These approaches may be useful for preliminary design or for warm-starting other RBDO methods.
Bi-level RBDO with AMV+ was shown to have equal accuracy and robustnessto bi-level FORM-based approachesand be
a factor of 4.2 lessexpensive on average. In addition, usageof ¯ in RIA RBDO constraints was preferred due to it being
more well-behaved and more well-scaledthan constraints on p (resulting in a factor of 1.7 reduction in expense),and this
approach for RIA RBDO was more e±cient (factor of 1.4 reduction in expenseon average) than PMA RBDO. Warm starts



in RBDO were most e®ective when the designchangeswere small, and basic bi-level RBDO (with numerical di®erencingat
the designlevel) showed a factor of 1.4 reduction in expense,which decreasedto being marginally e®ective for fully-analytic
bi-level RBDO (factor of 1.1 reduction) and relatively ine®ective for sequential RBDO (only a 5% reduction in expenseon
average). However, large designchangeswere desirable for overall RBDO e±ciency and, compared to basic bi-level RBDO,
fully-analytic RBDO was a factor 2.3 lessexpensive on averageand sequential RBDO was a factor of 3.2 lessexpensive on
average. Among all combinations tested, sequential RBDO using AMV+ is the recommendedapproach.

The e®ectivenessof ¯rst-order approximations, both in limit state linearization within reliabilit y analysisand in surrogate-
basedRBDO, has led to additional work in second-orderapproximations which hold promise to both improve the accuracy
of probabilit y integrations and improve the computational e±ciency through acceleratedconvergencerates. This work is
presented in a companion paper.
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