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1 Introduction

Variational multiscale concepts for Large Eddy Simulat{b&S) were introduced
in Hughes, Mazzei and Jansen [33]. The basic idea was to usdional pro-
jections in place of the traditional Itered equations amdfocus modeling on
the ne-scale equations. Avoidance of Iters eliminatesmyalif culties associ-
ated with the traditional approach, namely, inhomogeneonscommutative lters
necessary for wall-bounded ows, use of complex Itered gtites in compress-
ible ows, etc. In addition, modeling con ned to the ne-sleaequations retains



numerical consistency in the coarse-scale equations arsdpgrmits full rate-of-
convergence of the underlying numerical method in contnait the usual ap-
proach, which limits convergence rate due to arti cial astty effects in the fully
resolved scalesq(h*?) in the case of Smagorinsky-type models). Initial versions
of the variational multiscale method focused on dividingpleed scales into coarse
and ne designations, and eddy viscosities, inspired bgiti@anal models, were
only included in the ne scale equations, and acted only entle scales. This ver-
sion was studied in Hughes al.[34], Hughes, Oberai and Mazzei [36], and Oberai
and Hughes [56], and found to work very well on homogeneaatsapic ows and
fully-developed equilibrium and non-equilibrium turbotechannel ows. Static
eddy viscosity models were employed in these studies bugrsrpresults were
subsequently obtained through the use of dynamic modetgpasted in Holmen
et al. [27] and Hughes, Wells, and Wray [41]. Good numerical resulére ob-
tained with the static approach by other investigators,atgcollis [18], Jeanmart
and Winckelmans [44], and Ramakrishnan and Collis [59], &amshnan and Col-
lis [61], Ramakrishnan and Collis [60], Ramakrishnan andli€{62]. Particular
mention should be made of the work of Farhat and Koobus [2@®],Koobus and
Farhat [48], who have implemented this procedure in an uastred mesh, nite
element/ nite volume, compressible ow code, and appliedary successfully to
a number of complex test cases and industrial ows. A valeabView with many
references to relevant literature may be found in Gravenj2iy. We believe that
this initial version of the variational multiscale concdyats already demonstrated
its viability and practical utility and is, at the very leasbmpetitive with traditional
LES turbulence modeling approaches. For a comprehensatient of multiscale
concepts in turbulence, see Sagaut, Deck and TerracolT&8}e has also been a
number of contributions to the literature in which stal@tiznumerical methods
have been used to model turbulence (see, e.g., Hoffman &am$do [26]). These
endeavors are somewhat different in philosophy than theeptecontribution.

Nevertheless, there is still signi cant room for improvemhel he use of traditional
eddy viscosities to represent ne-scale dissipation iswah cient mechanism. Em-
ploying an eddy viscosity in the resolved ne scales to reprd turbulent dissipa-
tion introduces a consistency error, which results in tls@lkeed ne scales being
sacri ced to retain full consistency in the coarse scal&s.our opinion, this is
still better than the traditional approach in which coresigly in all resolved scales
is sacri ced to represent turbulent dissipation.) Thisqadure is felt to be inef-
cient because approximately 7/8 of the resolved scalesypieally ascribed to
the ne scales. Another shortcoming noted for the initialsien of the variational
multiscale method is too small an energy transfer to unvesbinodes when the
discretization is very coarse (see, e.g., Hughes, Wells\erad [41]). This phe-
nomenon is also noted for some traditional models, sucheagythamic Smagorin-
sky model, Hughes, Wells and Wray [41], but, by design, isemmonounced for
the multiscale version of the dynamic mod€he objectives of recent multiscale
work have been to capture all scales consistently and todawsé of eddy viscosi-
ties altogetherThis holds the promise of much more accurate and ef cient LES



procedures. In this work, we describe a new variational iszdte formulation,
which makes considerable progress toward these goals. & felows, all re-
solved scales are viewed as coarse scales, which obviatafofementioned issue
of inef ciency ab initio.

We begin by taking the view that the decomposition into ceamsd ne scales
is exact. For example, in the spectral case, the coarse-spakte consists of all
Fourier modes beneath some cut-off wave number and thecak space consists
of all remaining Fourier modes. Consequently, the coacaéespace has nite di-
mension whereas the ne-scale space is in nite dimensiohlaé derivation of the
coarse- and ne-scale equations proceeds, rst, by sulisig the split of the exact
solution into coarse and ne scales into the Navier-Stokpsaéons, then, second,
by projecting this equation into the coarse- and ne-scalespaces. The projec-
tion into coarse scales is a nite dimensional system foictherse-scale component
of the solution, which depends parametrically on the nalscomponent. In the
spectral case, in addition to the usual terms involving thee®e-scale component,
only the cross-stress and Reynolds-stress terms invoévendiscale component.
In the case of non-orthogonal bases, even the linear termesrigie to coupling
between coarse and ne scales. The coarse-scale compolagstgn analogous
role to the ltered eld in the classical approach, but hae #idvantage of avoiding
all problems associated with homogeneity, commutatiwiigils, compressibility,
etc. The projection into ne scales is an in nite-dimensasystem for the ne-
scale component of the solution, which depends paramiyrarathe coarse-scale
component. We also assume the cut-off wave number is suitlyi¢arge that the
philosophy of LES is appropriate. For example, if there isedl\de ned inertial
sub-range, then we assume the cut-off wave number residesdtere within it.
This assumption enables us to further assume that the energgnt in the ne
scales is small compared with the coarse scales. This turtn® de important in
our efforts to analytically represent the solution of thee-acale equations. The
strategy is to obtain approximate analytical expressionte ne scales then sub-
stitute them into the coarse-scale equations which areym solved numerically.
If the scale decomposition is performed in space and tinespriy approximation
in the procedure is the representation of the ne-scaletsmiuTo provide a frame-
work for the ne-scale approximation, we assume an in niterfoirbation series
expansion to treat the ne-scale nonlinear term in the mele equation. By virtue
of the smallness of the ne scales, this expansion is expletct&onverge rapidly
under the circumstances described in many cases of praatiegest. The remain-
ing part of the ne-scale Navier-Stokes system is linearizedoperator which is
formally inverted through the use of a matrix Green's fuotiThe combination
of a perturbation series and Green's function provides atteformal solution of
the ne-scale Navier-Stokes equations. The driving forcéhese equations is the
Navier-Stokes system residual computed from the coarsessdais expresses the
intuitively obvious fact that if the coarse scales constitaigood approximation to
the solution of the problem, the coarse-scale residualbeilkmall and the result-
ing ne-scale solution will be small as well. This is the casge have in mind and



it provides a rational basis for assuming the perturbateies converges rapidly.
Note that one cannot use such an argument on the originadigondieecause in this
case the perturbation series would almost de nitely faicemverge. (If we could
have used this argument, we would have solved the NavideStequations an-
alytically! Unfortunately, it does not work.) The formallstion of the ne-scale
eguations suggests various approximations may be empioywdctical problem
solving. We are tempted to use the word “modeling” becaupecjmate analyt-
ical representations of the ne scales constitute the opjgraximation and hence
may be thought of as the “modeling” component of the prespptaach but we
want to emphasize that it is very different from classicadelong ideas which are
dominated by thexddition of ad hoceddy viscosities. We will present numerical
results that demonstrate these eddy-viscosity terms arecessary in the present
circumstances. There are two aspects to the approximdttbe me scales: 1) Ap-
proximation of the matrix Green's function for the lineatzZNavier-Stokes system;
and 2) approximation of the nonlinearities representechieyperturbation series.
The rst and obvious thought for the latter aspect, nonlnitgais to simply trun-
cate the perturbation series. This idea is investigatededisas another promising
idea, in conjunction with some simple approximations of @reen's function. It
turns out there is considerable experience in local scapgoximations of the
Green's function based on the theory of stabilized methagghds [28], Hughest
al. [31], Hughes, Scovazzi and Franca [39]. These ideas dersgration from the
asymptotic approaches of Barenblatt [2]. The Green's fonds typically approx-
imated by locally de ned algebraic operators (i.e., thé&s™ of stabilized methods)
multiplied by local values of the coarse-scale residuathwhis approximation of
the solution of the linearized operator, nonlinearities ba easily accounted for in
perturbation series fashion.

The remainder of the paper is summarized as follows: In 8e&iwe present the
mathematical details of the variational multiscale thedegcribed previously. This
represents our general approach to LES-style turbulenclng and is indepen-
dent of the speci cs of the discrete spaces utilized to regméthe coarse scales.
In Section 3, we present ideas supporting the use of simpkealing arguments
to represent the ne scales. In Section 4, we describe théeimgntational aspects
of the procedures used herein and the details of the nessmgbroximation. The
relationship between this version of the variational nsgkie method and classical
stabilized methods is delineated. The variational mutsenethod includes addi-
tional terms. Both conceptually and from the point of viewacfual implementa-
tion, stabilized methods may be viewed as historical stegppiones leading to the
more coherent variational multiscale formulation. In 8&tb, the time integration
techniques are presented. In Section 6, we present our raanstudies of forced
isotropic turbulence a@Re = 165 andRe = 1 . (Re is the Taylor microscale
Reynolds number.) We begin in Section 6.1 with a descripbibtihe approxima-
tion spaces consisting of NURBS elements (non-unifornonati B-splines, see,
e.g., Rogers [63], Piegl and Tiller [57], Farin [21], and @ohRiesenfeld and El-
ber [17]). In the case of the rectilinear geometry consideMURBS reduce to



B-splines, which have been advocated for turbulence catioms previously (see
Kravchenko, Moin and Moser [49], Shariff and Moser [68], #thenko, Moin
and Shariff [50], and Kwok, Moser and Jiménez [51]). We evgptivariate linear,
guadratic, and cubic NURBS with periodic boundary condgioLinear trivari-
ate NURBS turn out to be identical to trilinear hexahedraterelements, but the
higher-order NURBS are different than classical high&keor nite elements. In
Section 6.2, we perform a dispersion error analysis for NSRBrsus classical
nite elements on simple, linear, one-dimensional adwectand diffusive model
problems, and conclude that NURBS have better approximadfoperties than
classical nite elements. In Section 6.3, we describe thg wa force the turbu-
lence and in Section 6.4 we present the results of our nualeradculations. We
employ meshes B2%, 64°, 128, and256 to explore convergence with mesh re-
nement (h-convergence) and we examine the behavior of increasingr dram
linear to cubic on xed meshexk{convergence). In the case Be = 165, we
compare with the DNS spectral results of Langford and Mds2}. Energy spectra
and third-order structure functions are presented. Owsassent is that the results
are very good for all cases. In the caseRaf = 1 we can clearly see the devel-
opment of an inertial subrange. In Section 7 we presenttsefr turbulent chan-
nel ows atRe = 395. (Re is the wall-friction Reynolds number.) We employ
meshes 082 and643. This time the mesh is graded in the wall-normal direction
to better capture the boundary layer. Again, we considevargence from thé-
andk-re nement perspectives. A striking result is how much éetjuadratic ele-
ments are than linear elements. For a mesé4f the quadratic and cubic results
are essentially identical to the DNS results of Moser, Kird dansour [55] for
rst- and second-order statistics, and for a mesB#fthey are in close agreement.
Conclusions are drawn in Section 8.

2 Variational multiscale formulation of the incompressible Navier-Stokes equa-
tions.

In this section we describe our turbulence modeling theory.

2.1 Incompressible Navier-Stokes equations

We consider a space-time dom&= 10;T[ R® R* with lateral boundary
P=  ]0;T[, as illustrated in the left-hand side of Figure 1. The ihitiaundary-
value problem consists of solving the following equatioosd : Q ! RS3, the

velocity, andp: Q! R, the pressure (divided by the constant density),
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Fig. 1. Space-time domain (left) and slicing into spaceetstabs (right).

%t+r (u u+rp= u+f inQ (1)
rru=0 inQ (2)

u=2~0 onP 3)

u(@*)=u(0 ) on 4)

wheref : Q! RYisthe given body force (per unit volume)js the kinematic vis-
cosity, assumed positive and constar@ ): ! RYisthe given initial velocity;
and denotes the tensor product (e.g., in component notgtion,v], = u;v;).

Equations (1)—(4) are, respectively, the linear momentalarice, the incompress-
ibility constraint, the no-slip boundary condition and thiial condition.

2.1.1 Global space-time variational formulation

LetV = V(Q) denote both the trial solution and weighting function sgaaéich
are assumed to be identical. We asswine fu;pg 2 V impliesu = 0 onP and
p(t)yd =0 forallt 2 ]0; T[. Let( ; ), denote thé 2 inner product with respect



to the domain . The variational formulation is stated as follows:

FindU 2V suchthaBW = fw;qgg 2 V:

B(W;U)=By(W;U)+ B(W;U;U)=L(W) (5)
with
e | @
Bi(W;U)=(w(T );u(T ) at .
+(qir u)g (r wipg + (r *w;2r °u), (6)
Bo(W;U;V)= (rw;u V), (7)
L(W)=(w;f)o+(w(0");u(0)) (8)

whereV = fv; gandr u= r u+(r u)’ =2. Note thatB,(; ) is a bilinear
formandB,( ; ; )isatrilinear form. Assuming suf cient regularity and iggeating
by parts, we obtain the Euler-Lagrange form of (5)-(8):

0= w;%t+r (u wW+rp r 2rdu fQ+(q;r U)q
+(w(0");u(0") u(0)) )

which reveals that the variational formulation impliessfaction of the momentum
equations, incompressibility constraint, and initial dition. The velocity bound-
ary condition is built into the de nition of the spadé In summary, the variational
formulation is equivalent to (1)-(4).

2.1.2 Sliced space-time variational formulation

Consider aslicing of space-time obtained by replacij@ T[ by ]t,;th+1[, n =
0;1;2;:::;N, and summing over the space-tislabsQ, (see Fig. 1). The coun-



terparts of (5)—(9) for a typical slab are:

B(W;U),=Bi(W;U),+B(W;U;U), =|L(W)n (20)
Oy = . @,
Bi(W;U)n = (W(th,1);u(th.g)) @t .

+(aqir U)g, (r wip)g, *+ (r *w;27r1 *u)q
(11)
Bo(W;U;V), = (r w;u v)Qn 12)
L(W )n = (w;f)g, +(w(t7);u(t,)) (13)

0= w;%t+r (u w+rp r 2r°%u f .

H(air  u)g, F(w(ty)u(ty) u(t,)) (14)

where, in (10)-(14)J = fu;pgandW = fw;qg belong toV, = V(Q,), the
restriction ofV to Q,. From the Euler-Lagrange form of the equation, (14), we see
that the momentum equation and incompressibility constraie satis ed on the
slab, and the solution is continuous across slab interfddesformulation in terms

of space-time slabs exploits the causal nature of the N&ti@kes equations and
reduces the overall problem to a succession of initial/bamyvalue problems on
the slabs. The solution is obtained solving the variati@tplation on each slab
successivelyn = 0;1;2;:::;N. We emphasize that this is axactformulation,
entirely equivalent to (5)—(9), and (1)—(4). However, itignore suitable starting
point for the development of numerical schemes.

Remark

In order to simplify notation in the sequel, we will work withe global form of the
variational equation. However, all results are equallyliapple to the variational
equations of the individual space-time slabs.

2.2 Scale separation

We consider a direct-sum decompositiorvbinto “coarse-scale” and “ ne-scale”
subspaced/ andV? respectively,

v=V v?° (15)

V is assumed to be a nite-dimensional space and it will be fideh later with the
space of functions with which we actually compute. In ordemiake the decom-
position well-de ned, we need to introduce a procedure foiquely determining
U 2 VandU®2 Vofrom a givenU 2 V. This can be accomplished with the aid
of a projectorP : V ! V. For exampleP could be the_2-projector,H *-projector,



etc. There are in nitely many possibilities.OnceP is selected, we know how the
coarse scales approximate all scales, viz.,

U =PU (16)
u=u PU=(1 PU (17)

wherel is the identity operator. Likewise, we can decompose a wigighiunction
into its coarse- and ne-scale components:

W = PW (18)
wo=w PW =(I PW (19)

With these, we may decompose the original variational ego&ito coupled coarse-
scale and ne-scale equations, viz.,

B(W;U+U9%=L(W) (20)
B(WeU +U9=LWH (21)

where

B(W;U+U%=By(W;U)+ By(W;U9

+ Bp(W;U;U)

+ Bo(W:U:;U9+ B,(W:U%U)

+ By(W:;U%U9 (22)
B(WWeU+U%=B,(WeU)+ B, (W%UH

+ Bz(WQ,UJU)

+ Ba(W SU;U9 + Bo(W SUSTU)

+ By(WeU®U9 (23)

In (22), Bo(W;U;U9% andB,(W ;U2 U) correspond to the cross-stress terms,
andB,(W ;U % U9 corresponds to the Reynolds stress term. Equation (21)&an b
expressed as

Br(WeU%Y+ B,(WeU%UY = hw % Res(U)iyoyo (24)

5 The wayU is determined fronU is a very important issue, and it has very signi cant
impact on the theory to be developed. An initiatory studyypidal projectors is presented
in Hughes and Sangalli [37]. Not only can one envision an ite@ mumber of possible pro-
jectors, but one can also envision an in nite number of nugdir optimization schemes that
“t” U to U. In some applications nonlinear schemes will surely be it@m, an exam-
ple being compressible turbulence with shocks where maoity is important. However,
for incompressible turbulence, we feel linear projectsis;h as théd 1-projector, should
suf ce. (See Hughes and Oberai [35] for an application oftéeprojector in turbulence.)

10



where

Br(W5U9 = By(W5U9
+ Bo(WeAUSU) + Bo(WSU;U9 (25)
hW % Res(U)ivovo = L(WY  By(WSU) By(WS%U;U) (26)

in which Res(U) is the coarse-scale residual “lifted” to the dual of the seale
spaceV®, h; i, isthe duality pairing, and
!
Br(;U9= 4B(;U+"UY @)
"=0

the linearization oB ( ;U + U % aboutU in the directionJ ° Note that the solution
of (24) can be formally represented as a functiondladindRes(U ), namely,

U°= FAU:;Res(U)) (28)

The explicit dependence da in the rst argument ofF ° emanates from the de-
pendence of the linearized operaBy onU.. This expression can be inserted into
(20) to “close” the nite-dimensional system far,

B W;U+ FYU;Res(U)) = L(W) (29)

(28) and (29) can be thought of in global terms or in terms @quence of space-
time slabs. In both cases, they represent a procedure fangdhe Navier-Stokes
equations in terms of a scale decomposition of the solutanfar we have not
discussed approximations or numerics. The solutloa U + U° whereU is de-
termined by solving (29) and °is determined fromJ through (28), is thexactso-
lution of the original variational problem, (20)-(21), ai)-(4), the Navier-Stokes
initial/boundary-value problem.

Our plan for turbulence modeling is to systematicaproximatethe functional
F ° This will provide us with a parameterization of the ne seslin terms of the
coarse scales, which can be substituted in the coarse-agadgion, “closing” it.
The nite-dimensional coarse-scale equation can then IbeedolIn this way we
obtain an approximate coarse-scale solution and an egtim@ftthe ne scales. In
summary, our variational multiscale theory of turbulenasdeling is encapsulated
in the following equations:

0°= £%0: Res()) (30)

BW:U + E(U:Res(0)) = LoW) (31)

11



whereF °is an approximation of the exact functiorfaf, andU ®andU are the
approximations ofJ ®and U, respectively. The concept underlying the model is
illustrated in Figure 2. We also note that (30) constitutea @osterioriestimation

Represented scales Subgrid scales
No
0 k KO11
0°= 90 rRes(D) Solve analytically

Fig. 2. The variational multiscale turbulence modelingotlyeis schematically illustrated.
The ne, or “subgrid” scales are solved for analytically amubstituted into the coarse-scale
equation. The coarse scales are the represented scalesltulaton. Note that there is no
ad hoceddy viscosity model introduced.

of theerror in the coarse-scale solution (see Huggeal. [31], Hughes, Scovazzi
and Franca [39] and Hauke, Doweidar and Miana [24, 25]).

Remarks

(1) (31) may be thought of as playing a similar role in the adonal multiscale
theory as the Itered equations play in traditional turtnde modeling. Dis-
tinguishing features are (31) is nite-dimensional andsed, in contrast with
the Itered equations.

(2) Intuitively, the “better” the ne-scale approximatipthe smaller the dimen-
sion of the coarse-scale space required, and consequbetbmaller the com-
putational effort. It is also possible to envision a hiehgrof approximations
that produce variational multiscale analogues of tradéldurbulence mod-
eling concepts, such as large eddy simulation (LES), dethelldy simula-
tion (DES), the Reynolds averaged Navier-Stokes (RANSj)aah, etc. LES
represents the turbulence modeling methodology requthiegyreatest com-
putational burden, but perhaps the least complex moddimtie following
sections we will endeavor to develop a variational mullisemalogue of LES
within the theoretical framework of (30) and (31).

(3) Itis very important to emphasize that in practice we wairectly with (31),

a nite-dimensional system, and we consider the solutio(Bdi),U, our ap-
proximation toU, and in turn our approximation td . Recall, by design of
P, U is an approximation t&) . We do not need to solve for the ne scales
and because of this (30) is completely extraneous, unlessigleto use it
to estimate the error in the coarse scales. That being $aidqyi also be in-

. . 0 . . . .
teresting to considdg + U as an alternative approximation tb. It will
of course be necessary to assume that the coarse-scaleispateiently

12



large for the philosophy of LES to be appropriate. That ishére is a well-
de ned inertial sub-range, then we assume the cut-off betvike coarse- and
ne-scale spaces resides somewhere within it. This assomphables us to
further assume that the energy content in the ne scales @lsrampared
with the coarse scales, an aspect of considerable impertarattempting to
analytically determine the solution of the ne-scale edoias.

2.3 Perturbation series

It seems reasonable to assume that the larger the $pabe better the approxi-
mation ofU to U, and the smaller the coarse-scale resiRed(U) 2 V°. We
further assume that Res(U) = 0, thenF QU;0) = 0, and ifRes(U) is “small,”
thenU °will likewise be “small.”® These assumptions suggest a perturbation series
expansion of the form:

*
U%="Uf+"2ug+ "ug+ o= Uy (32)
k=1
where" = Res(U) vo - Let us rewrite (24) in terms of the proposed expansion:

% ' % % ' _
Br W% "kup +B, W% rkup "fup ="mwSR@)i (33)

k=1 k=1 k=1
whereh; i = h; iyoyo , and
_ Res(U
Rw)=—iﬂgL— (34)
Res(U)
AVAY
Notice that, by linearity,
|
* R
By W% "Ug = "By (WSUY); (35)

6 These assumptions seem physically reasonable, but rigonathematical justi cation
may be dif cult to obtain. The existence of nontrivial, unéed weak solutions of the Eu-
ler equations, compact in space and time, underscores ttieematical dif culties of the
Navier-Stokes equations at large Reynolds numbers (sée [69

13



while the second term requires further consideration. Vyaed it as follows:

Bo(WP2;"U%+ "2Ud+ "3Ud+ iU+ "2Ud+ "3ud+ i
= "By (WS UL UY)
+ "2 [B2(W UL U+ B2 (WU UD)
+"4[B2 (WU UG+ B2 (WU UL+ Ba(W UG UD)
+ o (36)
A recurrence formula can be easily deduced, by groupingadeafs of the powers
of ":
21 Ba(WSURUY)
"1 By,(WAU%LUY + Bo(WEUSUY
"4 Bo(WEUZUYD + Bo(WEU U+ Bo(WEUSUY)

"5 | o + e + e +

Hence:
|
R R ' * K1
B, W& "ky%” vky? =" 7 B, wou%u?, (37)
k=1 k=1 k=2 j=1

The full expansion of the equation can be compactly writn a
* * K1 _
"By (WSUQ+ " B, WOURUR, = "tWSRU)I  (39)

k=1 k=2 j=1

Equating like coef cients, we obtain a sequence of linearateonal problems cou-
pled through their right-hand sides:

Fork=1 Bg(W%U9% = hw ®R(U)iyoyo (39)

K1
Fork 2 By(W?%U9)= B, WSUUY | (40)
i=1

The bilinear operatoBy ( ; ) is the same for all the problems in the cascade, and
can be formally inverted through a Green's operator. Thee@ssoperator concept
can be introduced in an abstract sense througisalventoperator:

Gl()=GqU;): Vvliv © (41)
F()7'v° (42)

such that
Bx(W SV =F(WH (43)
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If a sequence of operatoFs : V°! R (i.e.,F; 2V?)is de ned as:

Fork=1 Fy(W 9= FyW%R())
= W % R(U)i yoyo (44)

Fork 2 F(W9Y=F(WoU%:::;up )

1
= B, WOUMUR | (45)
j=1

then it is possible to reformulate the sequence of probl&as-(40) as:
U2 = GY(Fy) = GYU;Fy); k=1;2:::: (46)

Notice that in the cascade of problems (39)—(40) (or, edemtty, (44)—(45), or
(46)) the levelk term in the expansion depends on terms on the right-hand side
which involve the coarse-scale residual and terms in thamsipn from levell to

k 1

Upon substituting th&J 0's into the series (32), the powers 6= Res(U) Vo
cancel out. If the series converges, it represents an eghudtan to the ne-scale
equation, and then (31) gives the exact solution of the eestale equation. In
other words, given the validity of the assumptions, the egalution of the original
Navier-Stokes system is obtained. In order to determinexhet solutions of each
of the linear problems in the cascade, we need the exact Gag@eratorG 2. This
is anon-classicalcreen's operator, referred to as the “ ne-scale Green'saioe,”
that in turn depends on thiassicalGreen's operator and the selected proje&or
(see Hughes and Sangalli [37]):

G°= G GP (PGP) 'PG; (47)
whereP is the adjoint ofP. Note that the orthogonality properties

PG°=0 (48)

GP =0 (49)

immediately follow from (47). In Hughes and Sangalli [37as shown, in the
context of nite element approximations of the advectiaffusion equation, for
the advection-dominated case, that the projector basetheoH }-inner product
(termed the Dirichlet projector in Hughes and Oberai [33Pduced a highlyo-
calized ne-scale Green's operator, despite the classical Greep®rator being
highly nonlocal In fact, for the one-dimensional case, the support of theesgale
Green's operator was con ned to individual elements, aretd¢hwas no coupling
between elements. It is important to realize that this issngéneral feature of the

15



ne-scale Green's operator, but one that depends cruatadlthe particular projec-
tor. For example, the ne-scale Green's operator produgethbL ?-projector was
nonlocal in all cases.

Exact determination of the Green's function is not possénid neither is summing
an in nite number of terms in the perturbation series. Caopsmatly, two approxi-
mations are necessary in order to develop a practical salsttheme:

(1) Approximation %f the ne-scale Green's operator for timeearized Navier-
Stokes systenG  G2.
(2) Approximation of the nonlinearities by truncation oétperturbation series.

Once these approximations are made precise, we have de hetidence model
of the form (31). This will be discussed in the next section.

Remark

It needs to be emphasized that the pathway to an approximdtelénce model
identi ed by the above assumptions is not the only posdibibut it does seem a
viable candidate for LES-type modeling within the variaabmultiscale method.
Clearly, a more direct attack on the fully nonlinear ne-caquation, rather than
the perturbation series approach, might seem an even mapéipus approach. In
either case, our theoretical framework for turbulence ningeemains (30) and
(32).

3 Approximating the ne-scale Green's operator

A study of the ne-scale Green's operator for the linearasig advection-diffusion
equation was performed in Hughes and Sangalli [37], in wlainhexplicit for-
mula was derived in terms of the classical Green's operatdraaprojector onto
the coarse-scale space, given here by (47). It was shownlifferent projectors
yielded very different locality properties of the ne-sedbreen's operator. The}-
projector produced a highly localized Green's operatorefghs the2-projector
exhibited more global support. Locality is a very desirgiieperty because it sug-
gests local approximation, a signi cant simpli cation frothe practical viewpoint.
It has been known for some time that stabilization operatepsesent local ap-
proximations to ne-scale Green's operators (see Hugh8§ Rrezziet al. [10],
Hugheset al. [31] and Hughes and Sangalli [37]) and this also suggeststiiea
product of stabilization operators and coarse-scale uatsdvould represent very
simple but potentially effective representations of reake elds. (A more pre-
cise justi cation of this idea for simple model problems wgigen in Hughes and
Sangalli [37].)

So far, for the most part, effort devoted to calculating seale Green's opera-
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tors has utilized an analytical approach. This can only exebed rigorously in
the simplest circumstances (see Hughes [28], Bretzal. [10], Hugheset al. [31]
and Hughes and Sangalli [37]), but provides valuable irtsagll serves as a basis
for comparing with approximate and more practically usgiacedures. Given a
ne-scale basis, and the variational equation for the male eld, the ne-scale
Green's operator can be computed (see Hughes [31]). However, heretofore no
practical success has been attained with this approaclugetae functions used
to represent the ne-scale basis, typically low-order palgnials, have not been
able to faithfully describe advection-dominated asynipto¢havior, of paramount
importance in high Reynolds and Péclet number applicati®ecently, progress
has been made by two of us (J.A. Cottrell and T.J.R. Hughel®ing the dis-
continuous variational multiscale method (see Hug#es. [38], Bochev, Hughes,
and Scovazzi [9] and Buffa, Hughes and Sangalli [13]). Tlppraach provides
considerable generality and enables ne-scales elds todleulated numerically,
accounting for nonlinearity, and time dependence. We beliewill represent an
important step forward in better representing ne-scaléds resulting in more
accurate turbulence modeling procedures, and we hope totrep it in the near
future.

In the present work we are content to work on the most simplebasic end of the
approximation spectrum. The idea is to compute elemeng-gtsbilization opera-
tors, denoted , and calculate the ne-scale eld as the product oaind the local
coarse-scale residual,

U°  Res) (50)
Note that is matrix-valued in our case, specically, 2 R* 4, and it can be
computed from the formula for the ne-scale Green's operagoassuming it takes
the form of times a Dirac distribution in each element. The result tingues is
that is the element mean value of the ne-scale Green's operaitdne case of a
space-time elemen@, we have (see [40])

1ZZ

. 0
I = 508 o o Ge(x;t;%;f) dQdQ (51)
Note that is a function ofU. This formula has been used to determine precise
values of for simple cases, primarily in the steady case, but, moendftan not,
well-established asymptotic scaling arguments have bsed to directly calculate

in more complex circumstances. There are a number of refeseio this begin-
ning with some of the earliest works on stabilized methode,(g.g., Brooks and
Hughes [12], Shakib, Hughes and Johan [67], Tezduyar [78fHds, Scovazzi
and Franca [39], Scovazzi [66], Calo [14] and Bazilevs [3})is is the approach
adopted here and the precise formula utilized is given imthe section.

Once we have a formula such as (50) we can construct the petitgrbation series
approximation, as shown in Scovazzi [66] and Calo [14]. Heevein the present
work, keeping with the theme of simplicity, we will truncétee series at the rst
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term, namely, (50).

Having described the simple path chosen in this work, we db g emphasize that
we view it as extremely important to investigate rich posisies within our theo-
retical framework of the ne-scale problem. We believe thidl lead to practical
and theoretical bene ts.

4 Implementation

The space-time formulation of Section 2 is very general arsdiggestive of a wide

variety of interpretations. For xed spatial domains satigerete formulations are

very economical (see, e.g., Betiral. [8]), and this is what is employed herein. In
place of (20) and (22), we have, respectively,

BMW" U+ U9 =L"(wh (52)
B"W" UM+ U9 =Bi(WMHUM+ BHW ;UM UM+ BT(W U9
+Bi(WMhuUMmU9+ BRWMUGUN (Cross stress)

+Bi(wWMhutuH (Reynolds stress) (53)
where

LMW ") = (w"f) ; (54)

h h. hy — h.@lh h. 4h

By (W 'U)_(W’@t (r w?p)
+(r w2 rsu) +(dhr UM (55)
BT(W™UY= (r whp)  (rdhud (56)
Biw":v;u)= (rw"v u) (57)

andUM = fuM;p'gandW " = fw"; g"g have replaced andW , respectively,
and U ° remains the same. THe-superscript denotes a mesh parameter. In this
formulation, time is continuous at this stage. (52) is aiedi by integrating by
parts and invoking the following assumptions: % = 0;2)u’°= 0on ;

and 3)(r swM;2 r su9 =0. The last assumption follows from the orthogonality
conditions induced by the projector emanating from thabdir form describing the
viscous term (see Bazilevs [3], Hughes and Oberai [35] anghidsi and Sangalli
[37]).

4.1 Fine-scale approximation

We assume that is partitioned into a set of subdomains, such as nite eleen
or NURBS elements, and on this partition we have a nite disienal space of
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functions, with local support, that is our approximatiorasp de ningU" and
W Letx = fx;gd,, denote the coordinates of elemédtin physical space,
andlet = f ;g3,, denote the coordinates of eleméntin parametric space. Let
x = x( ): K1 K bea continuously differentiable mapping with a continupus
differentiable inverse. We now provide a detailed expas$or the ne-scale ap-
proximation appearing in equation (50) for a typical eletmen

In the present notation,

8 9
2 02
u® 0°=_" _ = Res(U") (58)
> o
where
2 3
_ 6 ml3 303
=5 . £ (59)
3 C
8 9
2 o (uhpgh) 2
Res(U") = | m (U75P) (60)
h >
= ore(ul)
h
rM(uh;ph):@ﬁuh ru"+rp" uh f (61)
reu=r uh (62)
_, 4 h h 2n . 1=2
w=(—z+u" Gu"+C %G :G) (63)
c=(wmg 9" (64)
X @ @«
Gy = oxZk 65
1 - @x@?( ( )
X3
G:G= - Gij Gij (66)



u" Gu"=  u'Gyu} (67)
i =1
X3 @,
= — 68
o] , Ox (68)
X3
g 9= GG (69)

i=1

and tis the time step size ar(@, is a positive constant, independent of the mesh
size, derived from an element-wise inverse estimate (sge,Johnson [45]). For

a cube-shaped element, wiitthe edge lengthG; = 5 j, where j is the Kro-
necker delta (i.e.,; = 1,if i = j, and is zero otherwise).

v IS designed by asymptotic scaling arguments (see BarérBlatdeveloped
within the theory of stabilized methods (see, e.g., Hughes Mallet [32] and
Shakib, Hughes and Johan [67]).

Remarks

(1) The momentum residual contains second derivatives"ofi.e., un.
Typically, u" will be smooth on element interiors but may only be contirgiou
across element interfaces. Interpreted distributionttiigre are Dirac layers
located on element interfaces. Janseal. [42] have developed a procedure
for reconstructing second derivatives, avoiding the Diagers. The technique
L 2-projects the rst derivatives ofi"” onto the basis fou". The derivatives
of the projection are well-de ned on element interiors amdparticular, are
square-integrable. We have used this procedure wteis only continuous
across element interfaces. However, our numerical expezimdicated that if
the nonlinear convergence tolerance within each time stegpset suf ciently
small, reconstructing second derivatives in this manrmeéndt appreciably af-
fect results. This observation is not consistent with thafskanseret al.[42],
and the matter deserves further study. Whéris at leastC-continuous, it is
of course not necessary to reconstruct second derivaiivesis the case for
higher-order NURBS utilized in our computations (see $&dti6 and 7).

(2) Although we have not introduced the time discretizattbe time step t ap-
pears in (63). For time steps of the order of the element didectime scale,
that is, t = O(h=ju"j), this behaves satisfactorily. However, as ! 0,
for xed h=ju"j, the formulas for \, and ¢ degenerate in thaty, ! O
and ¢ !'1 . To address this de ciency, Codir&d al. [16] have introduced
the notion of “dynamic subgrid scales.” An ordinary diffetial equation and
asymptotic scaling arguments are used to advance the ale-seld. This
means that the ne-scale eld becomes a “history variableattneeds to
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be stored at each integration point. The computationattra is similar to
that for inelastic constitutive equations in computati@mid mechanics (see
Simo and Hughes [70]). The procedure has been shown to baieffeven
for very small time steps. This seems like a promising stependirection of
more accurately representing the ne scales.

(3) The de nition of ¢ derives from a discrete approximationrofL .4t , where
L.g= @=@tu r . Note that y, is the discrete approximation btgq.

Combining equations (52) and (58), we obtain the followiaghediscrete formu-
lation: FindU " such thaBw ",

BMS(w"uM LMS(wM=0 (70)
where
BMS(w",uM=BSwW" UM (71)
+ u" rwhEr g owrmuph)
+rowh cre(u)
£ ut rwh)T e
Frwh omrm@Up) o wrm@p)
LYS (W ™) = (w"f) ; (72)
and
@h
BG(W“;Uh):(Wh;@ (r whu uh (73)
(r w;p") +(d%r u"
+(r w2 r su")
Remarks

(1) The rsttermon the right-hand side of (71), and de ned ), is the Galerkin
term; the next two terms are classical stabilization teramg] the last two
terms are the additional terms produced by the variationgtiscale method.
From this perspective, classical stabilization, such a®Sland GLS (see
Hughes, Scovazzi and Franca [39]), is only a stepping stowart the full
variational multiscale method.

(2) Another way to interpret (71) is to note that classicabgization accounts for
only one of the cross-stress terms, whereas the variationtilscale method
accounts for both cross-stress and Reynolds-stress terms.
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5 Time discretization and numerical implementation

In what follows,A is the nodal index in standard nite element analysis, arel th
control point index in NURBS-based isogeometric analysigle; is thei!" Carte-
sian basis vector. We assume that velocity and pressurexpam@ed in terms of
the same basis, denoteNA g2, , wheren,, is the number of basis functions. This
simpli es the exposition, but this is not a requirement o tmethod. Lel , \/,
andP denote the vectors of nodal or control point degrees of tyeedf velocity,
velocity time derivative, and pressure, respectively. \&ed two residual vectors,
corresponding to the momentum and continuity equationssubstitutingN e
andN, in place ofw" andq" in (70), respectively.

h i
R" = RY, (74)
R = B"S(fNaei;0g;fu™ p"g) LM (fNaej; Og) (75)
R¢ = R$ (76)
R = BMS(fO;Nag;fu";p'g) LS(fO;NaQ): (77)

Although\L is the time derivative of¥/ , we view it as independent in the time in-
tegration algorithm. We employ the generalizedrethod, which was rst applied
to uid dynamics in Jansen, Whiting and Hulbert [43] (seecalhung and Hulbert
[15] for the original presentation for the equations of stmal dynamics). Here we
present the details of the algorithm for the equations cdimgressible ow in the
multiscale description. Our exposition is similar to tha¥¥hiting and Jansen [76]
and Whiting [75]. The algorithm is stated as follows: Giwn, V ,, nd L.,
Vi, Yt oy Ve, andP 4, such that

RM(\Vps iV iPs1) = 0; (78)

R\t iV iPns1) = 0; (79)

Vi =Vt t\+ t(Monsr \Ln); (80)
Vonse = Vnt m(Maa ), (81)

Ve ; =Vat+t t(Vnaa V) (82)

where t = t,4; t, is the time step size, and,,, ¢, and are real-valued
parameters that de ne the method. Given the solution at lawel t,,, we integrate
the equations of motion to the time leugl; by forcing the residuals of the mo-
mentum and continuity equations, (78) and (79), to vaniaraeters ,, ¢, and
are selected based on considerations of accuracy andtgtdbivas shown in
Jansen, Whiting and Hulbert [43] that second-order acgurattme is achieved if

=1=2+ f (83)
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while unconditional stability is attained if
m f 1=2: (84)

We obtain a one-parameter family of second-order accuradeuaconditionally
stable time integration schemes by settingccording to (83) and employing the
following parameterization of the intermediate time lavel

13 1
= = and = :
(17 1) L

m (85)
where the parameter; is the spectral radius of the ampli cation matrix a$ !

1 , which controls high-frequency dissipation (see Hugh&$)[Zo solve the non-
linear system of equations (78)-(82), we employ Newton'shrad, which results
in a two-stage predictor-multicorrector algorithm.

Predictor stage.Set

Vv n+1;(0) = Vi (86)
1

\Ln+1;(0) = ( )\Ln (87)

P n+1;(0) — Pn (88)

where subscripd on the left-hand-side quantities is the iteration indexisas

referred to the “same velocity” predictor by Jansen, Wiitamd Hulbert [43], and
was shown to be ef cient for turbulence applications. Thetda( 1)= makes

the predictor consistent with the generalizegquations.

Multi-corrector stage. Repeat the following steps for=1;2;:::; Inax -

(1) Evaluate iterates at the intermediate time levels,

Vs mi) = nt m(Masg n Mon)s (89)
Vior 0=Vt t(Voag 1y Va) (90)
P10y = Paszia p (91)

Note, (89) and (90) amount to satisfaction of (81) and (82).
(2) Use the intermediate solutions to assemble the residdidhe continuity and
momentum equations and the corresponding matrices inrtbarlsystem

Koy Moyt Guy Py = R?f); (92)
Doy Vonwwy* Loy Possy = RG): (93)
Solve this linear system using a preconditioned GMRES élyor(see Saad

and Shultz [64]) to a speci ed tolerance. Note that in (920l 483) we are
solving for the increment iN_ rather tharV .
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(3) Having solved the linear system, update the iterates:

\Ln+1;(l) = \Ln+1;(l 1) + \Ln+1;(|); (94)
Vi) = Vinsg p+t 0 Vs (95)
Pty = Pnstig 9t P (96)

Note, this update automatically satis es (80). This contgdeone nonlinear
iteration.

Two to four nonlinear iterations are typically required theeve convergence in a
time step.

The most computationally involved part of the above aldponits obviously step (2)
of the multi-corrector stage. The amount of computationalkwwequired is equiv-
alent to the solution of a linear nite element problem, whiavolves assembling
the left-hand-side matrices and right-hand-side vectmd,calling a linear equa-
tion solver. Implementation in the isogeometric analysiiisg is very similar to
that of standard nite elements (see Hughes, Cottrell ardif3as [30] for details).

The matrices in (92) and (93) are approximations of the cd@st tangent matrices,
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given by partial differentiation, namely

@RM(\LM mi Ve i Pas) @l

K= aL a
n+ m n+1
+ @QM(\LM miVine (i Phi) @ s,
@/n+f @/n+1
— @RM(\Ln+ m;Vn+ f;Pn+1)
) @Los
b t@RM(\Ln+ o Vo f;Pn+1)
@ s,
G(I): @RM(\Ln+ M VA f;Pn+1);
@n+1
D = @R (s i Ve (iPnat) @ne
@Ln+ m @Ln+1
+ @zc(\Lm miVie i Pha) @y,
@/n+f @/n+1
_ @RC(\LM miVie i Phs)
) @Los
b t@RC(\Ln+ mo Vo f;Pn+1)
@ s
L(I): @RC(\Ln+ S VA f;Pn+1):
@)n+l

In obtaining (97) and (99), we used (80)-(82).

(97)

(98)

(99)

(100)

Explicit formulas for the matrices used in our calculati@ans given as follows:

h i
K= K
Klsg = m(Na;Ng) i + mu™ r Na m;Ng)
t t(Na;u™ rNg) 4+ ¢ t(r Na;r Ng)
t t(rNa €& ;r Ng €)
¢t tUu" r Nawm;u" rNg)
t t(r Na € c;r Ng g)

+ + + +

h
Ghs
G = (r Na e;Ng) +(u" r Nae m;r Ng)

®
I
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h i

D = Dig (105)
Dig = 1 t(Na;r Ng €) (106)
+ ¢ t(r Na w;u"” r Nge) + n(r Na w;Nge)
and
L =[Las] (107)
Lag =(r Na m;r Ng) (108)

where j is the Kronecker delta, and the iteration indéhas been omitted to sim-
plify the notation.

6 Forced isotropic turbulence

6.1 Discretization

The domain in physical space is (2 )3 with periodic boundary conditions in all
directions. We employ uniform meshes of NURBS basis fumstid he functions

are constructed in the usual tensor product format [30]. kiveley meshes 032,

643, 128, and256 elements and basis functions, which are equal in number due
to periodicity. An illustration of the basis functions fon & element mesh in one
dimension is presented in Figure 3. For a xed order we study éffect ofh-

re nement, that is, we subdivide meshes. For a xed mesh wedysthe effect of
k-re nement, that is, we elevate order. Notice that in kRee nement process, the
number of degrees-of-freedom is the same for every ordes. i$tdue to the full
periodicity of the basis.

6.2 Phase-error analysis for classical nite elements anldRBS

The rst-order wave equation

To determine the performance of NURBS applied to ow probdemnatural start-
ing point is the rst-order wave equation, or pure advectiblere we compare
analyticsolutions to the discrete equations arrived at by nite edatbrand NURBS
treatments of the problem.

A linear dispersive system is one that admits solutions efftnm (see Whitham
[74])

= acoskx It) (109)
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Fig. 3. One-dimensional periodic basis functions.

where the frequency is a real function of the wavenumbler with the specic
form of I (k) being determined by the system. If the phase spd&yl=k depends
on Kk, rather than being a constant, the system is said to be ‘idispe For the
rst-order wave equation posed on an in nite domain, namely

%t+ U%XIO; forx2] 1 ;+17; (110)

I = ku, and any dispersion in a numerical solution is arti cial.afhs, every
Fourier mode should travel to the right at spee@le., pure advection), any devia-
tions being artifacts of the numerics.
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For both nite elements and NURBS, we seek a solution of thienfo

Wb

= A()Na(x): (111)

A=1

In the case wherll 5 is a standard nite element basis function, we associatmis
ef cient A with the value of the function at the noglg. For the non-interpolatory
NURBS basis,  is still the coef cient of functionN,, but the nodal value in-
terpretation no longer holds. Still, we may speak of a “siémt the usual way

(though perhaps the speci c choice of terminology is lesgrapriate). To arrive
at a stencil for either nite elements or NURBS, we subsét(t11) into (110),

multiply by basis functiomN 5, and integrate to get

Z, b
Na  (=sNg+u gNJ)dx=0; (112)

0 B=1

where the superposed dot denotes differentiation witheesfot and the prime
superscript denotes differentiation with respect to

Linear nite elements and linear NURBS are identical, so vegih our investiga-
tion with the quadratic case. Assume a uniform mesh with eferengthh. Look-
ing rst at the case where thi»'s are C! quadratic NURBS functions (actually,
B-splines in this simple scenario), performing the intéigrain (112) yields

1
—120(—A 2426 5 11664 +26-a+1 + —as2)
u
"'% A2 10a 1+10 av1+ as2)=0: (113)

As in Vichnevetsky and Bowles [73], we let

A=exp (K"Ah It) (114)

wherek" is the discrete wave number, an approximatiok to !=u , and = P L

Substituting this into (113) and simplifying yields

|
— (e ? + + 66 + +
120(e 26e +66+26e + € )

+%( e? 10 +10e +€ )=0  (115)

where = k'h. Rearranging and recalling thég + e )=2 =cos and(e
e )=2 =sin we get

5u, . ,
I (cos2 +26cos + 33) Fu(sm2 +10sin )=0: (116)

28



Finally, solving fork=k" = I "=I gives us

k 5(10sin +sin2 )
— = X 117
kh (33+26¢cos +cos2) (117)

For the classical quadratic nite element (see Hughes [28p situation is more
complicated as the basis functibl, can take on two forms. IN, corresponds to
an end node (i.eA odd), then performing the integration in (112) results in

1
1—0( A 2+t2 A 1+8 A+2 A At

A+1 A1l A+2 A 2 _ A.
2u °h u ah =0: (118)

For the case wherld, is associated with a center node (i&.even), performing
the same steps yields

1

E(—A 1+8 At —A+1)+U%:Oi (119)
Following Gresho and Sani [23], we let
" #
A A
sz OO L GO khAh i) (120)

2 2

Substituting (120) into (119), solving the latter foland using that result in (118),
we arrive at

q
2sin2 (1 cos2)(19 cox)

k —
kh (3 co0s2) (121)

See Gresho and Sani [23] for a discussion on selectirigdt “ " in (121).

Plots of the phase errde=k" = ! "=!I for these two quadratic cases, as wellCfs
cubic NURBS and linears, are shown in Figure 4. We see thajuhdratic nite
elements actually overshoot the exact solution for parhefdomain whereas the
NURBS solution is considerably more accurate. The cubic BBRre better still.
For a xed wavenumber, the error in the phase speed go@$l#y for C° quadratic
nite elements and a®(h®) for the C* quadratic NURBS. In general, the error is
O(h??) for classicalC® nite elements of ordep, p > 1, andO(h?*2) for CP 1!
NURBS of ordemp,p 1 (see Vichnevetsky and Bowles [73]). Note, this acknowl-
edges the fact that linear nite elements, thaps; 1, are superconvergent, in that

’ Note that if we had considere@® quadratic NURBS instead @° quadratic nite el-
ements, the stencil would have been different, but the te$oit! would be exactly the
same. This is because® NURBS basis functions are different from the classical enit
element basis functions, but tepacethey span is exactly the same.
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Fig. 4. The rst-order wave equation. Phase errors versumsdimensional wave numbers.
Comparison of linear and quadratic nite elemers, quadratic NURBS, an€? cubic
NURBS.

they achieveD(h?*) phase error (see Gresho and Sani [23]). These resultsaltast
the superiority of NURBS over classical nite elements fatvactive processes
governed by the rst-order wave equation.

The heat equation

We study the heat equation given by:

@_ @ . :
ar % forx2] 1 ;+1] (122)
and proceed as in the case of the rst-order wave equatiacgpxhis time we
assume

A =exp(k"Ah 1t): (123)
The dispersion analysis is performed for nite elements BittRBS using basis
functions of ordep = 2 throughp = 4. For completeness, the solution using linear
elements is shown as well, though for linear elements tisare difference between
nite elements and NURBS. Results are presented in Figure 5.

The superior behavior of NURBS basis functions comparel wite elements is
once again evident. In this case, the nite element res@sa an accurate acousti-
cal branch and inaccurate optical branches (see BrilldLif) [ It is very important
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Fig. 5. The heat equation. Phase errors versus non-dinmahsiave numbers. Comparison
of classicalC®-continuous nite elements and NURBS fpr=1 to 4.

to observe the trends in Figure 5. For nite elements, thécapbranchesliverge
asp is increased. That is, the errors in the higher wave numbererbe greater
asp is increased. On the other hand, for NURBIS entire spectrum converges
aspis increased. These opposite trends are likely very impbiteapplications in
which theentire discrete spectrum participates signi cantly in the salatiThese
results demonstrate the superiority of NURBS over classiite elements for
diffusive processes governed by the heat equation. The ioatidn of results for
advective and diffusive processes suggest to us that NURBSoa capable of at-
taining better accuracy than classical nite elements presenting turbulence. (A
companion study in which turbulent channel ows were consgutising standard
quadratic nite elements and quadrati NURBS has con rmed this behavior.
See Akkermaret al.[1].)

6.3 Constant power-input forcing

We simulate forced isotropic turbulence by supplying a tamispower input in the
lowest velocity modes. The force at each instant is given by

X P
f (x)= 2Em dexp (k x) (124)
k k
jkij<k
k6 0
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where = P 1, P, isthe xed power input, set to 62.8436001234 in the simula-
tions,

X
Ek:

f

O Oy (125)

NI =

jkij<k¢
k& 0

is the kinetic energy contained in the lowest modes, and
1 Z
Oy = 7 u"(x)exp( k x)d (126)
denote the Fourier coef cients of the velocity eld. Thg are computed for each
k that satis egkijj < ks, i =1;2;3. ks is selected to be 3 in our calculations. The
integrals in (126) are computed by quadrature rather thdadty-ourier transforms
because only a few modes are required.

The solution may be written as

X
u h = N/_\ dA (127)
A
whereN,'s are the basis functions anljl 's are the degrees of freedom, and thus it
follows that the Fourier coef cients can be written as a nxatector product,
z
— 1 h
fy= — u'(x)exp( k x)d
1J z
— Na (X) daexp( k x)d
I, A "

Na(X)exp( k x)d da

—

>

=  Bgada (128)
A

in which By.a can be precomputed.
6.4 Testcases

We consider two caseRe = 165 andRe = 1 , whereRe is the Taylor mi-
croscale Reynolds number, Pope [58].

ForRe = 165 the kinematic viscosity, , is set to1=150 The kinetic energy is
computed as:
z

oF = le uf(x) uh(x)d (129)
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which uctuates abou#il; 159%j in all cases. Thus,

Re = — — (130)

is about165 for all cases, where is the dissipation (see Pope [58]). Once the
simulation reaches equilibrium, the power inpB,, is equal to the dissipation of
the simulation. This result is in good agreement with the Dl&. Results are
compared with the data provided by R.D. Moser, which is deedrin Langford
and Moser [52]. FORe = 1 the viscosity is set to zero. In this case we compare
with theoretical correlations (see Pope [58]).

6.5 Simulation results

The quantities of interest are the energy spectrum and tbeptint third-order
structure function. The two-point third-order structuuadtion is de ned as

S;(r)=hu(x+r) u(x)i (131)

whereh i implies ensemble average. In the inertial subrai$yescales liker for
fully-developed, locally isotropic turbulence (see Pop8]] p. 204). Due to the
role played byS; in the Karman-Howarth equation, an accurate representafio
S; implies an accurate description of the energy transfererinirtial subrange.

Data samples were collected for at least 20 eddy-turnoweesjTey = #=(2 ).
Samples were separated by abOulT.:. The spatial sampling is performed at
knots and the mid-points between knots. For example, inithelation of32%, we
sample on 43 uniform mesh.

Remarks

(1) We investigated the possibility that , the parameter in the generalized-
method that controls its numerical high-frequency digsgmaaffected results.
We ran cases with; = 1 (no dissipation), 0.5 (our default value) and 0
(maximal dissipation). We found no discernible differenae the computed
statistics. This may have been due to the very small timesstispd in the
calculations, typically of the order of 0.2 the advectivau@mt number, where
the advective speed is de ned %s‘q.

(2) We note that it is important to precisely converge thelinear residual of the
coarse scale equations in every time step. We reduced ideaés each step
to 10 ° of its initial value. Failure to suf ciently converge thesidual leads
to spurious dissipation in our experience.
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The data is presented in two complementary fashions. Fgéyeé, 13, and 14
illustrate h-re nement, whereas Figures 8, 9, 15 and 16 illustiate nement (
see Hughes, Cottrell and Bazilevs [30]).

6.5.1 Re =165

Figure 6 shows that the energy spectrum has no energy pilehiglawave num-
bers for all orders and numbers of degrees-of-freedomcindd energy spectra are
in good agreement with the DNS, even for coarse meshes. uind-@ we observe
that about half the wave numbers for linear basis functioasraclose agreement
with the DNS spectrum, while this ratio signi cantly impres for higher-order
basis functions, becoming almost 100% for the cubic cagd’at

In Figure 7, the third-order structure function is plottg@ast the non-dimensional
distancea= , where is the Kolmogorov dissipative scale (Pope [58]) , de ned as,

3! 14

= — (132)

As r=increases the velocity eld should decorrelate, which isated in our
calculations and the DNS. However, the forcing utilizedha DNS is somewhat
different than that utilized here. In the DNS, the forcinguis within a sphere of
radius 3 in spectral space, whereas in our calculationdptiseng was performed
within a box of half-edge-length 3. Thus, the small discrepas between our re-
sults and the DNS for large valuesmef are to be expected. Figure 7 shows that
for each order, improved agreement with DNS is attained byeising the num-
ber of degrees-of-freedom. Figures 8 and 9 show that ordeatbn improves the
agreement with DNS. It is particularly evident from thesairgs, that the most
signi cant payoff is achieved when increasing the ordenfriinear to quadratic.

Figures 10-11 show snapshots of vorticity isosurfaces aidcity streamlines
computed on d@28 mesh of quadratic NURBS. Figure 12 shows a detail of a
single vortex tube computed on a meshédf cubic NURBS. The visualizations
are performed using techniques from Johnson, Calo and €& 4#6] and Johnson,
Gaither and Calo [47].

6.5.2 Re =1

TheRe = 1 case (i.e.,, =0)is felt to be relevant to practical engineering situ-
ations in which the resolution is inadequate to represenplttysical ow features,
even with an LES approach (see Lesieur, Métais and Comjg What one hopes
to seein an LES is a distinct branch of the energy spectrunegiponding to the in-
ertial range, without an energy pile-up at the cut-off wauenber. Likewise, there
is a theoretical inertial-range scaling for the two-poimtd-order structure func-
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(c) C2-continuous cubic NURBS

Fig. 6. Energy spectra fdr re nement.Re = 165.
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Fig. 7. Two-point third-order structure functions for re nement.Re = 165.
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Fig. 8. Energy spectra f&« re nement.Re = 165.
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Fig. 9. Two-point third-order structure functions for re nement.Re = 165.
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Fig. 10. Vorticity isosurfaces, velocity streamlines, amdticity contours plotted on the
entire computational domain fé&te = 165.

tion. In the present circumstances, the forcing occurgfpx ks =3; i =1;2;3,
but beyond this value we expect to see a transition to anaheaihge, at least for a
suf ciently ne mesh.

From Figures 13 and 15, we observe that, for all orders aratatizations, no en-
ergy pile up occurs in the highest wave numbers in the condperergy spectra.
Beyond the regime of forcing, the expected Kolmogadkov™= spectrum is clearly
discernible. It is interesting to observe from Figure 13 tha tail off of the spec-
trum at high wave numbers diminishes as the order of appratkim is increased.
To facilitate the comparison of Figures 14 and 16 with Figut@and 9, respectively,
we employ the same scaling in Figures 14 and 16 as the one wiaérubgures 7
and 9. In Figures 14 and 16 we emphasize this point by theiontatss. Again,
the development of the inertial range is evident.
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() (d)

Fig. 11. Vorticity isosurfaces, velocity streamlines, adticity contours forRe = 165.
Detail of the local vortical structures.

7 Turbulent Channel Flow

Our next numerical example is an equilibrium turbulent ctednow at Reynolds
number 395 based on the friction velocity and the channélvaath. The com-
putational domain is a rectangular box of sze 2 2=3 in the stream-wise,
wall-normal, and span-wise directions, respectively. Astip Dirichlet boundary
condition is set at the wally(= 1), while the stream-wise and the span-wise
directions are assigned periodic boundary conditions.nidslip condition is im-
posed strongly, that is, velocity degrees of freedom ardi@ttp set to zero at
the wall. Alternatively, one may enforce the no-slip cormdis weakly by aug-
menting the discrete formulation with terms that enforceidbiet conditions as
Euler-Lagrange conditions (see Bazilevs and Hughes [6]Bamilevset al. [7]).
Although the weak boundary condition approach was showretsuperior to the
strong imposition, we did not employ it in the computatioegarted in this paper.
The manner of specifying periodic conditions is identicatiie case of homoge-
neous isotropic turbulence. The ow is driven by a constamspure gradient,,
acting in the stream-wise direction. The values of the kiatrviscosity and the
forcingf, are set td:47200 10 # and3:372040 10 3, respectively.
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Fig. 12. Vorticity isosurfaces, velocity streamlines, adticity contours forRe = 165.
Detail of a single vortical structure.

The computations were performed on meshe88fand64° elements. For both
meshes we empla@°-continuous lineaiC t-continuous quadratic, ar€f-continuous
cubic NURBS. For all orders, in the stream-wise and the spige-directions the
number of basis functions is equal to the number of elementisese directions.
On the other hand, due to the open knot vector constructem Fsgure 17), the
number of basis functions in the wall-normal directiom{s= ng + p, whereng

is the number of elements in this direction gnid the polynomial order.

Numerical results for this test case are reported in the fofratatistics of the
mean stream-wise velocity and root-mean-square velocaituations. Statistics
are obtained by sampling the solution elds at the mesh kantsaveraging in the
stream-wise and span-wise directions as well as in time.g@oison of the statis-
tical quantities of interest with the DNS data of Moser, KindaMansour [55] is
made in order to assess the accuracy of the proposed tuceulendeling method-
ology. All results are presented in non-dimensional waltsirBoth h-re nement
(Figures 18-20) anl-re nement (Figures 21-22) viewpoints are presented.

Re ning the mesh by a factor of two in each direction resuftsai much more

accurate solution for linear elements, which is evidentnfiéigure 18. Note from
Figures 19 and 20 that for a meshcaf elements both quadratic and cubic solutions
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Fig. 13. Energy spectra fér re nement.Re = 1 .
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(c) C2-continuous cubic NURBS

Fig. 14. Two-point third-order structure functions for re nement.Re = 1 .

43



k

(b) Meshes 064° elements

(c) Meshes of.2& elements

Fig. 15. Energy spectra f&r re nement.Re = 1 .
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Fig. 16. Two-point third-order structure functions for re nement.Re = 1 .

45



(a) Linear NURBS basis

(b) Quadratic NURBS basis

(c) Cubic NURBS basis

Fig. 17. lllustration of the wall-normal discretizationrfthe turbulent channel ow prob-

lem. Meshes are graded towards the ends of the interval ar twdetter resolve boundary
layers. Note that, due to the open knot vector constructsee (30] for details), the rst

and last basis functions are interpolatory at the endpaihtae domain, which facilitates
strong imposition of no-slip Dirichlet boundary conditgon

are almost identical to the DNS result. Also note that38& mesh solutions for
quadratic and cubic NURBS are signi cantly more accuratenthe64® mesh
solution for linear elements (compare Figures 19 and 20 £8dh

In Figure 21, on th&2® mesh, linear elements show a signi cant over-prediction
of the mean stream-wise velocity in the log layer. Fluctuagiin the stream-wise
velocity are also over-predicted as compared to the DNStré&3n the same mesh,
guadratic and cubic NURBS show good accuracy in both mean wtdating
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Fig. 18. Turbulent channel ow &e = 395 computed using linear NURB&:re nement
interpretation of results.

guantities. Notice the signi cant increase in accuracy wigeing from linear to
guadratic NURBS, while increasing the order of approxiomato cubic yields re-
sults that are not much different than for quadratic NURBBe $ame trends are
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(b) Velocity uctuations

Fig. 19. Turbulent channel ow aRe = 395 computed using quadratic NURBS:
h-re nement interpretation of results.

evident in Figure 22. However, here it is clear that the qacland cubic results
are virtually identical to the DNS results.

48



DNS

Cubic

20

U+

0 | L R R | L b0l
0.1 1 10 100

y+

(a) Mean stream-wise velocity

2 |
05 ,DNS x32 \64 |

Cubic -

300 40

(b) Velocity uctuations

Fig. 20. Turbulent channel ow &e = 395 computed using cubic NURB&:re nement
interpretation of results.

The results fo32® quadratic and cubic NURBS are even better than high- delity
spectral Galerkin LES results presented in Hughes, ObexhiMazzei [36] and
Holmenet al. [27]. We note though that the formulation utilized in [27,] 3n-
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Fig. 21. Turbulent channel ow aRe = 395 computed on a mesh &2 elements:
k-re nement interpretation of results.

ployed a ne-scale eddy viscosity model and is quite différeom the one used
here.
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Fig. 22. Turbulent channel ow aRe = 395 computed on a mesh @&4° elements:
k-re nement interpretation of results.

Figure 23 shows isosurfaces of stream-wise velocity, vgl@treamlines, and a
series of snapshots of particles released at the chanr@bviand set in motion to
follow the streamlines in the boundary layer.
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() (b)

() (d)

Fig. 23. Turbulent channel ow @&e = 395. Flow streamlines and isosurfaces of stream—
wise velocity. Two parallel planes of particles, coloreditetand green, are released at the
channel in ow close to the wall (see (a)), and are set in motmfollow the streamlines.
Snapshots of the particle eld are shown as particles tredegin the length of the chan-
nel (see (b)-(d)). One can see the formation of the boundemsrlas the particles released
closer to the wall travel at slower speeds compared to the mieased in the outer layer.
Also note that the particles initially released on diffdrplanes are mixed together as they
approach the out ow, revealing the presence of faster aomesl streaks in the boundary
layer. Solution on the mesh 82 quadratic NURBS was used for this visualization.

8 Conclusions

We presented a general variational multiscale theory lsigitr LES-type turbu-
lence modeling. The theory is derived directly from the imgoessible Navier-
Stokes equations and does not involve any ad hoc mechaniisrparticular, it
entirely avoids use of eddy viscosities. We feel that theotly of turbulence mod-
eling is more fundamental and logically consistent tharsatezived heretofore and
it has signi cant potential in practical engineering cdtions. One of the primary
reasons we feel this way is that NURBS, in the context of thgeemetric concept
(Hughes, Cottrell and Bazilevs [30], Cottreli al.[19] and Bazilevset al.[5]), are
capable of precisely modeling complex geometric con giarat. This feature was
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not exploited herein where we focused on the physics of tarnme in simple ge-
ometries, but the code we utilized is the same one we havessitdly employed
in a variety of complex laminar and turbulent, uid and ustructure interaction
computations (see Bazilevs [3], Bazilestsal.[4] and Zhanget al.[77]). We might
also mention that the turbulence modeling aspects rearaiteredwhen we con-
sider laminar ows. In this sense, our methodology may bevei@ as an approach
for solving the incompressible Navier-Stokes equationsetwer the ow under
consideration is laminar or turbulent, or both (see Cald)[M/e also believe that
this aspect separates our theory of turbulence modelimg fr@decessors.

The calculations we performed of forced homogeneous ipmtriirbulence and
turbulent channel ows demonstrated that even the simpésstiual-based model-
ing of ne scales by asymptotic scaling arguments is capablgiving very good
results, at least in the LES context. Nevertheless, welfiegthis is an area in which

it is almost inevitable that there will be signi cant imprement. Research is under
way to develop better approximations to ne-scale behawiée may mention the
important work of Codinaet al. [16] and work that we also have in progress and
hope to report on in the near future.

We wish to emphasize the importance of the ne-scale modghmoblem. It rep-
resents the only open issue within our theory of turbulenoéeting because the
coarse-scale equation, the one we solve numerically, ist é@xdahe sense that the
dependence on the ne scales is exact, that is, there is n@sppation until the
ne scales are substituted into it. For this reason, we feglicant effort should
be devoted to studying the ne-scale problem, both thecadlti and computation-
ally. One area that deserves attention is directly addrgssonlinearities in the
ne-scale approximation rather than dealing with them tlglo perturbation and
linearization procedures. In the context of scaling argutsiean initial investiga-
tion was performed in Calo [14].

The role of NURBS should also not be underestimated, at ieastmparison with
classical nite elements. We showed through dispersiotyaisof one-dimensional
model problems that NURBS gave signi cantly better appnoaiions of advective
and diffusive behavior. This was particularly dramatic lre thigh-wave number
portion of the spectrum in diffusive processes. We conjectthat this was an ad-
vantage in LES turbulence modeling due to the participadioall resolved wave
numbers in a numerical calculation. In a companion study evéopmed a compar-
ison of NURBS and classical nite elements on turbulent ctelnows, and the
results con rmed our conjecture (see Akkernegtral. [1]).

The gold standard in turbulence has always been spectralooh@bgy. NURBS
give near-spectral approximations yet are applicable eéatlbbst complex geome-
tries through the isogeometric concept. Although classiite elements are capa-
ble of approximating complex geometries, they are not dapabhigh-precision
geometric modeling because curved geometries are modélegiace-wise poly-
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nomial facets. On the other hand, NURBS are undoubtedly &t midely used
technology for modeling curved surfaces in geometric desagd even quadratic
NURBS are capable of exactly representing all conic sest{ag., circles, cylin-
ders, spheres, ellipsoids, etc.), which are ubiquitousnigireeering design. Fur-
thermore, it is not yet fully appreciated how poorly classibigher-order nite
elements approximate higher wave numbers. We believe teegdint behavior of
the approximation with increasing order is a de ciency irnowience, and, we con-
jecture, in other situations as well. On the contrary, thedgbehavior of NURBS
over the entire wave-number spectrum, combined with thgoesority in geo-
metric representation, seem to make them an ideal genaabgritechnology for
turbulent ow simulation of complex engineering designs.

An issue that needs to be investigated is the relationgtapyj with compact nite
differences (see Lele [53]). If a relationship can be egthbMd, it may be very
bene cial in generalizing compact nite differences to cplex geometries and in
suggesting fast computer implementations of NURBS apprations.

Given that the scale separation in the present methodo®ggrformed with re-

spect to the coarse-scale space actually used in the n@ainasioputations, that is,
the resolved scales, and that the ne-scale approximasisandered well-de ned
by a projector used to make precise the direct sum decongosito coarse and
ne scales, it is impossible to entirely separate modeling aumerical concepts.
We accept this as a fact associated with correct LES-typectimgdconcepts, not
a shortcoming. However, other modeling concepts are odytpossible within the

variational multiscale framework, including ones, whichk aot directly associated
with numerical approximation, such as is the case of RANS.

We also believe that our theory is more coherent mathentigtidean previous
formulations and that it may be possible to use it as a basasstdtistical analysis
of convergence and approximation. This would representrga signi cant step
forward for the theory of turbulence modeling, but, adnaityea very dif cult one
to achieve. Nevertheless, we feel a door has been openduefaonstruction of a
mathematical theory.

We found quadratic NURBS to give very signi cant accuracyaatages over lin-
ear elements. This, combined with their geometric appration superiority, and
small computational overhead compared with linear elem@iout50%in our
computations), suggests to us that they should be condidepeeferred practical
tool for engineering computations. Cubics, on the othedharcreased cost con-
siderably (by about00%compared to quadratics), largely due to cache over ow
in element calculations. These remarks need to be qualiyetthé fact that our im-
plementation of higher-order elements is not yet optimirnegthy way. We hope to
signi cantly improve ef ciency in future work.

In summary, we feel a new paradigm for turbulence modelirsgdeeen established.
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Initial results seem to indicate its accuracy per degreesafdom is superior or, at
the least, equal to any procedure proposed heretoforeeitsrglity and geomet-
ric exibility also suggest it may provide a more powerful@pach to turbulence
calculations than previously existed.
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