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Correlation functions of interacting fermions at finite temperature and size

Sebastian Eggert and Ann E. Matts§on
Institute of Theoretical Physics, Chalmers University of Technology andi®og University, S-412 96 Geborg, Sweden

Jari M. Kinaret
Department of Applied Physics, Chalmers University of Technology aieb@m University, S-412 96 Gaborg, Sweden
(Received 17 July 1997

We present explicit expressions for the correlation functions of interacting fermions in one dimension which
are valid for arbitrary system sizes and temperatures. The result applies to a number of very different strongly
correlated systems, including mesoscopic quantum wires, quantum Hall edges, spin chains and quasi-one-
dimensional metals. It is, for example, possible to calculate Coulomb blockade oscillations from our expression
and determine their dependence on interaction strength and temperature. Numerical simulations show excellent
agreement with the analytical resulf§0163-1827)50748-X]

Recently, there has been great interest in strongly corrédut it only contributes if the system is close to half-filling
lated systems of all kinds, which is spurred by high-ke=7/2a and then it can often be absorbed by renormaliz-
temperature superconductivity, progress in mesoscopic physag the coupling constarg,.*
ics, quantum Hall systems, and newly available materials The fermion correlation functions of systems with the
which accurately display the characteristics of one-Hamiltonian of Eq(1) are known to obey simple power laws
dimensional metals or spin chains. In the case of quasi-onén the zero-temperature and infinite length limit, with expo-
dimensional electron systems much progress can be madents determined by the interactibmt nonzero tempera-
with the Luttinger liquid formalisrh which is able to de- tures the correlation functions are exponentially damped and
scribe virtually any type of local interaction and can beare described by powers of the hyperbolic sine in the infinite
solved by the use of bosonization technig@ids)sing these length limit. For finite length”” and periodic boundary con-
methods, it is well known how to calculate correlation func-ditions, on the other hand, the correlation functions are peri-
tions in the infinite length or zero-temperature limit and odic and at zero temperature are described by powers of the
therefore determine the spectral propeftiesa number of  sine instead. The correlation functions are essential to under-
systems, like mesoscopic quantum wires, quantum Halstand the spectral characteristics and other properties of ex-
bars? quasi-one-dimensional metals, and spin chiihsyen  perimental systems, and it is often necessary to consider both
in the presence of boundari®8.We now present explicit finite size and finite temperature. We will now derive explicit
expressions for the correlation functions which are valid aiexpressions for this case and show the crossover between the
arbitrary temperature, system size, and distaitasdong as two limits.
the lattice spacing is relatively smgllThese expressions can  To establish notation we will review shortly the bosoniza-
be used to calculate Coulomb blockade oscillations in mesation formalisnt for the Hamiltonian(1), which is given by
scopic systems as a function of the interaction strength anthe relations
of temperature. Monte Carlo simulations of one of the sim-
plest systems, namely interacting spinless fermions on a one- - A
dimensional lattice, show excellent agreement with our re- ILr=7 (¢ @), YL r=e Wmg=d), ()
sult.

_As our model Hamiltonian we consider one-dimensionalyhere is the dual field to the bosod with the finite length
interacting fermions in the continuum limit mode expansion
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HereJ, r=: ¢E/R¢L/R: are the chiral fermion currents of the

left- and right-moving components of the fermion field o
W(x), expanded about the Fermi pointstke, B(x,1) =50+Q2+H i +>
W (x)=e" *FXy (x) +ekF*yr(x). This expansion is valid as |
long as the lattice spacirais small compared to the inverse
temperature 8 and the length scales we want to consider. In
this limit the Hamiltonian(1) can describe almost any one-
dimensional fermion system with short-range interactions byiereIl andQ are canonically conjugate to the zero modes
choosing appropriate coupling constagisandg,. The um- ¢, and ¢, respectively, and the time variable implicitly
klapp proces®'*Fy Y| Y+ H.c. can also be included, carries a small ultraviolet cutoff—i a.
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The g, interaction can be absorbed by redefining the ve- Q= m(n—np)/K, II=wKm, (6)
locity v=vg+9,/27, and the Hamiltonian density becomes

H= %[(3x¢)2+(5x5)2]+ 3_2[(3)(@2_ (dy$)?]. (4)  wheren gndm are gither both even or both odd integers and

™ no= kg//7+1 which can be defined modulo 2. The quan-
S ) ] tum numbern represents the particle number andis a

The Hamiltonian is then solved by a simple rescaling of thepeasure of the current in the ring. If a magnetic field is
boson, applied, the ground state may have qu}a%r%tl(um numip&i0

K I BIK and the system carries a persistent current.
=Ko, d=dlK, © As a simple example of our calculation at finite tempera-
ture and size, we now want to consider the chiral Green’s

whereK=1-g,/4mv to lowest order in the coupling con- function

stant(i.e., K=1 for a noninteracting system and<1 for
repulsive interactions - +

The eigenvalues of the operatdisand Q are quantized COD=(g (x40, 0
by using appropriate boundary conditions on the fermions
together with Eqgs.(2) and (3). For the case of periodic but the generalization to more complicated correlation func-
boundary conditionsg | (0t) =e*'F (/1) we use the tions is straightforward as we will see later. Using E@.
Baker-Hausdorf formula and the boson commutation relaand(5) and applying the Baker-Hausdorf formula as well as
tions to find the cumulant theorem for bosonic modes, we obtain

G(x,t) o (exp—iVa[Kd(x,t) + d(x,t)/K]exp Va[ K $(0,0 + ¢(0,0/K])
= 1 (MK UKD v B (x tyexd m(K+ K~ 1)2G, (x,1)Jexd m(K — K~ 12Gr(x,1)], (8)

|

is the contribution from the operatof$ andQ, andG, g=(¢ r(X,t) ¢ _r(0,0)— d)E'R(O,O)) are the chiral boson Green'’s

functions for the left- and right-moving modd@sz[cﬁi'J)— (Q=1II) (xxwt)//]/2, respectively. Using the mode expansion
(3) the chiral boson Green’s function can be expressed as

where

] Kx+uvt/K Kovt+x/K
B(x,t)E<exp—|\/;(Q I

[’

1 1 . .
GL(X,t): Egl ﬁ[(e7|211'r1 (x+ovt)// _ 1)<ahahT>+ (el217n (x+ot)l/ _ 1)<ah1’ah>] (9)

Since we know the energy levells,=n (27v//) of the free boson modes, it is useful to write the Bose-Einstein distribution
as a sum over occupation numbéesa,)=1/(eEn—1)=3y_,e~ @™//) Fkn_ After exchanging the order of the summations

overk andn we can use the identit{,_,(x"/n) = —In(1—x) to obtain
1 1_e—277i(x+vt)// * 1_e—27ri(X+vt—iUﬁk)//1_e27Ti(X+Ut+ika)//
G (x,t)=—— In 11 . (10)

A aal/ K=t 1_e72frrvﬁk// 1_e72m)ﬁ'k//

Using the ellipticé function of the first kindé,(z,q),? this result can be written more compactly as

G (x1) x+uvt 1 | O1[ 7 (x+ot)l/ e ™F] a1
X)=1————=—-—1In -
- 4/ Amw 04 —i wal/ e ™F

and likewise forGg(x,t) =G (—x,t).

The cumulant theorem does not apply to the contribuB¢Rr,t) from the operator$l andQ, but we can use the energy
spectrumE = (v/2/) (Q2+11%) and sum over all eigenvalues in E@). The result can again be expressed in terms of the
elliptic 6 functiong®

0o Xq+iyNo/K2,e™ 2K 0,(xpy 6727 + B3 X +i Yo /K2 6”2 | 0(xyy &~ 277)
01 yno/K? e 2K 9,(0,6~27%) 1 g[i yny /K2 &~ 27K7 g3(0,627)

where y=nvBl/ is a measure of the energy gap compared to the temperature scale, and we have defined
Xq= (7l /) (x+ vt/K?) and xp= (7//) (x+vtK?). The complete chiral Green’s function therefore reduces to a compact
expression

B(x,t)=e"oXQ , (12

—(K— 1/K)%/4
G(x,t)xB(x,t)

(13
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We can immediately verify that this expression is antiperi- \
odic under translation—t+ig and periodic under transla- v/ = 20
tion x—x+/ up to a phase of'*F” as it should be. | =10
If the temperature is much smaller than the energy gap of ‘?l\
the system, i.e.y= v B// —», we can use the limits of %
the @ function> asq=e~ ?—0 to find g ) \
_ 2 - - \ SN |
_ x+ot] (K OT Noem? T NS
G(X,t)—>e'(n0m°d2)xQ sinw . \/ \l
v / 0 .
0 1 2 3 ‘4
/ vt—x] (K= 1/K)2/4 n,=kim+1
X P sinm / ! (14) FIG. 1. The absolute value of the Green's function at the Matsubara

frequencyi wy=im/B as a function of the Fermi wave vectiog for differ-

PR s : ent temperatures ar?=0.7. The periodic resonances in the spectral prop-
which is the expected finite length resbifor speC|aI values erties are the so-called Coulomb blockade oscillations. The inset shows the

of nO the_ overall phase may have_ a dlﬁgrendependence, curves for different interaction parameté¢$=0.5, 0.7, 1 atrv 8/ = 30.
which will not be discussed here in detail.
Likewise, we can explore the limit of a large system

size compared to the temperature scale, iye~0. We As an example we consider the Green’s function at the

use the Poisson summation formula to find lowest Matsuba:]a frequendworiw/[g’ for sp(ijnless F:jarmi-
_ 2y —m? _ ons on a ring. This quantity only gives an indirect indication
0u(z.e”")~2\(mly)e e T Sz'nhﬂ/y and experimental tunneling resonances, but it is a simple illus-
0(z,677)~05(z,e”")~=\(mly)e 2" ase 71 so that tration of the properties of EG13) as a function of tempera-
the correct finite temperature restiis reproduced ture and interaction. The absolute value of the Matsubara
Green'’s function has been plotted in Fi@) as a function of
the Fermi wave vector in arbitrary units. As the Fermi level
is changed, the system shows periodic resonances which be-
come more pronounced as the temperature is lowered. These
pt—x| (K= 1)%4 peaks occur at special valuesrgf= (1+K%*/2, (3—K*)/2
v (15 where the even and odd sectorsrofindm in Eq. (6) give
the same degenerate ground state. Hence, the spacing of the
Taking the limit/— in Eq. (14) or vB—x in Eq. (15  resonances can give a direct experimental measure of the
recovers the well-known universal power laws. The results irinteraction strengtt<.** As shown in the inset of Fig1) a
Egs.(14) and(15) can actually be derived from those power noninteracting systemk(=1) has only one central peak in
laws by a conformal transformation of the complex planethe range 8&ny<2, while an interacting system has two
onto a strip. However, there exists no such mapping onto an§plit resonances. The physical interpretation of the reso-
finite area so that our new results3) cannot be obtained in Nances is that tunneling of an extra electron into the system
that way. does not require any additional energy at the degenerate val-
One interesting aspect of Eq42) and(13) is the depen- Ues ofn, so that such processes are enhanced. Recently,
dence on the variabley,= k.//7+ 1. The Green’s function Much progress has been made with Bethe ansatz methods,
(13) is invariant under the increase 06 by 2, i.e., periodic which showed evidence of Coulomb-blockade-like oscilla-
in ke with period 2m//. Hence, as we change the Fermi tions in a strongly interacting system, but in contrast to state-
energy(e.g., by applying a gate voltagehe spectral prop- Mments made in that paper, field theoretical methods also pre-
erties of the system are changed periodically. These are Cou-

X+ pt] K+ 1/K)2/4

G(X,t)%[% sinh 7 5

v .
X|— sinh#
o

lomb blockade oscillation¥~2° which come from the fact
that the system has a regular energy-level spacing. In the +1=100, B/l = 1
case of Luttinger liquids this level spacing has been derived 0.5 r -
from a complete solution of a quantum system which takes ++,+Mw*m**f*++HHHHHHJ[
all interactions into account and cannot be obtained from a 5 L
geometrical analysis of the capacitance as in the usual k3] :
guantum-dot systems. As possible experimental setups to test % 05+ » *H”H%é%ﬂ
this periodicity we can imagine electron tunneling through a & IPLELLLLE R
guasi-one-dimensional wire or ring of mesoscopic size. Such « 1= 100, ivpl = 0.5
wires can be fabricated by etching, gafihgr by cleaved o l=50, nvpl=2
edge overgrowth® A small gated quantum hall bar on the 00 . .
other hand should exhibithiral Luttinger liquid behavior 0 10 20
. . . . 0.0 ‘ : -
which can be examined with the same formalism, except that 0 10 20 30
in that case the rescaling paramefeis fixed by the filling X
fraction in the bulk of the quantum Hall barThe experi- FIG. 2. The prefactor of Eq18), which is determined by dividing the

mental situation is developing quickly and most recently car-aiternating part of the density-density correlations from numerical simula-
bon nanotubes have been produced which were seen to ejens by the expressions of E(L8) for each correlation lengtk separately.
hibit the characteristics of one-dimensional wités. As predicted, the prefactor is asymptotically constant in all cases.
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dict the desired Coulomb blockade oscillatidfd® Using ~ Wheren=2y"y, and the lattice constant has been set to unity.
our result(13) it is now possible to determine the complete In  this case the coupling constants are given by
spectral properties, including the dependence of the CoW1=92/4=U. We have chosen the system to be at half-
lomb blockade oscillations on interactions and on temperafilling ke = /2 where the model is equivalent to thez spin
ture for any of the systems mentioned above. chain. In this case the umklapp process is allowed, but irrel-
So far we have taken the fermion field to be spinless, bugvant, and the rescaling parameerand the velocity can
the results apply equally well to electrons with spin becausé@ctually be determined exactly by comparison with Bethe
the well-known spin-charge separation allows the same foransatz resulté! i.e., to all orders in the coupling constants.
malism to be used for the spin and the charge excitation50r our numerical simulations we have takeaU which
separately. It is also well understood how to incorporate corresponds tk?=3 and v=t(3/3/2). In particular, we
open boundary conditions within the same formalrst. consider the equal time density-density correlation function
To test our result, we will now consider one of the sim-{(n(x)n(0)). At half filing the density-density correlation
plest models of spinless interacting fermions described bjunction acquires an alternating part which dominates the
the Hamiltonian uniform contribution and can be expressed in terms of chiral

E ) fermions
H=-—t [¢"(X)p(x+1)+H.c] )
X (NO)N(0)) = €KXl (X) Pr(X) YL(0) L (0)). (17)

Following the analogous steps from E®) to Eq. (13) we

19 find

+U§ [n(x)—3][n(x+1)—41],

0y(mxI/ €77 | "2 0,(2mx1/ e 83 05(0,27372) + 052/ /e~ 873) 0,(0,8~372)
01(' 7TC(//// ’e7 7) ‘ 02(O,e*8’}//3) 03(01673’}//2) + 03(016787/3) 02(01e737/2)

(N(IN(0))a(—1)* . (18

Here we tookn, to be odd, i.e.¢” divisible by four, but other a constant for larger values »f Using the previously known
cases have similar expressions. approximate expressiori$4) or (15) is not sufficient in this
For comparison we performed numerical Monte Carlocase.

simulations using the Hamiltoniaii6) and extracted the al- We therefore conclude that our field theoretical calcula-
ternating part of the density-density correlation function totions make very accurate estimates for the correlation func-
determine the unknown proportionality constant in ). tions of almost any one-dimensional interacting system at
This prefactor should be independentxofip to corrections — arbitrary temperature and system sfae long as the cutof

for smaller distances, which come from irrelevant terms iniS Small compared to the corresponding scal@e results

the Hamiltonian that can be neglected in the long-distanc&2n Pe used to determine the complete spectral behavior of
limit x>«. As shown in Fig.(2) the prefactor is indeed such systems, including Coulomb blockade oscillations as a
constant within the error bars of the Monte Carlo simulationsmncuor.] of both interaction arld temperaturg. Monte Ca}rlo

for all system sizeg’ and temperatures. This serves as a Verysmulatlons serve as accurate “experiments,” which confirm

s . > . the results.

sensitive test of our theoretical predictions since the expres-

sion (18) varies over several orders of magnitude over the The authors would like to thank Henrik Johannesson for

range shown, so that even slight changes from the predictauelpful discussions. This research was supported in part by

expression(18) would have resulted in huge deviations from the Swedish Natural Science Research Council.
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