Structure
Preserving

Eigensolvers

e Solve complete eigenproblem Ax = Az

— A is real and doubly-structured:

symmetric or skew-symmetric
and

persymmetric or perskew-symmetric
Y Y

e Algorithms must

— preserve both structures | start by looking at a 2 x 2 matrix.
Sometimes | look at a 4 x 4 matrix.
That’s when things get out of control and too hard.

— have good convergence behavior

— be parallelizable

Paul Halmos
— be stable, accurate

| ._ STRUCTURED MATRICES
JACOBI METHOD (1846) OUR METHOD

2 X 2 Subproblem Insufficient
e PO(2) = {I,~I, R, ~R} |
Orthogonal
real {::.[n] — { l‘.? e R™*n - I';IJITI'.':'J — t:"-,{j‘-,ir — Jr}
symmetric

Choose 4 x 4 Subproblem

e Smaller problem must have same double structure

e Drive 4 X 4 matrix to canonical form Perplectic
Tl - KR, T _
Idea P(n) = {Pc R™": PTRP = R}

_ Exploit Isomorphism between [R*** and H® H
Repeat until convergence o Quaternions:

1. Choose 2 x 2 structured subproblem H={q=qo+qi+qj +aqk: 9 q,q,q3 € R} RN
_ . . . vhere 2= 42 = k2 — jik = —1 ~ Perp ectic :Ult. 10gona
2. Diagonalize it where t =) =f8 =R = PO(n) = {P € O(n): RP = PR}

End Repeal Translate Problem to [H ® [H and Solve

e Problem is much simpler in [H ® IH

: Y Persymmetric
Structured Subproblem Translate Back to [R**4 pSn) = {Se R . (RS)" = RS}
Choose {c, s | c® + s* = 1} such that e Embed 4 x 4 solution into [,

e Perform similarity transformation

Continue Until Convergence Perskew-symmetric
. : o kin) =18 e R . (RS — _ RS
e Will converge if subproblems chosen properly pK(n)={5 € R : (RS) RS}

| 'ANONICAL FORMS
PROPERTIES STRUCTURED MATRICES

. Structure
Preserves Symmetric Structure '

e 1 ] Theorem
e Off-diagonal elements become ()

Symmetric ) as Ba G e Vb 1. For any symmetric persymmeltric A € IR™™ there

Persymmetric ) by a2 : b exists a perplectic orthogonal P € PO(n) such that

Quadratic Convergence
e P. Henrici (1958)
e H.P.M van Kempen (1966 )

#

PT AP is in canonical form.

3 _ . For any skew-symmetric persymmetric A € R™™"
Skew-symmetric

Rich Inherent Parallelism Persymmetric
e A. Sameh (1971)

e P.J. Eberlien {l‘)‘wT}

~

there exists a perplectic orthogonal P € PO(n)
such that PTAP is in canonical form.

- . For any symmetric perskew-symmetric A € IR™"
Symmetric Y B0 G "o C there exists a perplectic orthogonal P € PO(n)

More Accurate Than QR Algorithm . - : . S .
Q 5 Perskew-symmetric N, such that PTAP is in canonical form.

e J.W. Demmel and K. Veseli¢ (1992)
e R. Mathias (1995)

4. For any skew-symmetric perskew-symmetric
Y !
. A B A € R™" there exists a perplectic orthogonal
S L] C L] L] I S — & r } } g
topping Criteria ~ log n Sweeps Skew-symmetric 1 0 0 b N/ P € PO(n) such that PYAP is in canonical form.

e R.P. Brent and F.T. Luk (1895) Perskew-symmetric

#
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SUBPROBLEM ALGORITHM SUBPROBLEM EXAMPLE

Input:
Input: skew-symmetric persymmetric matrix A € R**

Output: perplectic orthogonal matrix P € R*** such that

Algorithm:

(-1 0]
(-1 0]

Note: Eigenvalues of A are ai, —ai, bi, —b

Algorithm:
u = [ —4-"'1]_9
v = [ 4-"-113

—1 (Ajg+ Ag) |
5 (Arg — Agg) |
dy = [Jul|s + uy
dy = ||v||2 + vo
a=2+/||ullz [[v]l2 di d>

dp 0 up 0 do vy 0 0 -1.45249e-016 + 1.99999e+0001

0 d 0 —uy v dy 00 | -1.45249e-016 - 1.99999e+000i
—u; 0 dy O 0 0 dy —1y MATLAB: -4.86657e-016
0 i ) 0 0 ™ {fg 0

eig(A) =

12 x 12 Perplectic Sweep

e T () 0 1 0 0

NUMERICAL RESULTS

Experiment: 100 matrices, entries from N (0, 1)

NUMERICAL RESULTS NUMERICAL RESULTS

4. L~l * 1u- ’
1.57 = 10714
2.71 = 10719
2.72 % 10~13

1.1 = 1™

g0 o= 107
1m » 10~
2.51 » 10~
3.40 x 10~ 1

1.84 x 107"

n T0 x lu- ‘
2.21 x 10~
1.32 x 10~13
7.00 % 1013

n .u X 1u- ‘
2.21 x 10714
1.32 % 10719
7.00 % 10~13

6.57 = ].U u
3.28 x 10718
2,42 % 10-1®
1.75 % 1{1-”5-

eps: o depends only on n

Convergence: e methods always converged Sweeps '_‘Flﬁpmd only [lll] i l
- e increases roughly as log n

e reloff always decreased monotonically 111(.11&1 o5 TOUGHLYy as fo5 1
= = = . .-‘: i H 1 ] X ' }I | H ) } . . ) ‘-‘ I8 - ~ *:.l

e rate is asymptotically quadratic eads to @ priort stopping criteria

Table 1: n x n symmetric persymmetric matrices

Block Relkig symmetric persymmetric symmetric perskew-symmetric

symmetric persy mmetric symmelric perskew-symmetric

[PTRP =R [ [P"P— 1]y
J'.i-.li.: J

0.16 x 10 1%
2.01 % 1071*
217 x 1071%
5.28 % 1071%

1000 4.13 x

Hux lu-"f'
1.22 % 10~
3.05 % 1071%
5.71 % 10-1%

311 % 1070
7.57 % 1071
1..1.1;\ 10-1#
210 % 107#

uh % 1u-”
808 » 10~
1.79 % 1071
2.60 = 1013

312 % 107
7.58 % 1074
1.33 % 1074
210 % 1071

$4- ® lu-”
ROR x 10~
1.79 % 10~
2.60 x 1013

check of perplectic structure of P

check of orthogonal structure of P

”‘ILF1 Ll T

8.19 x 10—

1.71 % 10~
262 » 1071
3.54 % 1071

7.72 % ur"
1.62 x 10~
248 % 1071
3.36 x 10~

{check of perplectic orthogonal structure of P)

|||;1:s:_.;|..h:;1""' — ‘a:“‘|

iy |
| A i

212 x 1077
7.41 x 1071

5.01 » 10~
1m X ur‘ 3

6.53 % 1u-”
5.76 » 10714
R.88 % 1071
1.50 % 1013

RR1+1 s n4 120 R_‘r ” + ”JL F1 g l2n RR1+1 w3, 1 R} ”

(check against MATLAB'S eig function)

10 12

SWEEDS

skew-symmetric persymmetric

sweeps

Figure 1: Typical convergence behavior of 1000 = 1000 matrices

average number of sweeps

average number of sweeps

average number of sweeps
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100
2n

Figure 2: Average number of sweeps for convergence for 1000 x 1000 matrices




