






























































































































































































































































































































































Table 6.4 presents the number of runs for each parameter combination where
HOPE successfully predicted the native conformation of the target chain. The
general trend in these results is that more perturbation and more steps in A leads
to better performance of HOPE. As with results on the standard test problems

in Chapter 4, though, it is not clear which parameters influence HOPE the most.

Maximum Perturbation
m 25% 50% 75% 100%
2 6 24 37 36
4 28 74 78 85
8 39 82 83 87

Table 6.4: Successful predictions of the native conformation of the template chain
(out of 100) using HOPE with several combinations of algorithm parameters.

In this section, we presented results of two experiments using HOPE, HOM,
and QNewton-BFGS to predict the native conformations of small chains. The
results of the first experiments showed that all three methods were very successful.
One of the problems which all three methods failed to solve in the first set of
experiments was used to further test of HOPE. The results of those experiments
show that the use of perturbation and the number of steps taken in A led to
increases in the number of successful predictions of the native conformations

using HOPE. In the next section, we see that HOPE outperforms HOM and

QNewton-BFGS on larger chains as well.
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6.3.3 Computations using HOPE/HOM on Larger Chains

In the third set of experiments, we applied HOPE, HOM, and QNewton-BFGS to
chains of n = 20 particles. These experiments differ from the previous experi-
ments in that the native conformations of the template and target chains were not
known. Therefore, we were not able to verify whether these methods are capa-
ble of predicting the native structure, and conformations used as starting points
corresponded to local minimizers of E° rather than global minimizers. Neverthe-
less, the experiments show that HOPE outperforms HOM and QNewton-BFGS by
predicting lower energy conformations for most template-target pairs; in a small
number of experiments HOM and QNewton-BFGS predict the same conformation
as HOPE.

The parameters used in the three methods were the same as in the previous
experiments, except m = 8 steps were taken in A in HOM and HOPE and the
maximum amount of perturbation allowed in HOPE was 20% of ||6°]|o. A total of
10 template chains was used in the experiments, where the sequence of charges for
each chain was chosen randomly. For each of these template chains, target chains
were generated by changing n = 2,...,20 charges. The positions in which the
changes in the charges took place were chosen randomly for each value of n. In
the experiments, only one run of HOPE was performed for each template-target
pair.

The results of the experiments demonstrate that HOPE clearly outperforms
both HOM and QNewton-BFGS in predicting the lowest energy conformations
of the three methods. In all of the experiments, HOPE predicted the lowest
energy conformation of any of the three methods, with HOM and QNewton-BFGS

producing the same conformation in several of the experiments.
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The results for one of the template chains is presented in Table 6.5. We present
these results as they are an example where HOM and QNewton-BFGS performed
the best, producing the same conformations as HOPE for 4 target chains. The
first column shows the number of charges that are different in the template and
target chains. The next three columns show the energies of the conformations
generated by QNewton-BFGS, HOM and HOPE, respectively.

The remaining columns in the table show how much more computation is in-
volved for HOM over QNewton-BFGS and HOPE over QNewton-BFGS, respectively,
where the ratios of the number of function evaluations for the methods are given.
Here, NJ?", N J’}"m, and N}“’p “ are the numbers of function evaluations performed
in QNewton-BFGS, HOM, and HOPE, respectively. On average, HOM required
about 14.5 times as many function evaluations as QNewton-BFGS, and for HOPE
about 49.6 times as many were required. Although there is more work performed
by HOPE, we see that it consistently outperforms the other two methods.

Not only does HOPE produce lower energy conformations than the other two
methods, it produces ensembles of minimizers. Often more than one conformation
in the ensembles generated by HOPE had lower energy than the minimizers
produced by HOM and QNewton-BFGS. The average number of unique ensemble
conformations produced by HOPE that had lower energy than the corresponding
conformations generated by HOM and QNewton-BFGS was 4.74 out of total of
8 ensemble members. (Recall from Section 3.3 that the final ensembles contain
(¢ + 1) X Cpae conformations.)

Figure 6.6 presents the conformations of the template used as the starting
point and two examples of the conformations predicted by HOPE, HOM, and

QNewton-BFGS (7 = 4,19) in the same experiments. We see that there is little
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difference between the template and the conformations predicted by HOM and
QNewton-BFGS. For HOPE, the differences between the template conformation
and the predicted conformations were minor in some experiments (7 = 4) and in
others very dramatic (7 = 19).

In this chapter, we presented the results of experiments on chains of charged
particles. This experiments were our first using HOM and HOPE for protein
structure prediction. As with the results on the standard test problems presented
in Chapter 4, HOPE outperformed HOM and QNewton-BFGS. We will see in the
next chapter that when applied to a more realistic protein model, HOPE is again

successful at predicting low energy conformations.
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QNewton-BFGS HOM HOPE
i E(0Y) E(6") E(0Y) | Npom/Ng™ | NjoPe/Ng”
2 —18.596 —18.596 —20.291% 18.4 61.1
3 —19.683 —19.683 —21.685¢ 17.0 59.0
4 —19.389 —19.389 —21.154% 17.9 61.1
5 —19.4297 —19.269 —19.748% 5.8 16.5
6 —17.204 —17.204 —18.788% 7.4 24.9
7 —20.825 —20.825 —20.825 18.9 73.6
8 —18.317 —18.317 —19.870¢ 10.3 37.3
9 —17.780 —17.780 —17.780 7.1 23.4
10| —19.377 —19.377 —19.377 11.8 40.1
11| —21.293 —21.293 —23.578% 18.0 60.1
12 —12.363 —12.363 —13.844% 8.6 35.0
13| —17.933 —17.933 —17.933 6.5 22.2
14| —18.393 —18.393 —20.589% 11.4 44.1
15 —14.990 —15.0177 —18.238% 18.7 65.0
16 | —18.746 —18.746 —20.090¢ 18.4 58.5
17| —17.608 —17.608 —18.475¢ 18.4 54.0
18| —18.850 —18.850 —19.191* 19.5 67.7
19| —17.848 —17.848 —20.271% 19.6 72.0
20| —17.037 —17.037 —19.220¢ 21.5 66.8

t Lowest energy conformation between QNewton-BFGS and HOM.
tLowest energy conformation among all methods.

Table 6.5: Results of predictions using QNewton-BFGS, HOM, and HOPE on a
chain containing n = 20 particles, where N{", N ;“’m, and N}wp “ are the numbers of
function evaluations performed in QNewton-BFGS, HOM, and HOPE;, respectively.
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HOM and QNewton-BFGS (7 = 19)

Figure 6.6: The template and predicted conformations of chains with n = 20
particles using HOPE, HOM, and QNewton-BFGS.
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Chapter 7

Numerical Experiments: A Backbone Model of Proteins

In this chapter we present the results of numerical experiments using HOPE to
predict the native conformations of proteins. Simulated annealing, parameterized
to use more than twice the amount of computational resources to solve the same
problem, was unsuccessful. We also show that HOM is more successful at pre-
dicting the native conformations than a globally convergent variant of Newton’s
method.

We use the previously introduced coarse-grained protein model of Veitshans,
Klimov and Thirumalai [115] to test the efficacy of HOPE. In the coarse-grained
protein model each amino acid is represented by its C,, atom. Thus, a polypeptide
chain is modeled as a chain of particles, where each particle corresponds to an C,,
atom and models one of three types of residues in terms of affinity for neighboring
molecules: hydrophobic, hydrophilic, or neutral. The features of proteins that are
most responsible for structural stability are included in the model-—hydrophobic
forces, van der Waals interactions, and torsional strain—and both bond lengths
and bond angles are allowed to be variable. The diversity of hydrophobic species
in real proteins is modeled in the interactions between the particles corresponding

to hydrophobic residues.
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7.1 The Potential Energy Function

Let X € R3" denote the Cartesian coordinates of a chain of n particles in three
dimensions, with X} € R? containing the coordinates of the k'* particle in the
chain. We also use the notation Xj to denote the k** particle. The geometry
of a chain is presented in Figure 7.1. Four particles, X, ..., X, 3, are depicted
as nodes in the figure, with lines between nodes representing the bonds between
particles. These bonds do not model true chemical bonds in the protein; rather
they reflect the rigid distances between consecutive C, atoms observed in native

conformations of proteins (~ 3.8A).

Xig ===

Figure 7.1: Geometry of the model protein.

The distance between particles X; and X is denoted by r;; = || X; — Xil|2;
thus, 7,41 is the bond length between consecutive particles X; and X, ;. The
angle 6; € [0, 7], formed between the three consecutive particles, X;, X;1, and
X2 is the bond angle. The angle ¢; € [—m, x|, formed between the vectors
normal to the plane defined by particles X;, X;.1, and X, 5 and that defined by
particles X1, X;10, and X3 is the dihedral angle. The choice of sign for the
dihedral angles conforms to the rules set forth in [60].

Each particle is assigned a particle type, p, depending on the type of residue
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to which it corresponds: hydrophobic (B), hydrophilic (L), or neutral (N). For
example, if particle X represents a hydrophobic residue then p, = B.

The total potential energy of a chain of particles, F : R3 — R, is given by:
E<X) - Ebl(X)+Eba(X) +Edzh(X) +En0n(X) (71)

where Ey, Fye, Egin and E,,, correspond to the bond length, bond angle, dihe-
dral angle, and nonbonded potentials, respectively. The bond length and bond

angle potentials, which depend only on the coordinates of the particles, are as in

Table 5.1:
n—I1 k
Ebl(X) = Er (Tz +1 77)2 (7 2)
=1
n—2 k’ B
Ew(X) =35 (6:~0)° (7.3)
=1

with k,, 7, kg, and 6 given.
The dihedral angle potential, which does depend on the properties of particles

in a particular chain, is as in Table 5.1 using n = 1, 3:

n—3

Egin(X) = [ks(1 + cos ¢;) + ks (1 + cos 3¢;)] (7.4)

i=1
where k4 and ks, take on one of two values depending on P;, the number of
neutral (N) particles in the subchain forming the dihedral angle ¢;. Specifically,

the values of these parameters are given by

P ke | kse

<2 |12¢, | 1.2¢y
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where ¢y, is the average strength of hydrophobic interactions. Figure 7.2(a) shows
a plot of the two curves for the possible sets of parameters as a function of the
dihedral angle, ¢. Note that there is a significant difference between the energy
barriers of the two curves. Conformations of subchains with two or more neutral
particles are more flexible (due to the lower energy barriers in the dashed curve
of Figure 7.2(a)) than those of subchains with fewer than two neutral particles

(with large energy barriers at ¢ = 0 and ¢ ~ 42 in the solid curve).

— kkg =128, 8 — B=1
--- k =07k, =0.2¢, - B=o
At [ P M \n = B=-1
6r 1
al \
c
LIJ .
2r E
20
A
N
1 T
obs  TTmeessTTTETEsS TR Ty
N - - - LN ~ . -
AN 'I' “\/ \‘ /"‘\\ ARV -:" LM BPL L . .
pr o(rach 0 5 1 12 14 16 18 2

(a)

Figure 7.2: Plots of (a) dihedral and (b) nonbonded potential energy terms.

The nonbonded potential also depends on the types of particles in the chain,

and is a form of the Lennard-Jones 6-12 potential (similar to F,q, in Table 5.1):

n—-3 n _ N\ 12 —\ 6
r T
Enon(X) =) D %j{ocz-j (7-) ~ P (7..) }
i=1 j=i+3 Y Y

The parameters used in each pairwise interaction of particles ¢ and j are

(7.5)

Di bj ij | Bij | Vi
L,B 1 | =1\ 4ep
N/LNB| 1 | 0 | 4er
B 1 1 | 4vey,
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where €, = gsh, and v is a dimensionless parameter assumed to have a Gaussian
distribution with a mean value of 1 and a standard deviation of ¢. The diversity
in the hydrophobic residues is controlled by o, with o = 0 leading to no diversity
(i.e., all hydrophobic residues are identical). We assume that interactions between
hydrophobic residues are attractive; thus, only positive values of v are used.
(More details for the choice of v are given in [115].) Specific values of o for the
chains used in computations are presented in Section 7.4. Figure 7.2(b) shows a
plot of the three curves for the possible sets of parameters as a function of r, the
distance between a given pair of particles. Note that the plot of the curve for
B = —1 shows only the average interaction between the pair of particles (i.e., it

is the curve for v = 1).

7.2 The Homotopy Function

We now define the homotopy between the potential energy functions of the tem-
plate chain, E°(X), and the target chain, E'(X). This homotopy is designed
to reduce high energy barriers that are due to the dihedral potential and allow
for conformational changes to be driven solely by nonbonded interaction at some
points during the deformation of E? into E'. The reduction of energy barriers is
necessary in situations where a dihedral angle in the native conformation of the
template is of opposite sign to the corresponding angle in the native conformation
of the template. Once nonbonded interaction becomes the most influential factor
driving conformational changes, larger changes are allowed. This is necessary if
the native conformations of the template and target proteins differ in structure
by a significant amount.

First, the dihedral potentials are partitioned into two terms containing low
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frequency (cos ¢;) and high frequency (cos3¢;) terms:

Egin(X) = Egin1 (X) + Egina(X) (7.6)
with

n—3

Egin = Z ks(1+ cos¢;) , and (7.7)
i=1
n—3

Edih2 = Z k’3¢(1 -+ cos 3¢z) . (78)
i=1

Using these two dihedral terms, we define the homotopy function as

H(X,\) = Eg(X) + By, (X)
+ (1= p1(N) Egip (X) + pa(N) Egyp (X)
+(1 - pQ()‘))EgihQ(X) + p5()‘)Eéih2(X)

+ (]‘ - p3()‘))E20n(X) + pﬁ()‘)E'rlwn(X) (79)

where p;(A\), i = 1,...,6, are continuous weighting functions dependent on the
homotopy parameter, A. In order to satisfy the conditions that H(X,0) = E°(X)

and H(X,1) = E'(X), these functions must satisfy the following:

0, ifA=0
pi(N) = Li=1,...,6. (7.10)
1, ifa=1

The convex homotopy, defined using p;(A) = A, did not yield good results but
was used as a starting point for developing a more useful homotopy. Specifically,
we performed computations with HOM to identify modifications to the convex
homotopy that increased the success rate of predicting the correct conformations

for the target chains.
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Figure 7.3 shows plots of the weighting functions, p;(\), used in the com-
putations. A convex homotopy deforms E° = into E} = in the first half of the
homotopy (A € [0.0.5]) so that in the second half of the homotopy (A € [0.5,1]),
E} . is the only nonbonded potential contribution in H. The template dihedral
terms (EY,, and EY,,) are driven to zero during the first quarter of the homo-
topy, and the target dihedral terms are not included until the second half of the
homotopy. Thus, during the second quarter of the homotopy (A € [0.25,0.5])
there are no dihedral angle potential contributions in H. This allows the non-
bonded interactions to determine all conformational stability. We found this
necessary for overcoming the large energy barriers in the dihedral potentials for
template-target pairs whose lowest energy conformations contain dihedral angles
of opposite sign corresponding to the same subchain. In other words, if a dihe-
dral angle differs in sign in the lowest energy conformations for the template and
target chains, there exists a large energy barrier (see Figure 7.2(a)) between the
two conformations. The homotopy function, H, has been designed to allow for
the required conformational changes for such cases.

In the second half of the homotopy, contributions from E},, and E},, are
introduced into H, but at different rates. We do this because for subchains con-
taining at most one neutral particle, Fy) has two local minima with high energy
values; we would like to avoid such minima. Figure 7.4 shows the contributions of
E}, and EL,, to H for several values of A. At A = 0.5, the potential is zero. As A
is increased from 0.5 to 0.75 the contribution of the low frequency dihedral terms
is increased to 2 x E}., . This helps bias towards conformations with ¢ = =+,

avoiding the local minima of EL,. As A increases to 1 the high frequency terms

are gradually included, leading to the true dihedral potential for the target chain.
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Figure 7.3: Plots of the weighting functions used in the homotopy function,
H(X,\), for (a) template and (b) target terms.

4 41
3,
UJ%
2,
1,
- @ (rad) 0 5 B @ (rad) 0 &
(a) A =0.625 (b) A=0.75
4 A
3 3
Lu% Lu%
2 2
1 1
- @ (rad) 0 5 5 @ (rad) 0 5
(c) A=0.875 (d)y =1

Figure 7.4: Plots of the dihedral potential for subchains with fewer than two
neutral particles for several values of A in the second half of the homotopy.
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7.3 Perturbations

In this section, we describe perturbations based on bond length, bond angle, and
individual particle adjustments that have shown promise in our computations.
Recall that during an iteration of HOPE, each conformation carried over from
the previous iteration is perturbed to produce one or more new conformations.
We have attempted to create perturbations that are related to the properties
of the particles in the proteins. Specifically, we concentrate on perturbing the

particles whose types in the template (p°) and target (p') do not match.

7.3.1 Bond Length Perturbations

We first present a perturbation method based on adjustments in bond lengths. In
this method, we start at one end of the chain and visit each particle, perturbing
the bond length between particles Xy and Xy if p)., # p;.,. The perturbed

bond length between particles X and X1 becomes
Thit1 = Tk kt+1 + Op (7.11)

where ¢, is taken from a uniform distribution on the interval [—a,., a,]. The choice
of values for a, is discussed in Section 7.4 in the context of specific computations.

Once particle X, has been perturbed, the particles in the remainder of the
chain, X o,...,X,, are then shifted by ¢, in the same direction of change as
Xjy1. Figure 7.5(a) depicts a perturbation of particle X for 6, > 0, where
particles Xyi1, Xgyo,..., X, are shifted to Xk+1, X;HQ, . ,Xn. If another bond
length is perturbed later in the chain, say between particles X; and X ; for
some k < j < n —1, then X]‘+1 is perturbed (instead of the original X;;) and

A

Xjto, .- . X,, are shifted (instead of the original X o,...,X,).
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Figure 7.5(b) depicts a perturbation of particle X for 6, > 0, where the
remainder of the chain is not shifted (i.e., particles Xyo, ..., X, remain in place).
Results of computations using bond length perturbations where the remainder
of the chain was shifted were significantly better than for those using this type
of perturbation, however. Therefore, we will present results only for the bond

length perturbations with shifts.

Xi Xi1 X Xp  Xir1 Xy
___Q ——p
\ 1

\ R i

Xk+2 /b Xk+2 Xk—|—2

/
/

(a) (b)
Figure 7.5: Perturbations based on bond length adjustments. In (a) X}, and

the remainder of the particles in the chain are shifted and in (b) only Xy is
shifted.

7.3.2 Bond Angle Perturbations

In this section, we present a perturbation methods based on adjustments in bond
angles. For these perturbations, we once again start at one end of the chain, but
visit each angle, perturbing 0y, if p)_, # pj 4 or P, # pi.o. Recall that 6y is
the bond angle between particles X, X1, and Xy, 2. The new bond angle is

given by
O = 0, + 0 . (7.12)

where 0y is taken from a uniform distribution on the interval [—ag, ag].
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The coordinates of particle Xy o can be adjusted to satisfy (7.12). As in the
bond length perturbations, the particles in the remainder of the chain, particles
Xgis, ..., X,, are rotated as well. Specifically, when 6, is perturbed, particles
Xgio2,...,X, are rotated by &y around the normal at the point Xp.; to the
plane defined by particles Xy, Xyi1, and Xjyo. Figure 7.6(a) depicts such a
perturbation of 6 for 9y > 0, with the coordinates of particles Xy o,..., X,
rotated to Xk+2, ..., Xn. If another angle is perturbed later in the chain, say
angle 0; for some k < j < n — 2, then particles Xj+2, ..., X, are rotated (instead

of the original X, o,...,X,).

X Xin

Xit2 \/O K2

Figure 7.6: Perturbations based on bond angle adjustments. In (a), the particles
in the remainder of the chain are shifted when the bond angle centered at particle
Xj41 is adjusted, and in (b) only particle X4 is shifted to produce an adjustment
in the bond angle.

Figure 7.6(b) depicts a perturbation of 6y in which only the position of particle
X1 is changed. By shifting particle X, along a ray that passes through X
and bisects the angle 6, in the plane defined by particles X, Xxi1, and X0,
the bond angle can be adjusted to satisfy (7.12). Such a perturbation does not
affect the positions of any other particles. As was the case for the bond length

perturbations, rotating particles in the remainder of the chains produced better
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results than this perturbation, so we will present results only for bond angle

perturbations with shifts.

7.3.3 Individual Particle Perturbations

The final perturbation method we present here is based on adjustments of indi-
vidual particles. Similar to the bond length perturbations, we start at one end
of the chain and visit each particle, perturbing the coordinates of particle X} if

p} # p. The coordinates of particle X in the perturbed version are given by
Xy = Xi + 0x (7.13)

where 0y € R and each element is taken from a uniform distribution on the
interval [—a;p, @ip).

This perturbation of particle X}, alters the bond lengths r;_1 5 and 74441 as
well as the angle 6,_;. This type of perturbation may more realistically reflect
the dynamics of individual atoms in protein, although we only perturb particles
whose type differs in the template and target chains.

A possible alternative to perturbing individual particles in this way is to per-
turb an individual particle as well as those particles sharing a bond with it. The
particles sharing a bond could be moved in the same direction as the perturbed
particle but to a lesser extent. This could be carried on to subsequent particles
to which those particles are bonded, damping the amount of position change for
particles further away in the chain. In this way, the perturbations would more
closely reflect the dynamics of chemically bonded atoms. However, further devel-
opment and testing of this type of perturbation is needed to investigate the effect
of using perturbations in HOPE that are more closely linked to the dynamics of

real macromolecules.
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7.4 Results

We present the results of two sets of computations to show the effectiveness
of both HOM and HOPE in predicting the lowest energy conformations of the
model proteins. These results highlight the usefulness of using the homotopy
methods presented in this paper compared with some standard methods used to
solve unconstrained minimization problems. Furthermore, the results show that
the use of perturbations in HOPE helps increase the probability of predicting a
correct target conformation over HOM.

The computations were performed using Matlab® under Linux on a 2.5 GHz
Intel Pentium 4 processor. The potential energy function in (7.1) and the ho-
motopy function in (7.9) were implemented in C so that the first and second
derivatives could be produced using the automatic differentiation tool ADOL-C
v1.8 [47]. The energy functions and their derivatives were accessed in Matlab
via the MEX interface. The parameters used for the potential energy function
(7.1) are given in Table 7.1. Note that distances have been scaled so that 7 = 1
(instead of 3.8 to reflect true distances between Ca atoms). All force constants
thus are scaled to reflect this choice for the unit distance.

We used the 9 chains described in the experiments of [115] for our test data.
The lowest energy conformations of these chains were determined by a process
combining slow cooling and simulated annealing. The sequences of the chains are
shown in Table 7.2, along with the standard deviations, o, of the hydrophobic
diversity parameter, v, and energy values of the lowest energy conformations.
Recall that higher values of o lead to greater diversity in the possible interactions

between hydrophobic particles. Even though the sequences for chains F', G, and

6Matlab 6.5 and the Optimization Toolbox 2.2 from Mathworks, Inc.
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Parameter | Description Value
k, Bond length force constant 100
T Average bond length 1
kg Bond angle force constant 20/(rad)?
0 Average bond angle 1.8326 rad (105°)
€n Average strength of 1
hydrophobic interactions
€L Strength of L-L/L-B interactions 2/3

Table 7.1: Potential energy function parameters used in computations.

H are identical in terms of residues, the chains are in fact different due to the

diversity in the hydrophobic-hydrophobic interactions. (Note the differences in

the energies of the lowest energy conformations.) All of the chains contain n = 22

particles.

In order to remove the rotational and translational freedom from each con-

formation, we use a restricted set of 3n — 6 variables so that

0O 0 O

0 0 Z9

0 wy3 =23

X = Ty Ys z4
Tn Yn Zn

(7.14)

where 2y, v3, 3 > 0 and the k" row of X contains the Cartesian coordinates of

particle X;. Note that all chains of particles can be rotated and translated to this

coordinate system. Furthermore, the implementations of the local minimization

methods tested require variables to be either scalar or vector variables, so the
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Label Sequence o | Minimum Energy
A BBBBBBBBBNNNLBLBLBLBLB | 0.00 -10.6509
B BBBBBBBBNLNLNBLBBBLBLB | 0.00 -10.9834
C BBBBBBBBNLNNLBLBBBLBLB | 0.30 -14.0423
D BBBBBBBBBNNLNBLBLBLBLB | 0.17 -11.8696
E LBBBBBBBNBNLNBLBLBBBLB | 0.10 -11.2465
F LBBBBBBBBBNLNLNBLBBBLB | 0.30 -15.7288
G LBBBBBBBBBNLNLNBLBBBLB | 0.30 -16.2159
H LBBBBBBBBBNLNLNBLBBBLB | 0.30 -16.3866
1 LBNBBBLBBBNNBBLBLBBBLB | 0.30 -11.8513

Table 7.2: Sequences and energy values of lowest energy conformations of chains
used in computations: B, hydrophobic; L, hydrophilic; and N, neutral.

n x 3 matrix X above was stored in a vector of size 3n — 6, with the elements

ordered as

(’227 Y3, 23, X4, Y4, 245 - - -y Tn, Yn, Zn) .

Each chain was used as a template protein (starting conformation) to predict
the lowest energy conformation of the remaining 8 target proteins, yielding a
total of 72 experiments. However, the lowest energy conformations match in
structure for each of the following 5 template-target pairs: A-D, B-C, F-G, F'—
H, and G—H. Thus, there are a total of 62 experiments where the lowest energy
conformation of the template chain differs from that of the target chain. Since
all of the algorithms tested in our experiments were able to correctly predict the
native conformations for the target chains for the 10 matching template-target

pairs, we present the results for the remaining 62 experiments to highlight the
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differences between the various methods.

Success of the methods was measured for each predicted conformation, X1,
against the lowest energy conformation, X*, using two metrics—the structural
overlap function from [115] and root mean-squared distance. The structural over-
lap function is the percentage of inter-particle distances between nonbonded par-
ticles that differ in X! and X* by more than 20% of the average bond length, 7.

It is computed as

9 n—-3 n ) .
i=1 j=i

where O(-) is the Heavyside function and r' and r* are distances between particles
in X! and X*, respectively. Note that x(X') € [0,1], with x(X!) = 0 meaning
that X1 is structurally equivalent to X*.

The root mean-squared distance is a standard metric in the protein structure
prediction literature for measuring the structural similarity between two protein

conformations. It is computed as

1 n
RMSD(X') = min [ > OlIXE - x| (7.16)
=1

where S(X1) is a rotation and translation of X'. Thus, RMSD(X"') measures
the distance between corresponding particles in the predicted and lowest energy
conformations when they are optimally superimposed. For exact conformational
matches, RMSD(X') = 0, and the value increases as the two conformations

differ more in structure.

7.4.1 Computations using HOM

In the first set of experiments we compared HOM (Section 3.2), a variant of

Newton’s method that uses a trust region to guarantee convergence (Newton-TR)
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[18, 19], and QNewton-BFGS(Section 4.1). In Matlab, the latter two methods are
implemented in sfminbx and fminusub, respectively, and are called from the
unconstrained minimization driver, fminunc. Although the only differences in
performance between Newton-TR and QNewton-BFGS were in the amount of work
performed by each method to predict a target conformation, the results of both
methods are presented for completeness. Within HOM, Newton-TR was used to
find local minimizers of H (Figure 3.2, Step 5).

For each computation using HOM, we set the number of steps in A to be
m = 10, making AX = 0.1. The minimization routine was stopped when either
the change in function value between iterates dropped below 107°, the max-
imum change in any of the variables in X between successive iterates dropped
below 107'2, or the number of iterates reached the maximum number of iterations
allowed (1000 for Newton-TR and QNewton-BFGS and 60 for each minimization
performed in HOM).

Table 7.3 shows the results of the 62 experiments for the different methods.
The first column lists the method. The second column shows the number of
computations in which y(X') = 0 i.e., the method predicted the correct confor-
mation. HOM has a success rate of 24% (column 3), almost four times better
than Newton-TR and QNewton-BFGS. Columns 4 and 5 present the average struc-
tural overlap, ¥, and root mean-squared distance, RMSD, respectively, of the
62 computations. These results show that HOM predicts better structures than
Newton-TR and QNewton-BFGS on average, even when an exact match of the low-
est energy conformation was not predicted. The main drawback for HOM, at least
with respect to Newton-TR, is that it is more computationally expensive. The

last three columns in the table show ¢, the average clock time used in seconds;
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Success
Method x=0|Rate (%) | ¥ |RMSD | t| N;j| Ng
HOM 15 24 036 | 0.38 |10 | 152 | 4809
Newton-TR 4 6 0.45 0.55 1] 20| 523
QNewton-BFGS 4 6 045 | 055 |13 ] 362 —

Table 7.3: Comparison of prediction results using HOM, Newton-TR, and
(Newton-BFGS.

Nf, the average number of function evaluations; and Ncg, the average num-
ber of conjugate gradient iterations per computation. Note that QNewton-BFGS
does not use the conjugate gradient method in determining search directions.
Clearly, Newton-TR performs the least amount of work in all three of these mea-
sures, with HOM falling in between Newton-TR and QNewton-BFGS. KEach run
of QNewton-BFGS first computes an approximation of the inverse of the Hessian
of the potential energy function using finite differences of gradients, and thus
is more expensive than the other methods. Even though HOM requires more
work than Newton-TR, the trade-off in success rate shows the benefit of using a

homotopy method over one of the more common minimization algorithms.

7.4.2 Computations using HOPE

In the second set of computations we compared HOPE and ensemble-based, basin-
hopping simulated annealing (Basin-SA)—a combination of the methods of [116]
and [94]. Basin-SA was implemented using SA Tools v1.03 [94].

In Basin-SA the move class, the set of possible conformations produced by

perturbing a given conformation, consists solely of local minimizers of E'(X).
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Specifically, candidate conformations are found using Newton-TR started at a
perturbed version of each conformation in the ensemble. This allowed us to use
the same perturbations specified in Section 7.3 and used in HOPE.

We chose to allow both methods to compute an equivalent number of local
minimizers in the course of each computation. Specifically, we tested HOPE
using m = 10 steps in A and maximum ensemble sizes of ¢,,., = 2,4,8, and 16.
Also, we set ¢ = 1, allowing only one perturbed version to be generated for each
ensemble conformation. This yielded upper limits of 20, 40,80, and 160 local
minimizers to be computed for the values of ¢,,,., respectively. Recall that there
may be fewer local minimizers computed than this upper limit, as only unique
conformations are carried from one iteration of HOPE to the next. Newton-TR as
parameterized in the previous section was used for local minimization in HOPE.

In Basin-SA, we used ensembles of size ¢, at each of m = 10 steps of a
constant speed annealing schedule” [57], starting at T = 10°. Therefore, the
number of calls to Newton-TR in Basin-SA matched the corresponding upper
limit of those allowed in HOPE. The main difference between the methods is the
function being minimized—the homotopy function in HOPE and the potential
energy function of the target chain in Basin-SA.

Computations were performed for both methods using the perturbations in
Section 7.3, with maximum amounts of perturbation a, = 1, ag = 40°, and
a;, = 1. It is typical in simulated annealing methods that the perturbations
allowed in the move class be functions of the temperature, 7', defined by the

annealing schedule. Thus, we designed a function for the maximum perturbation

"The berkeley schedule in SA Tools implements this schedule (all default values were used).
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satisfying

i pnae(T) = 0, (7.17)
Tlim Pmaz(T) = {ar, ag,a;p} . (7.18)

The following function was used in the Basin-SA computations:
1
Pmaz = @€ T

where v € (0,1) and o = a,,ag or a;,, depending on the perturbation method

used. Note that this function passes through the point (T, p) when

1
T T T (e
The point (T, ) = (1,0.9) is used in Basin-SA so that the amount of maximum
perturbation allowed in Basin-SA is equivalent to that allowed in HOPE (either
ar, ag, or a;,) for almost all values of T" except those very close to zero.

Table 7.4 shows the results of the 62 experiments for HOPE and Basin-SA
using the bond length perturbations with shifts and individual particle pertur-
bations. Results for the two methods using bond angle perturbations were very
similar to those using the bond length perturbations. Thus, results for those
experiments are not presented here, so as to highlight the differences between the
other types of perturbations.

Results for the computations using bond length perturbations appear in the
top half of the table and those for the individual particle perturbations appear in
the bottom half of the table. Due to the use of the stochastic perturbations, each

experiment was performed 10 times, and the results presented are the averages

over these 10 runs.
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Computations using Bond Length Perturbations

Success
Method Crmaz | X = Rate (%) | X | RMSD t Ny N,
HOPE 2 33.4 54 0.14 0.17 35| 539 12369
4 43.1 70 0.08 0.11 65 | 992 22678
8 54.6 88 0.03 0.04 115 | 1732 39642

16 | 59.0 95 0.01 | 0.02 |200|2981 | 68381

Basin-SA | 2 13.1 21 0.27 0.36 92 753 17170
4 20.8 34 0.19 0.26 107 | 1576 35528
8 28.5 46 0.13 0.19 229 | 3174 71893

16 | 40.2 65 0.08| 0.12 |434 | 6358 | 143660

Computations using Individual Particle Perturbations

HOPE 2 18.4 30 0.32 0.34 26 391 10284
4 22.3 36 0.30 0.31 36 041 14163
8 224 36 0.29 0.30 43 629 16513
16 23.5 38 0.28 0.30 46 679 17733
Basin-SA | 2 8.9 14 0.41 0.48 27| 348 9309
4 11.8 19 0.38 0.43 o7 | 744 19843
8 13.5 22 0.35 0.38 116 | 1546 40995
16 19.3 31 0.30 0.31 236 | 3167 83724

Table 7.4: Comparison of prediction results using HOPE and Basin-SA (averaged
over 10 runs). The lines in bold highlight the best prediction results for each of
the algorithms.

Presenting the results for increasing values of c¢,,,, in Table 7.4 shows the

trends of the success of and computational effort required by each method as
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more local minimizers are generated. Note that the best results for HOPE and
Basin-SA (shown in bold) are those that use bond length perturbations and the
largest ensemble size, ¢4, = 16. Figure 7.7 shows plots of the success rates as
a function of ¢,,4,. Clearly, HOPE using bond length perturbations outperforms
all of the other methods in terms of success for each value of ¢,,,,, monotonically
increasing to an average success rate of 95% at ¢4, = 16. We can also see
that the computations using bond length perturbations perform better than the
individual particle perturbation. Note that the success rates as functions of ¢4,
for the two methods using bond length perturbations appear to be converging to a
different value than those for the methods using individual particle perturbations.
This suggests that qualitative differences in perturbation methods may lead to
quantitatively different upper bounds on success rates. Such results lead us to
believe that future work should include a more detailed analysis of the effects of
perturbations in HOPE.

Figure 7.8 plots RMSD, the average RM SD(X"'), showing that HOPE using
bond length perturbations clearly outperforms all other methods. Even though
the average success rate tops out at 95%, HOPE performs very well even in the
cases where the lowest energy conformation was not found, with RMSD = 0.02
(and ¥ = 0.01) for ¢ = 16. Note that the results for the different types of
perturbations tend to be converging to different values, as was the case for the
success rates. The success rates and these average measures of structural sim-
ilarity results are not necessarily dependent on one another (e.g., it is possible
to consistently perform extremely poorly in one experiment and produce increas-
ingly better overall success rates while RM SD remains relatively high due to that

one experiment). However the results show that these measures are correlated,
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Figure 7.7: Success rates using (a) bond length perturbations and (b) individual
particle perturbations.
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Figure 7.8: Average RMSD(X!) value per experiment using (a) bond length
perturbations and (b) individual particle perturbations.
leading us to believe that our methods are robust.

The computational effort required by the different methods is presented in
the last three columns of Table 7.4 showing that HOPE required less time and
computational effort than Basin-SA to produce better results. Furthermore, we
can see in Figures 7.9 and 7.10 that the amount of computational time follows
the same trend as the number of function evaluations, with the increase in cost

as Cpay increases being greater for Basin-SA than for HOPE. These differences
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Figure 7.9: Average wall clock time in seconds per experiment using (a) bond
length perturbations and (b) individual particle perturbations.
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Figure 7.10: Average number of function evaluations per experiment using (a)
bond length perturbations and (b) individual particle perturbations.

are most likely due to the fact that in the earliest iterations in HOPE, fewer
than ¢4, conformations are used (recall that ¢ = 1). Note that for Basin-SA
using individual particle perturbations there is not much increase in the average
amount of effort required to complete the experiments. This suggests that the
amount of perturbation used for these computations, a;, = 1, did not produce
enough change between the original conformations and their perturbed versions

to lead to unique local minimizers.
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HOPE was the only method that successfully predicted the native conforma-
tions in at least one of the 10 runs performed for all of the 62 computations.
Figure 7.11 presents the results with ¢,,,, = 16 for each of the template-target
pairs using (a) HOPE and (b) Basin-SA. The size of each circle represents the
percentage of runs where a target was successfully predicted starting at a given
template. HOPE predicted the correct target conformations in all 10 runs for
44/62 (71%) template-target pairs. Moreover, HOPE predicted the correct tar-
get conformation in 60% or more of the runs for each template-target. In contrast,
Basin-SA predicted all 10 target conformations correctly for only 14/62 (23%)
pairs. More importantly, Basin-SA was not able to correctly predict the target
conformations for 3 pairs (B-F, B-H, and F'-B) in any of the 10 runs.

HOPE was also more successful than HOM (and thus Newton-TR) in pre-
dicting native conformations. Figure 7.12 presents the results using HOM and
Newton-TR of all 72 experiments, where a circle represents a successful prediction
of a native conformation of the target starting from that of the template. Count-
ing only the template-target pairs for which HOPE predicted the correct target
conformations (44/62), HOPE was almost three times effective as HOM (15/62).
However, the most significant advantage of HOPE over HOM is HOPE'’s ability
to correctly predict the native conformations for all template-target pairs.

HOPE is computationally more demanding that HOM, but the prediction
results justify the use of HOPE for this protein model. HOPE correctly predicted
all of the native target conformation in at least 60% of the runs for each template-
target. However, this improvement required almost 20 times more computational
effort, with ratios of 200/10 seconds in computation time and 2981/152 function

evaluations required for a run of HOPE compared to HOM. The ratio of success
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Figure 7.11: Success of (a) HOPE and (b) Basin-SA using bond length pertur-
bations with ¢,,,, = 16 for each template-target pair. The size of each circle
represents the percentage of successful predictions over 10 runs.
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Figure 7.12: Success of (a) HOM and (b) Newton-TR.

of HOPE versus HOM to the amount of computation required to achieve that
success will most likely differ from problem to problem. The results here, though
demonstrate that the use of perturbations and ensembles increase the effectiveness

of these homotopy optimization methods.
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Chapter 8

Conclusions and Further Study

We have presented HOPE, a new method for solving unconstrained minimization
problems. The results of experiments on standard test problems and in solving the
protein folding problem using simplified protein models demonstrates that HOPE
is an effective method for finding global minimizers. Although this performance
comes at a greater computational cost than is typical for local methods and
for the related HOM algorithm, there are several advantages in using HOPE
over these other methods. The generation of ensembles of local minimizers of
a function, the flexibility to control the amount of computation using several
different parameters, and the ability to take advantage of structure inherent in
the minimization problem are three important benefits.

We demonstrated the flexibility of HOPE in solving several different types of
problems—ranging from simple test problems in one or two dimensions (Nmod),
to more challenging randomly generated test functions (Pint), to complicated
application-driven functions (the potential energy functions in the protein mod-
els). A wide variety of homotopy functions were used in HOPE, with some very
generic and others designed to take advantage of specific features of the problem.

The results, though, show that HOPE is effective even when very little domain-
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specific knowledge of the problem is known or incorporated in the homotopy
function.

We have shown that for simplified models of proteins HOPE is successful at
predicting native conformations. Moreover, we demonstrated that HOPE was
more successful is solving these problems than several standard minimization
methods—QNewton-BFGS, Newton-TR, and simulated annealing. We conjecture
that the success of HOPE in solving these problems is due to the combined use
of homotopy functions, perturbations, and ensembles of points. The homotopy
functions used in the experiments are capable of exploiting the possible struc-
tural similarities of sequence-related proteins, and as noted earlier, exploiting
such properties is necessary for solving the protein folding problem efficiently.
We used perturbations for the exploration of structurally similar conformations
and to avoid conformations corresponding to local minimizers of the potential
energy function. The use of ensembles of conformations allowed for parallel
searches of the conformational space, sometimes in very distant regions (in terms
of structure). We note that there is an ongoing debate in the scientific com-
munity whether native conformations of proteins correspond to minimal energy
structures or structures with relatively low energy that are kinetically the most
favorable. Using HOPE to generate ensembles of low energy candidate structures
may prove useful for investigating these claims.

Future work in developing suitable homotopies for other application areas
would be an important step in demonstrating the power of using a combination
of function/problem deformation, stochastic perturbations, and working with en-
sembles, or populations, of possible solutions. Applying HOPE in another ap-

plication area would help demonstrate its use as a general-purpose minimization
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method as well.

For most of the experiments, HOPE performed considerably more computa-
tion than other methods. In most cases, the increase in cost was matched to some
extent with an increase in performance. An important feature of HOPE is that it
is inherently parallelizable and communication between processors would only be
required in initializing the iterations for each new value of A\. Thus, another goal
would be to implement HOPE as a parallel method, with parallelization focused
on balancing the distribution of ensemble members across computational nodes.
As even small proteins have a large number of degrees of freedom, implementing
HOPE for large-scale problems would allow for work on more detailed models of
the protein folding problem.

Several of the parameters used in HOPE could be determined adaptively,
leading to more efficient use of computational resources and faster convergence
for some problems. In the experiments described in this dissertation, each step
in A was fixed at 1/m, where m was the number of steps to be taken. The
value of A\ could be determined adaptively—e.g. as a function of the number of
local minimization iterations required before convergence or based on the changes
in homotopy function values from one step to the next. This may allow for
larger (and thus fewer) steps in A with no significant decrease in the success rate.
Investigation into the use of adaptive steps in A (as described in [5]), as well as
into adaptively determining the amount of perturbation, number of perturbed
versions of ensemble members to generate, and the maximum ensemble size may
lead to more optimal implementations of HOPE.

Another consideration in using HOPE is the choice of starting points for the

local minimization method. In this work, the ensemble members carried forward
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from the previous iteration were used as starting points. However, we could
extrapolate from these starting points using derivative information to produce
starting points that may lead to fewer iterations in the local minimization [5].

There is great potential for HOPE in other areas of optimization as well.
The HOPE algorithm presented here was designed to solve unconstrained mini-
mization problems. However, by replacing the local minimization method with a
method for solving a different problem, HOPE can be extended for solving other
optimization problems. For example, the local minimization method could be re-
placed by a method for constrained minimization, leading to a variant of HOPE
for solving minimization problems that are subject to constraints.

A major challenge is developing useful homotopies for template and target
functions whose domains differ. (In all of the experiments presented in this dis-
sertation, the dimensions of the template and target function domains were the
same.) The availability of such homotopies would dramatically increase the num-
ber of problems to which HOPE could be applied. For example, there are many
families of proteins whose members have structurally similar native conforma-
tions but whose amino acid sequences differ in length. A homotopy designed
to work with template and target proteins with different numbers of constituent
atoms (or just amino acids when using a backbone model of proteins) would allow
HOPE to be applied to pairs of proteins from such families.

HOPE is a promising method for unconstrained minimization. There is much
work to be done in terms of performance analysis, optimal parameter choices, and
applicability to other application areas. However, based on our results we expect
that HOPE can be used to lend insight on minimization problems in general and

the protein folding problem in particular.
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Appendix A

Native Conformations of Chains of Charged Particles

Charges 0, 0 E(0)
+ 4+ ++ | +2.3911 +2.3736 | +0.5954
—+++ | +1.4835 +3.7176 | —0.8177
+ —++ | +2.6005 +4.7473 | —0.2500
— — 44 | +1.6755 +4.6251 | —1.5677
+ 4+ —+ | +1.5359 +3.6826 | —0.2500
— 4+ —+ | +2.3562 +2.3387 | +0.0454
+ — —4+ | +1.6930 +4.5902 | —0.9957
— — —+ | +2.5656 +4.7997 | —0.8177

Table A.1: Charges on the n = 4 chains from Table 6.3.
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Charges 01 0 03 E(0)
T+t | 22310 +2.4435 +2.2340 | +0.7412
44| 4£1.6057 +3.2987 +1.7802 | —1.1694
+ —+++ | +2.5482 +2.1118 +2.4958 | —0.5573
b4+ | 414312 1£3.8397 4+1.5533 | —2.4002
++—+4++ | +1.5184 +3.7874 +1.5184 | —0.9723
4+ | 417453 +3.2280 +1.6930 | —1.1480
b — 44 | 414661 +4.0492 +1.4312 | —2.2651
— — —++ | +1.5533 +3.8397 +1.4312 | —2.4002
+++— 4+ | +2.4958 +4+2.1118 +2.5482 | —0.5573
-4 | 415010 +3.6477 +1.6232 | —1.2737
+ — 4+ —+ | +2.2864 +2.3562 +2.2864 | —0.3813
—— 4+ —+4+ | +1.6930 +3.2289 +1.7453 | —1.1480
+4+——+ | +1.4312 +4.0492 +1.4661 | —2.2651
—+ ——+4+ | +1.6232 +3.6477 +1.5010 | —1.2737
b | 414661 4+3.9095 +1.4661 | —2.1061
— — ——+ | +1.7802 +3.2987 +1.6057 | —1.1694

Table A.2: Charges on the n = 5 chains from Table 6.3.
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Charges 0, 04 03 04 E(9)
+ 4+ ++++ | +2.3911 +2.3213 +2.3213 +2.4086 | +0.7744
—+4+4+4++ | +2.0595 +2.6005 +2.1118 +2.6005 | —1.6281
+ — 4+ +++ | +2.7227 +2.0071 +2.6005 +2.1817 | —1.0903
— —++++ | +2.4958 +2.1468 +2.4435 +2.3387 | —3.4178
+4+—+++ | +1.9199 +2.8972 +1.8850 +2.7751 | —1.3144
—+ —+4+4+ | +2.1118 +2.6354 +2.0246 +2.6529 | —2.1922
+ — — 4+ ++ | +2.2166 +2.5831 +2.0420 +2.6180 | —3.0511
— — — 4+ ++ | +2.4260 +2.2864 +2.2864 +2.4260 | —3.9775
+ 4+ +—++ | +2.7751 +1.8850 +2.8972 +1.9199 | —1.3144
— 4+ 4+ —4++ | +2.4958 +2.1468 +2.5133 +2.2340 | —2.4835
4+ —+ —++ | +2.6878 +2.0071 +2.6878 +2.0595 | —1.6246
—— 4+ —4++ | +2.3736 +2.3213 +2.3038 +2.3911 | —2.8356
+ 4+ ——++ | +2.0246 +2.7053 +2.0420 +2.6180 | —3.2272
— 4+ — — ++ | +2.4609 +2.2515 +42.3736 +2.3213 | —3.0394
+ — — — 44 | +2.1118 +2.6529 +42.0246 +2.6354 | —3.5946
— — — — 4+ | +2.3387 +2.4435 +2.1468 +2.4958 | —3.4178
++4++—+ | +2.1817 +2.6005 +2.0071 +2.7227 | —1.0903
—++ 4+ —+ | +2.0246 +2.7227 +1.9722 4+2.7227 | —2.4153
+ — 4+ —+ | +2.4435 +2.2864 +2.3038 +2.4260 | —1.7281
—— 4+ 4+ —+ | 423213 +2.3736 +2.2515 +42.4609 | —3.0394
+ 4+ — 4+ —+ | +2.0595 +2.6878 +2.0071 +2.6878 | —1.6246
—+—+—+ | +2.3911 +2.3038 +2.3213 +2.3911 | —1.4619
+ — — 4+ —+ | +2.4435 +2.2689 +2.3562 +2.3562 | —2.2621
— — — 4+ —+ | +2.6529 +2.0246 +2.6354 +2.1118 | —2.1922
+ 4+ ——+ | +2.6180 +2.0420 +2.5831 +2.2166 | —3.0511
— 44+ — —+ | +42.4086 +2.3038 +2.3038 +2.4086 | —3.2446
+ — 4+ ——+ | +2.3562 +2.3562 +2.2689 +2.4435 | —2.2621
— — 4+ — —+ | +2.2340 +2.5133 +2.1468 +2.4958 | —2.4835
+ 4+ ———+ | +2.6354 +2.0246 +2.6529 +2.1118 | —3.5946
— 4+ — — —4 | +2.7227 +1.9722 +2.7227 +2.0246 | —2.4153
+ — — — —4 | +2.3387 +2.3387 +2.3562 +2.3213 | —2.8114
————— + | +2.6005 —+2.1118 +2.6005 +2.0595 | —1.6281

Table A.3: Charges on the n = 6 chains from Table 6.3.
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Figure A.1: Native conformations
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Figure A.2: Native conformations of first 8 chains of n = 5 particles.
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q=[+1+1+1-1+1]; f=-0.55729 q=[-1+1+1-1+1]; f=-1.2737

q=[+1-1+1-1+1]; f=-0.38131 q=[-1-1+1-1+1]; f=-1.148

q=[+1+1-1-1+1]; f=-2.2651 q=[-1+1-1-1+1]; f=-1.2737

q=[+1-1-1-1+1]; f=-2.1061 q=[-1-1-1-1+1]; f=-1.1604

Figure A.3: Native conformations of last 8 chains of n = 5 particles.
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q=[+1+1+1+1+1+1]; f=0.7744 q=[-1+1+1+1+1+1]; f=-1.6281

q=[+1-1+1+1+1+1]; f=-1.0903

q=[+1-1-1+1+1+1]; f=-3.0511 q=[-1-1-1+1+1+1]; f=-3.9775

Figure A.4: Native conformations of first 8 chains of n = 6 particles.
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q=[+1+1+1-1+1+1]; f=-1.3144 q=[-1+1+1-1+1+1]; f=-2.4835

q=[+1-1+1-1+1+1]; f=-16246 q=[-1-1+1-1+1+1]; f=-2.8356

q=[+1+1-1-1+1+1]; f=-3.2272 q=[-1+1-1-1+1+1]; f=-3.0394

q=[+1-1-1-1+1+1]; f=-3.5946 q=[-1-1-1-1+1+1]; f=-3.4178

Figure A.5: Native conformations of next 8 chains of n = 6 particles.

144



q=[+1+1+1+1-1+1]; f=-1.0903 q=[-1+1+1+1-1+1]; f=-2.4153

q=[+1-1+1+1-1+1]; f=-1.7281 q=[-1-1+1+1-1+1]; f=-3.0394

q=[+1+1-1+1-1+1]; f=-1.6246 q=[-1+1-1+1-1+1]; f=-1.4619

q=[+1-1-1+1-1+1]; f=-22621 q=[-1-1-1+1-1+1]; f=-2.1922

Figure A.6: Native conformations of next 8 chains of n = 6 particles.
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q=[+1+1+1-1-1+1]; f=-3.0511 q=[-1+1+1-1-1+1]; f=-3.2446

q=[+1-1+1-1-1+1]; f=-2.2621 q=[-1-1+1-1-1+1]; f=-2.4835

q=[+1+1-1-1-1+1]; f=-3.5946 q=[-1+1-1-1-1+1]; f=-2.4153

q=[+1-1-1-1-1+1]; f=-2.8114 q=[-1-1-1-1-1+1]; f=-1.6281

Figure A.7: Native conformations of last 8 chains of n = 6 particles.
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Appendix B

Chains used in Experiments on Larger Chain

i Charges HOPE E(¢')
Template | ——+ -+ —-++—-++—-—+—-—++—+—+
2 ——+—+—-++-—F+-——F+++—+—+ —20.291
3 —— ==+ttt -+ -+ +—F+++ —21.685
4 ———++-—F——F++ -+ -+ -+ -+ —21.154
5 -t —F++tt -t -+t —+——+++ —19.748
6 ——t -ttt -+ +———+ —18.788
7 ——tt -ttt ==t ——+ —20.825
8§ |-————= ++——++-——F+—+—-—+ —19.870
9 e e i M S e i i e i M —17.780
10 e e e i ++ - —+ —19.377
11 -ttt t+F+ -ttt -t —= —23.578
12 - +—————- e —13.844
13 +t -+t -+ttt t+++++ = —17.933
14 B i E e H i e S —20.589
15 L e i e i e s M NS —18.238
16 ++tt+t -ttt =+ —++ —20.090
17 t+—t-—F -t -+ —++—————| 18475
18 ettt === +—F+-——+++- —19.191
19 B i i i Sl e e —20.271
20 ++ -+ -+ -+ =+ -+ —19.220

Table B.1: Charges on the chains of results presented in Table 6.5. The energy

of the conformation predicted by HOPE is repeated here for reference.
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