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Abstract

These notes have been prepared on occasion of a short course taught by the first of the authors at
Sandia National Laboratories in the Fall 2007. They are an attempt to present a unified approach to the
topic of continuum mechanics on arbitrarily moving domains. The motivation of this work stands on
the fact that in the literature up to date such a unifying view is missing. A space-time approach is also
developed, which is shown to incorporate the more traditional thinking of time and space as separate
entities. As applications of the proposed framework, the compressible and incompressible Navier-Stokes
equations are derived. Additional considerations on the role of so-called geometric conservation laws are
presented, for their implication in numerical computations.
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Lecture Notes on Continuum Mechanics on Arbitrary
Moving Domains

Between the late 60’s and the late 80’s, arbitrary Lagrangian-Eulerian (ALE) methods were developed
in academic institutions and National Laboratories inside and outside the United States. The numerical
algorithms that have been developed since that time are derived using the methods of continuum mechanics
on arbitrarily moving domains. Classical publications which contain information about ALE methods are
[11, 4, 15, 7, 2]. A large number of publications appeared in the technical literature on ALE methods for
various applications, among which an non-ezhaustive list is [5, 23, 22, 27, 26, 28, 6, 1, 19, 20, 17, 16, 31, 18].
The ability to move computational domains in an arbitrary fashion is particularly effective in the treatment
of fluid /structure interaction (FSI) problems, where a structure, typically meshed on a computational grid
that follows the material is mechanically coupled to a fluid, which typically requires an Eulerian-type (fixed)
mesh. The idea in this case is to relax the requirement for the fluid mesh to be Eulerian and accommodate
for the movement of the interface fluid/solid by means of a computational grid that does not follow the
motion of the material, nor is fixed in space at all times.

One specific aspect of the technical references published to date, is the lack of a general view on the
derivation of continuum mechanics equations on arbitrary moving domains. This is the aim and scope of the
present work. Our approach is to present a comprehensive view on the kinematic problem of expressing the
rate of change of the integral of a conserved quantity, when the domain moves with an arbitrary motion.
This task can be accomplished in many ways, by the use of a number of integral transport theorems,
each of which corresponds to a particular reference frame in which the time rate of an integral quantity
can be measured (or observed). For the sake of generality, we develop a space-time approach to ALE
formulations, which has the advantage of unifying in an even more decisive way the representation of a
certain conservation law in different reference frames. The tool to move from a space-time reference frame
to another is a space-time version of the Piola identity, which is stated, and, for the sake of completeness,
proved.

Finally, in order to provide examples of application of the framework developed, the compressible and
incompressible Navier-Stokes equations and the equations of compressible, isothermal, non-linear elastic-
ity are derived. Additional considerations on the role of so-called geometric conservation laws [18] are
presented, for their implication in numerical computations.

The rest of the exposition proceeds as follows: Section 1 presents a number of theorems on mappings
which are fundamental in continuum mechanics, Section 2 is devoted to kinematics and its space-time
interpretation, Section 3 details the proof of transport theorems, which are then used in Section 4 to write
the various ALE incarnations of the master balance law. Section 5 presents a generalized space-time view
on master balance laws. In Section 6 the master balance law is used to derive conservation laws, but no
specific reference to the consitutive law of the materials is made. This aspect is postponed to Section
7, where the case of compressible and incompressible Navier-Stokes equations is discussed. A number
of additional considerations on the role of geometric conservation laws and their impact on numerical
computations is the scope of Section 8.



Figure 1. Sketch of a general map 1) between the reference frame associated with the coordinate
& and the reference frame associated with the coordinate 7.

1 Some fundamental results of vector calculus

A number of fundamental results of vector calculus, of pervasive application in continuum mechanics, are
recalled. In what follows, ng indicates the number of space dimensions (ng = 2,3), Q. and €, are open
sets in R™, with boundaries 02, and 012,,, and outward normals n, and n,,, respectively. Let 1 be a
diffeomorphism (which, without dwelling on a detailed technical discussion, can be thought of as a smooth
invertible map between smooth manifolds with smooth inverse, as depicted in Fig. 1):

Qe — Q=) , (1)
£ — ’I’]:’l,b(f), EGQs,WGQn, (2)

Although the following results apply in a more general sense, for the purpose of the present work, the
vectors & and 1 may be thought of as two different sets of coordinates, associated with two reference
frames. The Jacobian matriz of the map 1), namely,

on on;
F¢=Ve¢zvsn=a—£7 or, (Fw)ijza—g,a
J

is mon-singular, since v is invertible, and its Jacobian determinant is defined as

Vi, je{l,...,nq}, (3)

The meaning of J,, as the change in volume due to the change of coordinates 1 can be easily understood
from the following



Theorem 1 (Interpretation of J,) In dimension ng = 3, let d€2¢ be an infinitesimal domain, given by
the triple product dQ, = dg® - (dg@) A d£(3)). Also let dQ,, = dn® - (dn® A dp®) be the push forward
of dQ, that is dn = F,d¢®, for i € {1,2,3}. Then:

Proof:
Recalling that the triple product dn( - (d’q(2) A d’q(g)) can be computed using the determinant of the
matrix

[ dn® [ an® | an® ], ©

one obtains

dQ, = det ([ dnp® | dn®@ | dn® 1)
— det ([ F,deW | F,de®@ | F,de® )
= det (F, [ deW | d¢@ | de® )
= det (F,)det ([ d¢® | ag® | a¢® )
— J,d0 . (™)

|

Remark 1 Notice that the previous proof can be easily reformulated in dimension ng = 2, by extruding
from a two-dimensional domain a three-dimensional prism. It can also be extended to ng > 3, by observing
that in the general case, the determinant of the matrix [d€™M|dg@P)|. .. |dg™)] represents the volume
measure of the hyper-parallelepiped spanned by the vectors dE(l), d£(2), . dE(”d).

Remark 2 The result in (5) can be generalized to infinitesimal domains of any shape.

Remark 3 The result in (5) is important, for example, whenever a change of coordinate in volume integrals
needs to be performed.

In what follows, the map 1 is assumed not to invert domains, a condition implying .J,, > 0. Recalling the
definition of the cofactor matriz of an invertible matrix A,

cof A = (det A)A™T (8)
it is possible to state Nanson’s theorems on normals:

Theorem 2 (Nanson’s formula) With the previous definitions,

n, d(09),) = cof F,n, d(0S,) . 9)

Proof:

A proof using vector calculus tools can be found in Odgen [24], p. 88, or Malvern [21], p. 169. Only
a sketch of the proof is presented, since for a consistent derivation of Nanson’s formula, more advanced
differential geometry tools may be needed. The derivations loosely follow the appraoch of Odgen [24]. Let
us consider the infinitesimal oriented surface n.d(0€);) = dé(a) A dé(b) (d€ @) and dé ® Jie on the tangent
plane to the surface 0€),, with outward-pointing normal n¢). The inner product d§ - n, d(0€ ), represents



the measure of the volume extruded from d(0f2,) along the infinitesimal increment d§. The push forward
through the map % of such volume transforms according to (5):

where n,d(89,) = 7@ A df®, 7@ = F,dé", df® = F,dé", and dn = F,dé. Hence

dn - n,d(0Q,) = J, (A€ nd(0%))
= J, F,'dn - n.d(0%)
= dn- (cof Fyne) d(09) . (11)

The result in (11) must hold for any vector dn. Since the inner product is a linear operator on a finite-
dimensional vector space, (11) yields (9). O

Remark 4 The result just proved is very useful, for example, when changing coordinates in boundary
integral involving normal fluxes.

Let V; be the gradient operator in the reference frame associated with the coordinate &, and let us recall
that the divergence operator acts on the last index of tensors, that is, if A(€) is a n-rank tensor (repeated
index sum is implied throughout),

Ve A =0 Aiigei, - (12)

Theorem 3 (Piola identity) With the previous definitions,

V; - (cof Fy)=0. (13)

Proof:
The Piola identity can be proved in several ways, all very instructive on the type of manipulations that are
commonly used in continuum mechanics. One possibility, presented next, is to apply the Gauss divergence

theorem to an arbitrary constant vector field f and use Nanson’s formula (9). Let w, be an open subset
of Q,, thus



Using index notation, it is possible to further manipulate the integrand in (14),

Ve (LFf) = 852 (Jw B

; (15)

where we recall that f is constant. Hence, (14) can be recast as

we

0= Vg'(JwFllf)Zf-< %(cofm)). (16)
wg

Recalling that f is arbitrary and 1) is smooth, and using the localization theorem in the limit of a domain
we of vanishing measure, (16) implies

V; - (cof F,,) =0, (17)

which concludes the proof. O

Remark 5 The Piola identity is very useful when changing coordinates of integral formulations involving
the divergence of a tensor or vector quantity.

Recalling the definition of the trace operator of a matrix A, trA = A;;, we have now the following

Theorem 4 (Differentiation of a matrix determinant)

d(detA) = detA tr(dA A71) . (18)

Proof:

There are a few ways of proving (18). In what follows, an approach using the properties of the cofactor
matrix is proposed. For an alternative proof, one can reference to Gurtin [10], p. 23. Let us first recall the
Laplace formula for the determinant of a matrix:

detA = Z Ay cof Ay = Z Ay cof Ay (19)
k l

An alternative definition of the cofactor matrix is cof A;; = (—1)"*/ det(minorA;;), where minorA;; is the
sub-matrix obtained by eliminating the entries of A on the row and column containing A;;. Then, the
differential of a matrix A can be expressed using the chain rule in terms of the differentials of its entries,
namely

d(detA) = %dz‘lw
ij

0
= 8,42] (2[: Ail COfAil> dAij

= cofA;; dA;j (20)




where, in the last step of the previous derivation, the fact that all entries of the type cof A;; do not contain
A;; has been used. Hence:

d(detA) = cofA;;dA;;
= detA A;TdA;
= detA Aj'dAy
= detA tr(dA A7), (21)

which concludes the proof. O

Remark 6 The previous result is very useful when computing the rate of change of volume due to a
mapping, when replacing A with F',;.

10



Figure 2. Sketch of the maps ¢, @, and .

2 Kinematics

A point of departure in the analysis of the kinematics of deformable bodies is to define the material (or
Lagrangian), referential, and current (or Fulerian) reference frames, and the relative transformation maps.
Then, expressions for the Lagrangian or material time derivative in such frames are derived, together with
a number of very useful kinematic identities. The notation we adopt is inspired by [15, 2, 4, 7, 6], but
significant differences are present. In what follows, Qx, Q,, and €2, are open sets in R™ (see Fig. 2).

2.1 Lagrangian-to-Eulerian map ¢

The motion of a deformable body can be tracked in terms of the deformation, a family of diffeomorphic
maps (see Fig. 2), parametrized by the time coordinate t € RT:

X — xz=¢(X,t), YXeQy. (23)

Here « represent the current position of an infinitesimal material particle, originally at X, which implies

o(-,0) =id(-) (24)

the identity map. Q,(t) and Qx = Q,(t = 0) are usually referred to as the current and the original
configuration of the body, respectively.

Remark 7 Because any point « € 2, (t), can be traced back to its original position X = ¢~ !(z,t) € Qx,
X represents the material (or Lagrangian) coordinate of the point identified at time ¢ by the Eulerian
coordinate vector . Consequently, the motion of a deformable body can be observed and described from
either the current configuration coordinate frame @, or the original configuration coordinate frame X (see
Fig. 2). The fact that ¢ is an omeomorphism makes these representations perfectly equivalent.

11



The displacement undergone by a material particle can be expressed, in view of (24), as

u = o(X,t)—p(X,0)
= ‘P(th)_X7 (25)

The velocity of a material particle identified by the Lagrangian coordinate X, or material velocity, is
defined as the increment in position per unit time, namely,

v =

dp| .

In view of (25), the material velocity can also be defined as the incremental displacement per unit time:

ot |

The deformation gradient, and the Jacobian determinant are defined as

I
F - _YF
Vx ®w 0X
0
— me a—; ) (28)
J = det(F), 2
where, in index notation, Fj; = 3—}?; = g;(z

Remark 8 J(X,t) represents the (local) ratio between the current and original volumes occupied by an
infinitesimal particle of material, initially located at X.

Using (26) in combination with the chain rule of differentiation, an expression for the Lagrangian time
derivative of a scalar function « can be derived in terms of the Eulerian reference frame,

) Oa(x,t
a(x,t) = 7E)t )'
X
_ Oa(e(X,1),t)
B ot X
O Op
= Lo,
_ L +v-Va (30)
ot T

12



Figure 3. Space-time interpretation of the map ¢, with non-relativistic synchronization of times.

By means of (18), and recalling that, by the inverse mapping theorem, F~! =V, X, the Lagrangian time
derivative of J can be expressed in terms of the current configuration velocity divergence, namely:

at |,

_ OF -1

B o] 0o\ 0X

- J“((%Tx) )

(2 | yox

- oxX ot |, ) o

ov 0X
= JV,v. (31)

2.1.1 A generalized space-time perspective on the map ¢

More generally, the deformation ¢ can be interpreted as a transformation in space-time

p: Qx — Q.=¢(Qx), with Qx =Qx x[0,7T], (32)
(X,7) — (xz,t) =9(X,7)), VY(X,7)€Qx. (33)

In what follows we will assume that the mechanical system under consideration is non-relativistic, so that
synchronization of times (t = ) is always implied. Hence, the chain rule Vx (-) = FTV,(-) and (30) can

13



be used to define a generalized space-time deformation gradient,

F:“‘?]. (34)

Defining

)
Vex) = {v{f} : (35)

)
Vie] = {Vt"”}, (36)

it is straightforward to observe that (34) yields a transformation rule for space-time gradients:
Vix] = FI'V,. . (37)

Using the Shur complement formula (see [12], p. 21),

1 1 o’
F - |: _F—l,U F—l . (38)

Finally, applying Laplace formula (19) along the the first row of F to compute J,
J=det(F)=J, (39)

due to the mentioned synchronization of times, as there is neither stretch nor contraction along the time
axis. We conclude this section with the proof of the space-time version of the Piola identity, of great
importance in the development that follows.

Homework 1 Use the chain rule to show that (37) holds. Also invert by blocks the linear system Fx = b,
to show that (38) is true.

Theorem 5 (Space-time Piola identity) The following identity holds:

Vie.x) - (cof F) =0. (40)

Proof:
Applying (13) to the map ¢, we obtain:

Vi - (cof F)=0, (41)
with cof F = JF~T. Using (38), (39) and (41),

Viex) - (cof F) = Vx;- (JF7T)

1 o717 7%
= V{uX]‘(‘][v F} )

J —ol g T
= Mexit\| o gpT

_ [J'—VX-(UTJF_T)]
J —Vé ‘.(Z:;;)—T)
[ )

14



It remains to verify that J — Vi - (vTJF~T) = 0. Using the index notation (sum on repeated indices is
assumed), applying (41), and recalling (31),

Ve - (W JF~T) = ain(JviFi;T)
(%i -T 8(JFZ;T)
= IX, JE 4 v 78)(]'
i 4 T -T
= Jan F +wv (Vx - (JF™1))
=0 by (41)
o 81)2' OXJ
N 8Xj axl
= JV, v
J. (43)

This concludes the proof. O

With arguments similar to the ones developed in Theorem 2, it is possible to derive a space-time Nanson’s
formula. Derivations are left to the reader.

2.2 Referential-to-Eulerian map ¢

Computational methods on moving domains make use of a third reference frame, which is neither fixed in
space nor attached to the material, but moves in time with an arbitrary motion. Usually, a notion of a
computational grid or mesh is associated to this frame of reference. In an abstract sense, one can think
of the mesh as a “virtual material” which deforms according to a law different from the “real material”.
Therefore, in close analogy with the Lagrangian-to-Eulerian case, one can define a a parametrized family
of diffeomorphisms referential map @ (see Fig. 2) such that:

P10, — Q=@(Q,t), V>0, (44)

X — x=¢Xxt), YxeQ,, (45)

where x is the point vector in the referential frame. €2, , the domain occupied by the body in the referential
frame, is mapped to €, by ¢, and, again, this implies that @(-,0) = d(-). Mesh displacements and
velocities can be expressed as

= o(xt) - X, (46)
o _ 22| 0 )
t x ot x

15



In addition, the mesh deformation gradient and the mesh Jacobian determinant are defined as:

. o 0p
F = = —
Ve x
ox
= %oy
J = det(F).

The referential time derivative of a scalar function o reads

da(z,t)| _ Oa(@(x,t),1)
oty ot X
_ Oa op
= o), T
oo .
- E . +v- vwa )

and, using again (18), the referential time derivative of J is given by

oJ

aJ d(det F)
ot

ot

X

2.2.1 A generalized space-time perspective on the map ¢

Assuming synchronization of times, ¢ can also be interpreted as a space-time map:

P Q, — Q.=¢(Q,), withQ, =, x[0,77],
(x:t) = (2,1) =@((x:1), Y(x.t) €Qy.

A space-time mesh deformation gradient for the map @ can be defined as
. 1 of
F B [ v OA ] ’
v F

16
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with the following transformation rule for space-time referential gradients

V[t,x] = F v[t,m]) (55)

where

0
Ve = {Vt’X}- (56)

In perfect analogy with the Lagrangian-to-Fulerian case,

b g B
L
I
1
|
l)—‘
—_
=
LS
—_
| S
—
(S5
3
~—

F v F
J = det(F)=J (58)
Homework 2 Prove (55) and (57).
A space-time version of the referential Piola identity also holds:
Theorem 6 (Referential space-time Piola identity) The following identity holds:
Vi) - (cof F) =0, (59)

Proof:

The proof is virtually identical to the case of the Lagrangian-to-Eulerian map ¢, once F, J, F', J, v, V x),
Ot x, Vx are replaced with F, J, F', J, ¥, M, ,;, Otly, V%, respectively. The version of the Piola identity in
space to be used for the proof reads V, - (cof F') =0. O

2.3 Lagrangian-to-Referential map ¢

Finally, it is also important to consider the Lagrangian-to-referential transformation, which tracks the
motion of the referential frame, observed from the Lagrangian reference frame,

X — x=(X,t), VXeQy. (61)

The previous map has to be interpreted as the following composition:

P = ¢ op. (62)

17



»
>

X X(l) X(2) X(3) “space”

Figure 4. Interpretation of the displacement @. Respectively, x" and X represent the initial
locations of a material particle and a “mesh particle” (e.g., a node, the baricenter of a cell, etc.),
overlapping at time ¢ in location (Y. Hence, the nature of al?) = xW —X,i=1,2,3, is closer to a
distance vector than a true displacement. The kinematic interpretation of © = 9y x|x is analogous.

Assuming @(-,0) = id(-), u is the displacement undergone by the mesh, observed from the Lagrangian

reference frame (see Fig. 4),

The velocity of the referential frame observed from the Lagrangian frame is

o = 2

ot ' < = (64)

_EX_

The Lagrangian-to-referential deformation gradient and Jacobian determinant are

Y )
F o= V%e=5x
ox

= NrT=o5 (65)

J = det(F). (66)

Using the chain rule, it easy to derive

) )
alx,t) = 8—‘: +9-Ya. (67)
X

18



In perfect analogy to the Lagrangian-to-Eulerian map ¢, the reader can easily verify the following identity

for the Lagrangian time derivative of J:
J=JV v.

(68)

Also in this case, a space-time Nanson’s formula can be derived with arguments similar to the ones devel-

oped in Theorem 2. Derivations are left to the reader.

Homework 3 Prove (67) and (68).

2.3.1 A generalized space-time perspective on the map ¢

The map ¢, interpreted in a space-time context yields:

P Qx — Q =»(Qx),
(X’t) = (X’t) = @((X’t))v V(X’t) € Qx .

The space-time deformation gradient reads:

- 1 of
F“{ o ﬁ‘] ’
so that
] = det(IE) = j,
.1 o”
F = - ~
[ —F o F 1] ’
T
Viex; = F My,
and

Theorem 7 (Referential space-time Piola identity) The following identity holds:

Vix) - (cof F)=0.
Proof:

(75)

Replace F, J, F, J, v, Vj, x}, O¢|x, Vx in the Lagrangian-to-Eulerian map case with F,J, F,J, o, Vie.x1s

dx, Vi, respectively, and use the (spatial) Piola identity Vx - (cof F)=0. O

A space-time Nanson’s formula can be derived with arguments similar to the ones developed in Theorem

2. Derivations are left to the reader.

Homework 4 Prove (73) and (74).

A sketch of the main results developed in this Section is presented in Figure 5.

19



‘P? u? v? F7J
j:JVI~v

Figure 5. Sketch of the maps ¢, @, and @ and their relative kinematic quantities and identities.

2.4 Two fundamental kinematic relationships

Applying (67) to the components of the position vector x = @(x,t) yields a relationship between v, v,
and v:
v=v+ Fov, (76)

which can be recast as .
c=v—v=Fv, (77)

where ¢ is termed convective velocity, the difference between the material and mesh velocities.

Combining (30) with (50), an alternative expression for the Lagrangian time derivative can be obtained:

a(x,t) = ((;—(: +v-Va

= O —v-Va+v- Vo
ot
X
Oa

= | +tc- N (78)
ot |

This expression becomes particularly useful when deriving the advective (non-conservative) version of the
equations governing mechanical systems, as shown in Section 6.4.

Remark 9 Expression (78) can also be derived from (67) using (77). In fact, v - Vo = (ﬁ'_lc) N =

c- (F_TVXa) =c-V,a.

20



3 Transport theorems

To each of the maps ¢, ¢, and @ corresponds an appropriate transport theorem, that is, an integral
kinematic identity for the computation of the rate of change of integrals on lines, surfaces and volumes.
Transport theorems express the time derivative of some integral quantity using the properties of maps
between reference frames. In a practical sense, the aim of transport theorems is to compute the rate of
change of an integral over a moving curve/surface/volume in terms of integrals over a curve/surface/volume
that coincides with the former at a certain instant of time, without necessarily sharing the same motion. To
avoid confusion in the sometimes subtle statements of the theorems, it is important to focus the attention
on what is the motion undergone by the domain over which an integral rate of change is computed. For
the sake of clarity, the maps ¢, @, and ¢ are explicitly indicated.

3.1 Transport theorems for volume integrals
3.1.1 ¢ and the classical Reynolds transport theorem

Theorem 8 Let (), be a material domain which deforms according to the diffeomorphism ¢, with velocity
v = Oip|x. Let 99, be the boundary of Q,, with outward normal n, and « a scalar field. Let Qx be the
inverse image of €2, by means of ¢, that is, Q, = ¢(Qx). Then

g/ a:/ da +/ av-n, . (79)
dt Jo,—px) Q. Otly  Joq,
Proof:

Pulling the integrals back to the original configuration yields

d d d(Ja)
— o= — Ja =
dt Q2 = P(Qx) dt Qx Qx ot

= / aJ +ad (80)
X Qx

where the time derivative can be moved inside the integral over €y, since (2x is fixed in time with respect
to the map ¢ (see Fig. 3). Now, by (30) and (31),

aJ+ o = aJ+aJ Vv
= J 8_04 +v-Va+aV, v

Oa
_ <E
Pushing forward to the domain €2,

S [ (o
dt Jo,  Ja, \ Ot

Applying the Gauss divergence theorem to the last integrand on the right-hand side of (82) yields (79). O

T

W (av)> . (81)

R (av)) . (82)
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Remark 10 The point of view throughout the proof of the Reynolds transport theorem is Lagrangian,
in the sense that the Lagrangian-to-Eulerian map ¢ is used, and (), is treated as a material domain.
However, since the time derivative on the right of the equal sign of (79) is found under the integration
sign, we discover that the 2, and its boundary 02, can be interpreted as an arbitrary domain and its
boundary, coinciding with ¢(2x) and ¢(0Qx) at time ¢. In fact, the information about the motion of
the the material domain €, is carried by the presence of the material velocity v = d;¢|x in the boundary
integral over 0f2,.

Remark 11 The integral over 02, can also be thought of as the flux of material across the boundary of
a fixed (Eulerian) domain €2,. In this sense, the Reynolds transport theorem is the bridge between the
Lagrangian and Eulerian reference frames.

3.1.2 ¢ and the Leibnitz transport theorem

The Leibnitz transport theorem computes the rate of change of an integral quantity over a domain that
undergoes an arbitrary motion, tracked by the map ¢. In particular, if ¢ = ¢, then the Leibnitz transport
theorem collapses to the classical Reynolds transport theorem. The proof is hard to find in the available
literature on ALE methods, and follows the approach presented in [30].

Theorem 9 Let ), be an arbitrary control volume 2, which deforms according to the diffeomorphism ¢,
with velocity v = 0,¢l,. Let 09, be the boundary of ,, with outward normal n,, and « a scalar field.
Let 2, be the inverse image of €, by means of ¢, that is, 2, = ¢(£2, ). Then

i/ a:/ O +/ o, . (83)
dt Jo,—py) Q. 0|y Joq,
Proof:

Recalling that ¢(-,t) = id, it is clear that €, is fixed in time with respect to ¢. Using (50) and (51),

ol o = 5/ e
dt Q=P () dt Qx
B / d(a)
o, OF |
(2
o, \ Ot
(%
~ Jao, \ Ot

The Gauss divergence theorem turns (84) into (83), which concludes the proof. O

—i—fz-Vwa—kan-fJ)j

T

% (a'f))) . (84)

3.1.3 ¢ and the generalized Reynolds transport theorem

The last transport theorem to be introduced is the one relative to the map ¢, sometimes called the
generalized Reynolds transport theorem. This theorem is somewhat less intuitive, but it is frequently used
(see, e.g., [15, 2]). The proof follows the approach presented in [29].
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oo [ 2o
‘P'Qmat

+/ av - n,
x 0

c,b:/ 8((;]&) +/ (Ja)v - n,
o, Ot 0%

Figure 6. Sketch of the transport theorems for volume integrals, corresponding to the maps ¢, @,
and @. Notice that in the case of the map ¢, Q, = p(Qx) follows the deformation of the material,
while in the case of the map @, Q, = @(€,) follows the deformation of the mesh. This yields the
different boundary integral expressions for the corresponding transport theorems.

Theorem 10 Let €2, be a material domain which deforms according to the diffeomorphism ¢, with velocity
v. Let Q, be the inverse image of €, through ¢, that is Q, = @(€,). Let 0, be the boundary of €,
with outward normal n,,. Also, let 25 be the inverse image of €2, through the diffeomorphic map ¢, that
is, 2, = @(Qx ), with ¢ = @ o @. Then, if « is a scalar field,

d / Y / d(Ja)
dt Ja.=p(x) 0 Ot |

Homework 5 Prove the generalized Reynolds transport theorem by pulling back to the domain 2y in
two steps, using the map ¢ first and then the map ¢.

+ /a QX(Joz) Don, . (85)

Remark 12 The generalized Reynplds transport theorem collapses to the classical Reynolds transport
theorem, whenever @ = ¢, so that J = J. If this is the case, ¢ = id, ¥ = 0, and it is easy to see that (85)
reduces to the second integral expression in (80).

P L a o T .
Remark 13 Recalling that v = F ¢, it is easy to derive (Ja) v-n, = ac-(JF n,) = ac-(cof Fn,) =
c-n,. Then (85) takes the form:

g/ a:g/ a+/ ac-n,, (86)
dt Ja.=p(x) dt Jo,=p@y) 9%

which is often used in finite-volume computations [11]. In this context, the volume integral on the left
hand side of (86) is termed the control-mass integral, while the volume integral on the right hand side is
termed the control-volume integral.
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3.2 Transport theorems for surface integrals

Especially in the context of electromagnetics, the rate of change of integrals over surfaces are frequently
used in developing integral and variational formulations. These results are presented next.

3.2.1 Time rate of integrals over a surface with motion ¢

Theorem 11 Let S, be a material surface deforming with velocity v, through the invertible map ¢. Let
n, be the normal to the surface S, according to the right-hand convention (the outward normal if the
surface is closed). Let Sx be the inverse image of S, through ¢, that is, S, = ¢(Sx). Then

Proof:

Before proceeding with the details of the proof, let us recall two important results. First,

(5%)
X 8Xj

#% (o)) [ a(%o)n, (s7)

0

an

In addition, by differentiating the tensor I = FF ™! it is easy to verify
Hx(F')=—-F'FF! (89)

Applying Nanson’s formula (9) to the map ¢, recalling (31), and using (88)—(89),

< / an, - o / aJF Tny
dt Js.=p(sx) dt Jsy

= / (aJF_ +afFT +aJ 8t\X(F_T)> nx

. T
<aJF +ad(V-v)F T —aJ (F‘lFF_l) )nx

X

(6JF T+ al(V-v)F T —aJ (F'V0)" ) nx

>

(a +aV, v — a(Vw'v)T) JF Tny

X

(&+aV,-v)n, — / a(V,v)In,
Jda

da

+v-%a+avm-v>nm—/ a(va)Tn

cn\o;\o;\m\m\m\

+V- () ), — [ a(Vw)'n,, (90)
A
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which concludes the proof. O

3.2.2 Time rate of integrals over a surface with motion ¢

Theorem 12 Let S, be a material surface deforming with velocity ©, through the invertible map @. Let
n, be the normal to the surface S, according to the right-hand convention (the outward normal if the
surface is closed). Let S, be the inverse image of S, through ¢, that is, S, = ¢(S,). Then

dt Se :‘P(SX) * - Z?t
Proof:

The proof is virtually identical to the proof of the Theorem 11, once S,, ¢, F, J , U, n,, and O|, are
substituted in place of Sx, ¢, F, J, v, nx, and 0;|x, respectively. The proof requires the use of the

identities 8, F |, = (V,®)F and 8tﬁ‘_1 = —F‘latﬁ\x ﬁ'_l, analogous to (88) and (89), respectively. O

Rt <af:>> n- | (%) n. (1)

3.3 Transport theorems for line integrals

Again in the context of electromagnetics, the rate of change of integrals over closed curves are of great
importance. Let C, be a closed curve in R™ that is, an almost everywhere smooth map (hence, almost
everywhere continuous), such that

C.:[0,1] — R", (92)
s = Cu(s) =x(s) € R | (93)

and x(0) = z(1). C, is defined with respect the the Eulerian reference frame. Analogously, closed curves
can be defined in the Lagrangian and referential frames as follows:

Cx :[0,1] — R", (94)
s — Cx(s)=X(s) e R, (95)

such that X (0) = X (1), and

Cy:10,1] — R" (96)
s = Cy(s) =x(s) e R™ | (97)
such that x(0) = x(1). C,([0,1]), Cx ([0, 1]), and C,([0,1]), are usually named the traces of the curve maps

C., Cx, and C,, respectively. Tangent vectors to C,, Cx, and C, are obtained differentiating with respect
to the parameter s:

dC,(s)  Ox(s)

b= s T s (%8)
_ 0Cx(s)  0X(s)

bx = oy T o (99)
_ 0C(s) _ Ix(s)

b = TEZ =2 (100)
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In what follows, the notation C,, Cx, C,, may be used, loosely, for C, ([0, 1]), Cx ([0, 1]), Cy([0,1]). Similarly,

e diete 7;,.(') dz — /01(.)5‘2(88) ds = /01(.)6658(8) ds = /01(~)tw ds . (101)

Analogous expressions hold for the integrals on Cx and C, .

3.3.1 Time rate of integrals over a closed curve with motion ¢

Theorem 13 Let C, be a material closed curve deforming with velocity v, through the invertible map ¢.
Let Cx be the inverse image of C, through ¢, that is, C, = ¢(Cx). Then

EJQ{ a dx :}1{ & dzx +j{ a(V,v)de (102)

where (V,v)dz = (V,v)t,ds.

Proof:
The theorem can be easily proven by pulling back C, to its original configuration Cx through the map ¢,
recalling the chain rule de = F'dX, and applying (88):

ij{ de = 4 [ 020X
dt Cm=¢(Cx)a - dt 0 a@X 88

1
0

= i oF dX
dt Je,

- 7§CX (dF+aF) ax

_ jé (&F + o(V,v)F)dX
Cx

ds

_ 7{ & da+ 74 o(Vv) dz . (103)

3.3.2 Time rate of integrals over a closed curve with motion ¢

Theorem 14 Let C, be a closed curve deforming with velocity v, through the invertible map ¢. Let C,
be the inverse image of C, through ¢, that is, C, = ¢(C, ). Then

d j{ j{ da
— adx = —
dt Co=p(Cx) . ot

Homework 6 Prove the previous theorem by mimicking the proof of Theorem 13, and replacing the map
¢ by @.

dx +j{ a(V,v)dz . (104)

X
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4 Master balance equations

A master balance equation abstractly expresses the budget of fluxes and source terms underlying a conser-
vation law. In this sense, the master balance equation is the fundamental template for conservation laws.
If « indicates a conserved scalar variable, the master balance law for a material domain takes the form:

i/ az/ vonat | 8. (105)
dt Ja.—p(ax) M O

where the vector « is the flux of the conserved variable «, and /3 represents a source/sink term.

Remark 14 The master balance law (105), as a template for a physics principle, holds even if ¢ is not
a smooth map (e.g., a piecewise smooth map). In this case, 2, = ¢(Qx) simply indicates that €, is a
control mass and that its boundary 02, moves with the material.

The classical and generalized transport theorems developed in Section 3 provide different ways of expressing
the left-hand side of (105), and, consequently, different ways of formulating the master balance law. Because
of the use of ¢, (105) is presented from a Lagrangian point of view. As we will see momentarily, the Leibnitz
transport theorem cannot be directly applied, but has to be leveraged in a very specific way. Before we
proceed, let us extend the master balance law to the case of a vector conserved quantity

d
— a= / I'n, + g, (106)
dt Ja,=p(x) 0% Qo

where T is a second-order tensor, representing the flux of a, and 3 is the source/sink vector.

4.1 Master balance law using the classical Reynolds transport theorem

Assuming smoothness of ¢ and applying (79), the master balance laws (105)—(106) become

/ da
Q=p(0x) O

[ oo
Qe=p(Qx) ot

where ® represents the tensor dyadic product, (i.e., o ® v = o;v;). Using the Gauss divergence theorem
on the boundary integrals,

/ oo
0 = o
QW=p(ax) O

o= [ Oax
Qa=P(Qx) ot

4.2 Rankine-Hugoniot jump conditions

= / (y—av) n, + G, (107)
0 Qg

T

= / T-—a®v)n, + g, (108)
O Qa

T

+V (0w =) - 5, (109)

T

+V, (a@v-T)-4. (110)

T

The derivation of the Rankine-Hugoniot jump conditions is a very important and instructive application of
the Leibnitz transport theorem, and the master balance laws (105) and (107) (resp., (106) and (108)). Let
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us assume that a discontinuity of «, =y, and, possibly, v is represented by a surface I'; moving in space with
velocity s(x,t). As illustrated in Figure 7, let us construct an open domain €2, divided by I', into two open
sub-domains Q1) and Q) so that Q, = QW (JQP JT,. Let us think for a moment about Q) (resp.,
Q) as a domain with boundary 9QM \ T, (resp. 903\ T,) deforming with the material, and boundary
IO NI, =T, (resp. QP OT,) deforming with velocity s (s # v in general). By construction,

d d d

T @ g @ S p(ap) )

dt Jo,—pox)

Remark 15 It is the motion of the boundary 052, which defines the time derivative on the left hand side
of (111), and not the motion of the internal interface T,.

Then, applying the Leibnitz transport theorem over QS) and Qf), where deformation mappings are smooth,
yields:

i a = / 8_@ +/ av - n +/ as- n
dt Jo,—pax) ol Ot |, Jaohr, © o Joaownr, ’

0
—l—/ ga —I—/ oz'v-nz—l—/ as - N,
@ Otl,  JaoP\r, 20 AT,
0
- / o +/ av-n,+ | [o] s, (112)
Q, Oty Joq, Ts
with [a] = aWnl) +aPnl and n() = —n?. Equation (112) represents the generalized form of the

Reynolds transport theorem for discontinuous fields across I'y, and collapses to (79) if [o] = 0.

Remark 16 The general form of the Leibnitz transport theorem for discontinuous fields is obtained re-
placing v with @ in the second integral on the right hand side of (112).

Let us now consider the sum of (105) written over Q1) and Q(?) (thought of as Lagrangian domains), and
recall the fact that (107) is equivalent to (105) for smooth deformation maps:

Oa
0 = /Qr(vl)Em—/a%l)('y—av).nw—/ﬂg)ﬁ
oo
+/Q(m2)aw—/8Q(m2)(’7—a’v)-’nm— Q(ﬁ)ﬁ
Oa
= / — —/ (’y—av)'nw—/[['y—cw]]—/ 0, (113)
s Oty Joo, Ts O

where [v — av] = (7 — av)M - n) + (v — av)® - n? and g is assumed bounded over €, (in particular,
B is not a Dirac distribution). Subtracting (113) from (107) written over €2, and using (112) yields

o = [ 5 - == [ o [ ol s
—/Qm88—?m+/mz(’y—a'v)'nm+Asﬂ7—a”ﬂ+/52mﬂ
= /FS[[a]].s+/s[[7—av]], (114)
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Q, = Qa(cl) U Qa(c2) U L,

Figure 7. Sketch of the domain Q, = Q) | Q) |JT,, with a discontinuity along the surface Ty,
moving with velocity s.

which must hold for any material domain €, intersecting I',. Assuming n{l) = —n? is a continuous

function over I',, and ~, «, and v are smooth over the interiors of bel) and fo), an application of the
localization theorem over I', yields the scalar Rankine-Hugoniot jump conditions:

[o] - s =[av—7~]. (115)

It is not difficult to show, using (106), that the vector form of the Rankine-Hugoniot jump conditions is
given by

[a]ls=la®@v-T17, (116)
with [I] = TMnM + TR and analogously for [a®w]. Given specific conservations laws, it is possible
to use the Rankine-Hugoniot conditions to compute the normal speed s - nff) of the discontinuity in terms
of the states before and past it.

Remark 17 The derivations of the Rankine-Hugoniot jump conditions have been carried out in the most
general case, without assuming a steady or zero discontinuity velocity. Notice also that the jump conditions
apply to quantities normal to the discontinuity surface.

4.3 Master balance law using the Leibnitz transport theorem

It is possible to recast the master balance law (107) (or, resp., (108)) applying the Leibnitz transport
theorem. This approach is very common in computational mechanics applications. Let us start from
(107), and replace the integral of the Eulerian time derivative using (83), that is,

/ o = 4 @ —/ av-n, = / J1 0(Je) —/ av-n, . (117)
Q. Ot |y dt Ja,—p@y) 0% . ot o 9%
Hence, recalling that ¢ = v — v, (107) and (108) yield
[ o e [ 6, (1)
Qu=P(Qy) ot N 0% o
/ jr el / T-ace)n,+ | 8, (119)
Q=P () ot y 0 Qu
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or, using the Gauss divergence theorem,

' = / DG ae—m) -8, (120)
QI:L;D(QX) 8t
X
0 = / j_lw +V, - (a®c-T)-0. (121)
Qe=P(Qx) ot X

This approach can be considered hybrid, in the sense that all the terms are evaluated in the current
configuration, but the time-derivative term still contains the Jacobian J. In spite of this fact, (120)—(121)
are preferred in many large-scale computational methods [18], since specific discretizations in time allow
to simplify J from the discrete equations.

4.4 Master balance law using the generalized Reynolds transport theorem

Applying (9) to the map ¢, yields

n,d(00,) = JEF 0 d(0%,) . (122)

SO |
Using the previous identity, applying the transport theorem (85), and recalling from (77) that v = F ¢,

the scalar and vector master balance laws read

/QX a(ia) ) = /me (jﬁ'_l('y—ac)> “n, + o, Jg, (123)
/QX 8(;;“) ) - /é)QX(F—a®c)jF_TnX +/QX Jjg., (124)

and, by the Gauss divergence theorem,

0 = /QX a(;ta) X+VX . (jF_l(ac—7)> —J3, (125)
0 = /QX a(gta) X+VX : ((a@a—r)jF‘T> —JjB. (126)

Note also that (125)—(126) are obtained using ¢ to pull back (120)—(121) to the domain £, .
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5 A generalized space-time approach to the master balance laws

A more general and compact presentation of the results outlined in the previous section can be developed by
means of a space-time approach. This methodology has also the advantage of highlighting key symmetries
in the transformations.

5.1 Space-time master balance law using the ¢ map

Integrating over the time interval [0, ¢], it is possible to recast (109) in space-time divergence form:

t
0 = / / V[t,:v] : ’Y[t,m] - 5 ) (127)
0 JQu=p(0x)
where the space-time flux

«
Yo = {a,v - 7} (128)

has been introduced. Equation (127) can be also presented for a general space-time domain Q, as

0 = Vel *Nte) T B (129)

/Q:v:(p(QX)

Using (37), equation (129) can be pushed forward to the original configuration of the body:

v[t,m] : 7 , T - ﬁ
- / (JF ")) - Yy — I8
Qx
= / Viex) - (JF 1y,,) — I8
Qx

= / Viex) Yux) — 36 (130)
X
where

MNex) = JF_l'Y[t,m]

_ g 1 o” «a
a —F vy F! av — vy

— {_Jﬁ—w} . (131)

Notice that the second row of the vector =, i, is consistent with the definition of the spatial Piola flux
vector. To derive (130), we have used the Piola identity (40). In fact, for any (ng + 1)-dimensional vector
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(JF"Vx)) -w = JF.T 05w
= JFZ_jT ajWi + w; 8J(JF;T)
———
= 0 by (40)
= 8j(JFi_jTWZ')
- V[t,X] . (JF_1W) .

5.2 Space-time master balance law using the ¢ map

Also equation (125) can be cast in space-time divergence form:

0 = /QX v[t,x] *Niex) Jﬁ ’

where

Notice the very important identity

which is very instructive to derive:

Ml R 1 o’ a
P Yw = J[—F_lﬁ F_ll{ow—‘y}

Thus, it is possible to transform (133) into (127). In fact,

0 = /Qx e *NMex] jﬁ

1 ~

= v[t’ ]’ (j”A:_ Yt ) - Jﬁ
/QX X [t,]

=, (F %) 3= 19

X

V[ ] i x] 5 )
/Q:v:(P(Qx) t o

where a result for ¢ analogous to (132) has been used in the algebraic manipulations.
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@: Vi.x)-(cof F)=0

@: V.x)-(cof F)=0

Figure 8. Sketch of the space-time divergence integral associated with each map and corresponding
transformation rules.

5.3 Space-time master balance law using the ¢ map

Homework 7 Starting from the space-time balance law (133), and using either the space-time Piola
identity (75), or the composition rule ¢ = @ o @, prove that

0 = /Qx Mex] “Nex) — JB

= Vex) e x) — 30 (138)
Qx

The main results of the space-time appraoch are summarized in the diagram of Figure 8.
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| Conservation equation | a/ o | B/B | v/ X

Mass o 0 0
Momentum pv pb o
Angular momentum x X pv x X pb T X O = €} TL0Y;
Total energy pe+pv-v/2 | pr+pv-b oclv—gq
Entropy pn pr/o —q/0

Table 1. Conservation equations and corresponding substitutions in the scalar or vector master
balance law.

6 Conservation laws

Using the templates of the scalar and vector master balance laws, the conservation principles for mass,
momentum, angular momentum, and total energy and the entropy inequality are presented next. In
addition, also a space-time divergence form of the equations is presented. Since the equations for arbitrary
moving domains are pursued, the Lagrangian and Eulerian forms of the equations are omitted. These
forms can be obtained by setting © = v and v = 0 in the ALE equations, respectively.

6.1 Equation in conservation form

Each of the equations in conservation form is developed from the scalar or vector master balance laws, by
substituting the appropriate flux and source terms, as shown in Table 1. Local, differential statements can
be derived from the integral forms of the equations, once the localization theorem for smooth integrands
is applied.

6.1.1 Conservation of mass

Using the substitutions from the second line of Table 1 for equation (125),

_ 0(Jp)
0 = /QX ot

Using the definition of @, it is possible to rewrite (139) as

N 9(Jp)
0 = /QX ot

Alternatively, using the Piola identity (13) applied to the map @, it is possible to push (139) forward to
the current configuration, obtaining

YV (JEF  pe). (139)

X

+ Y, - (JpD) . (140)

X

0(Jp)

0 :/ J7E 22 4, - (pe) (141)
Qw:gb(ﬂx) at

X
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6.1.2 Conservation of momentum

Using the substitutions from the third line of Table 1 for equation (126),

B a(Jpv)
0 = /QX ot
X

where b is the body force per unit mass, and o is the Cauchy stress tensor (depending on the specific

. £ AT
constitutive law of the material). Defining by P = JoF ~ the first Piola-Kirchhoff stress tensor with
respect to the map @, and using the definition of v, (142) yields

0 — / d(Jpv)
o, Ot

Pushing forward to the current configuration,

0 - | o1 O o)
Qe=P(Qx) ot

6.1.3 Conservation of angular momentum

+ V- <(p'v®c—0')jﬁ‘_T> + Jpb , (142)

+V, - ((Jpv) @ — P)+ Jpb . (143)
X

+V, - (pv®@c—o)+pb. (144)

X

Using the substitutions from the fourth line of Table 1 for equation (126),

_|_VX.((mxpv)®c—mxa)jF_T)+j:1:><pb. (145)

/ d(Jx x pv)
0 = et 2
Oy ot

Homework 8 Show that conservation of angular momentum (145) is equivalent to the tensor o being
symmetric. Hint: Use index notation, and collect the cross product of the position times the momentum
equation. Use then the definition of F}; and the fact that v x v = 0, Vv.

6.1.4 Conservation of total energy

Using the substitutions of the fifth line of Table 1 for equation (125),

0 / d(JpE)
 Jo, Ot

+V - (jﬁ'_l(pEc—aT'v—Fq)) +Jpb-v+7), (146)
X

where F' = (e + v - v/2) is the total energy per unit mass, e is the internal per unit mass, q is the heat
flux, and r is the energy source/sink per unit mass. The specific expressions for g and r depend on the
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material constitutive law. If a Piola-Kirchhoff heat fluz Q =J F~lq with respect to the map ¢ is defined,
(146) reduces to

0 - / d(JpE)
~ Jo, Ot
X

Pushing forward to the current configuration,

+V - ((jpE)iz—PTv—i-Q) +Jpb-v+7). (147)

0 = / j—l a(JpE)
Qa=@(2x) ot

+Vw'(pEc—aT'v+q)+p(b-v+T). (148)
X

6.1.5 Entropy balance

Using the substitutions of the sixth line of Table 1 for equation (125),
0 < / a(Jpn)
-~ Ja ot
X

/ a(Jpn)
o, Of

where 7 is the entropy, and 6 is the thermodynamic temperature. Pushing forward to the current configu-
ration,

0 < / jl d(Jpn)
Qw:gb(ﬂx) ot

Remark 18 The entropy condition is of fundamental importance when seeking solutions of the conser-
vation principles which are consistent with the second law of thermodynamics. A typical example is the
case of shock waves, for which at least two solutions satisfy the mass, momentum, angular momentum and
total energy equations, but only one of them satisfies the entropy inequality.

+V - (jF_l (pnc—l— %)) + jpg
x

+Y - <(jp7]) b+ %) n jpg , (149)
X

q T
+Y, - <pnc—|— 5) o5 (150)
X

6.2 Equations in conservative vector form

The mass, momentum, and total energy equations can be compactly expressed by means of a conservative
vector form. For this purpose, let us define:

p o’ o”
U= pv ;, G=U®c-— o , Z= pb , (151)
pE vl'o —q" p(b-v+r)

where the notation U® ¢ = Ue! = U,¢; for the dyadic (tensor) product has been used. Then (139), (142),
and (146) can be written as

0= / 0| (JU) + ¥, - (jGF‘T) +Jjz, (152)
QX
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where the divergence operator V, - is understood to apply to the second index of the ((ng4+ 2) X ng)-matrix
jGﬁ'_T, that is,
v, - (jGF‘T> =0, (jGikF,;jT> . (153)

Alternatively, using the Piola identity in space for the map ¢, (152) can be arranged as

0:/ J1o,(JU)+V, -G+ Z. (154)
Qw:¢(9x)

6.3 Space-time conservative vector form

Equation (152) can also be presented in space-time form,
0= / Vixs - Gt + 32, (155)
Q,
where, in perfect analogy with the definition of the flux v, ,, for the space-time balance law,
A s T
G = |JulJer "] (156)

In particular,

A LT
Gix = JGuaF (157)
with
OT
Gu., = |U|UvT - o : (158)
'vTa—q

Homework 9 Derive (157).

Using (157), equation (155) can be recast in the current configuration as

0 - / V[t’m] . G[t,m] + Z . (159)
Q.=p(Qy)

6.4 Equations in advective form

In many practical instances, the so-called advective form of the balance equations is used. One of the
advantages of the advective form is the ability to satisfy exactly a Geometric Conservation Law, to be
discussed in Section 8.
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6.4.1 Advective form of the mass conservation equation

The advective form of the mass conservation equation can be obtained with a number of manipulations
involving the Piola identity relative to the map ¢, and equation (51), expressing the referential time
derivative of the Jacobian determinant .J. Starting from the mass conservation equation (139),

0 = /Q 8(%;,@ —l—VX-(jF_lpc)

X
B - dp aJ U
= /Q JE —i—pa + Oy, (JFZ-j pc]>
X X X
. dp dJ o o C o
— /Q T o7 +r g T red (JFjiT) +e; JF 0y p— JpF 10y, 05 + JpF 10, v;
=0 by (13)
- Op P | A . -T o.J A AT .
= J=| +JF ¢)-Np+JpF Nv+p—| —JpF N0
0. Ot ot
X X X
=0 by (51)
= / j% +Jo-Np+ JpF T (160)
Qx X

where we have used (77), to substitute Fc =%. Pushing (160) forward to the current configuration yields
the more intuitive form

+c-Vp+pV,-v. (161)
X

g
0 = o
L=p(y) O

It is worth noticing in (161) the use of (78) for the Lagrangian time derivative of p, namely:

dp

po= 5| teVr (162)

X

6.4.2 Advective form of the momentum equation

The advective form of the momentum equation can be derived by noticing that (142), namely,

0 oI pv) +V, - <(pv®c—0')jF_T> + Jpb
0 ot
x X
. O o(J . . . .
=/ Jp i (8tp) + Oy (JpvichjkT> — Oy, (Ja,-ijkT> + Jpb; , (163)
X X X
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contains the product of the velocity v times the mass conservation equation (139). Thus, simplifying this
term,

(%Z-

_ - d(Jp)
X

+Ui T

+ Oyy <JA,ochﬁ€T)
x

X

=0 by (139)

—I—/ ijjFﬁgTaxk’Ui — 8Xk (jaijﬁ'ﬁgT) + jpbz
Q

~ (%Z-
/Qx ot X

. Ov
IRG:

Using the definition of the first Piola-Kirchhoff stress tensor P with respect to the map ¢, it possible to
recast (164) as

-~ Ov
0 = / Jp —
Oy ot

Pushing (164) forward to the current configuration, we obtain:

+ ijjFﬁﬁTanUi — axk (jO'Z]F]_kT> + jpbl

+ ijX'u(ﬁ‘_lc) A (jaﬁ'_T) + Jpb . (164)
X

+ Jp(Vv)o -V, - P+ Jpb | (165)
X

0 = / ) p(‘)_v +p(V,v)e—V, -0 +pb. (166)
Qa=p(Qx) ot X

6.4.3 Advective form of the total energy equation

The advective form of the total energy equation can be derived by noticing that (146) contains the product
of the velocity v times the momentum equation (142) (also called the kinetic energy equation), and the
product of the internal energy e times the mass conservation equation.

Homework 10 Show that

0 /QX d(JpE)

En +V, - (jﬁ’_l(pEc —oTv+q)+Jpb-v+7)

. Oe
/QX ot
Using the definition of the Piola-Kirchhoff heat flux Q and the first Piola-Kirchhoff stress tensor P, yields

- Oe
0 = / Jp —
Oy ot

X

+ JpiV e — (jaF—T> v+ Y, (JFq)+ Jor . (167)
X

+JppVe—P:Vv+Y, -Q+ Jpr. (168)
X
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Pushing (167) forward to the current configuration, and applying the Piola identity (13) for the map ¢,

+c-Vye—o:N,v+V,-q+pr. (169)
X

0 = / p@
Qw:gb(ﬂx) ot

6.4.4 Advective form of the entropy equation

Equation (149) contains the product of the entropy n times the mass conservation equation (139). Hence,

0 < / a(Jpn)
o, O |

+V - (jﬁ‘_l (pnc+ %)) + jpg

_ - On S 1) ;T
a(Jp S
s | 29PN (i)
X
=0 by (139)
- 0n I ~a—1q AT
= ! : AJF 2 -
/QXJp 8tx+Jp(F )+ VY, (J 9>+Jp9
ol s Q) ;r
= el = - 1
/Q Jp 9 + Jpo\Vn + Y, <9>+Jp0 (170)
X X
Pushing forward to the current configuration,
on q r
< a9 : (2 . 171
0 < /prat X+pc Vin+ 'V, (9)+p9 (171)
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7 Variational equations and constitutive laws

This section is devoted to the development of variational forms of use in computational methods (partic-
ularly, the finite element method). Three examples will be considered: The compressible Navier-Stokes
equations, the incompressible Navier-Stokes equations and the equations of compressible, isothermal, non-
linear elasticity. Only space-time variational formulations are considered, with the exception of the incom-
pressible Navier-Stokes equations, for which a semi-discrete advective weak form is also presented. The
space-time approach has the advantage of a broader generality, with respect to semi-discrete implementa-
tions, since, in many cases of practical interest, semi-discrete variational formulations can be interpreted
as space-time formulations with approximate integration quadratures in time.

7.1 Compressible Navier-Stokes equations
7.1.1 Constitutive laws and initial/boundary value problem

The motion of a viscous, conductive, compressible fluid is described by the compressible Navier-Stokes
equations, for which the following consitutive relationships hold:

o = 20vNv—pl, (172)
q = —prcpV,0 (173)
p = p(p7 6) ) (174)

where v is the kinematic viscosity, V* = 1/2(V, + V,T) is the symmetric part of the gradient, p is the
pressure of the fluid, I = ¢;; is the identity (or Kronecker) tensor, ¢, is the specific heat at constant
pressure, and & is the thermal diffusivity coefficient (in a fluid, thermal diffusion is typically assumed to
be an isotropic process). Equation (174) is the equation of state for the fluid, and expresses the fact that
the thermodynamic pressure, the internal energy and the density are not independent of one another. For
most fluids, it is possible to express the internal energy e in terms of the temperature 6 as follows

e=c,(0)0, (175)

with ¢, the specific heat at constant volume. Typically, ¢, and ¢, are functions of §. Let

p
Uu = pv , (176)
ple+ - /2)
G = URc+G,., (177)
OT
G = - 20vN v — pI , (178)
2000\ — vTp + pe,k(V,0)T
0
z - pb , (179)
p(b-v+r)

41



T /_\ T—ins
\/_\/ tN
In—1 w\/
QX n

Px Q, CR3 xRt tnt1
tn ) PX;”
ty | |
1

0

Figure 9. Space-time domain (left) and slicing into space-time slabs (right).

where the matrix G, represents the Lagrangian part of the spatial fluxes (G = G, when ¢ = 0). Hence, the
following initial/boundary value problem can be posed:

1 (JU)+ % - (G eof F) +JZ = 0, inQ,, (180)
UU) = Uy, ondQy, (181)

Gcof Fn, = h, on 9O | (182)

U(x,0) = Uo(x) . (183)

where 0Q is the Dirichlet boundary, U(-) is a boundary operator that may mask some of the entries of U,
and Uy is the vector of Dirichlet boundary conditions, which, in the most general case, may be a function
of the solution itself. Analogously, 892 is the Neumann boundary, and h is the (ng4+ 2)-dimensional vector
of Neumann conditions. Typically, b, the body force per unit mass, is due to a gravitational field. Using
the intuitive notation outlined in (154), the initial/boundary value problem (180)—(183) can be restated as

J0(JU)+V, - G+Z = 0, inQ,, (184)
UU) = Uy, onoQd, (185)

Gn, = h, onoQ", (186)

U(z,0) = Uo(z), (187)
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7.1.2 Space-time variational formulation

We consider a space-time domain Q, = €, x]|0,7[C R™ x R with lateral boundary P, = 99, x]0,T7,
as illustrated in the left-hand side of Figure 9. P, is further divided into the Dirichlet portion of the
lateral boundary PY, and the Neumann portion of the lateral boundary PZ, such that P N P;‘ =, and
Pg Ph = P,.. In order to develop a space-time variational formulation, it is sufficient to test (180) against
an appropriate vector test function W(x, t), and then apply integration by parts to account for the natural
(or Neumann) boundary conditions and the initial conditions. The Dirichlet boundary conditions are
instead directly incorporated into the function spaces representing the solution. The space-time weak form
then reads:

0 = 0 j(X7T) W(XvT_) : U(X7T_) - 0 j(X70) W(X7O+) : U(X7O_)

[ VWGt [ W (2)
Q Qx

x

+/Pg\iv-<<jGF_T)nx)+ W
_ / J.T) W, T-) - U / J(x,0) W(x,0%) - U(x,07)
Qx
_</ (O W) - (JU) + VW : (jGF_T)> + [ W-(J2)
Qx Qx
+/Pg\iv.<<jGF‘T) m)+ [ Wb, (188)

where t* = lim,_ ¢+ (t + ), and h is the vector of Neumann boundary conditions. Imposing the Dirichlet
boundary conditions strongly means that the test function space is such that the corresponding entries
of the vector W vanish at the Dirichlet boundary, where the boundary value of the solution is enforced.
In order to derive a particular space-time discretization, the only additional step to be accomplished is
the specific definition of discrete test and trial spaces, over time slabs Q,., = Q, x]t,_1,t,[ such that

[0, 7] = UN+1 Q,:n- This approach yields a time-stepping methodology, as depicted on the right-hand side
of Figure 9. Equation (188) can also be pushed forward to the current configuration, obtaining

0 = W(z,T7) -U(x,T7) — W(z,0") - U(x,07)
Qu (T) Q4 (0)
—</ (at!XW)-u+%w:G>+/ w.Z
Qm:()b(Qx) in:(tb(Qx)
+/ W'(an)—k/ Wh, (189)
Pz=p(P%) PL=p(P%)

where W(z,t) = W(@ ™ (x, 1), t).

Remark 19 The proposed space-time approach is prismatic in time, that is, the time slab Q, (or, resp.,
Q. ) is extruded from the domain € (resp., 2,). A different methodology is to define a space-time discon-
tinous Galerkin formulation, in which the space-time domain is discretized, for example, using (ng + 1)-
dimensional space-time simplices. This approach, advocated in [25] entails completely new time-stepping
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algorithms which leverage advancing-front strategies to update the solution in each of the space-time
simplices of the discretization.

7.1.3 Euler-Lagrange equations

The Fuler-Lagrange equations provide understanding on the nature of the variational formulation. They are
obtained assuming that the solution is sufficiently smooth, so that integration by parts can be performed.
If this is the case, (188) yields

0 = /QX W- (3], (Ju) + v - (J6F ") + j2)

+/Q J (¢, 0W(x,0%) - [U(x., 0] —/ W (JGF 'n, —h)

h
X PX

= /Qx W (V[t,xJ G +jz)

+ /Q T 0W(x. 07) - [U(x. 0)] — / W (jGF "n, —h) . (190)

h
X PX

Equation (190) can also be written in the current configuration, with a more intuitive interpretation:

0 = / W (J'0)(JU) + V- G + Z)

x

+ W(z,0") - [U(z,0)] - [ W-(Gn, —h) , (191)
Q2 (0) Ph

which enforces the Navier-Stokes equations on the interior of Q,, Neumann boundary conditions on the
boundary PQ, initial conditions at time ¢ = 0, through causality of the solution, that is the weak satisfaction
of the continuity requirement [U(z,0)] = U(z,0") — U(z,07) = 0.

Homework 11 Derive the Euler-Lagrange equations assuming the solution is smooth and integration by
parts can be performed.

7.1.4 Conservation properties

It is straightforward to prove the formulation outlined in (188) or (189) embeds global conservation prop-
erties. In fact, assuming that Z = 0, that only homogenous Neumann boundary conditions are imposed,
and, by consistency, that the weak formulation can be tested on a shape function whose components are
equal to unity over the entire domain, (189) implies

0 = /Qm(T) U(x,T7) — /Qm(o) U(x,07), (192)

which is a conservation statement between the time instants t = 0 and ¢t = T, for the vector of conserved
variables U. An analogous statement holds when the space-time formulation is applied to each of the
discrete time-slabs Q..
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7.2 Incompressible Navier-Stokes equations

We present two formulations for the incompressible Navier-Stokes equations, both widely applied in numer-
ical computations. The first is a conservative space-time formulation, the second a semi-discrete advective
formulation.

7.2.1 Constitutive laws and initial/boundary value problem

The incompressible case requires the additional constraint that the Lagrangian time-derivative of the
density p vanishes. Using (160) or (161), this implies:

Y, v=0. (193)

The impact of this additional constraint on the Navier-Stokes equations is significant, since the pressure
assumes the role of a Lagrange multiplier, enforcing incompressibility of the flow, and no equation of state
of the type (174) is needed. In addition, the energy equation wuncouples from the momentum equation,
reducing to a transport equation for the internal energy e (or, alternatively, the temperature ). In writing
the equations, the initial distribution of density is not assumed constant. Therefore a dependency of p on
x and t appears in the equations which follow, according to the relation p = p(X) = p(¢~'(x,t)). The
initial boundary value problem for the incompressible Navier-Stokes equations reads:

Ol (Jp0) + Vi (po © ¢+ pT - 2puv;v)jﬁ_T) +Jpb = 0, nQ, (194)
Vv = 0, inQ, (195)

v = wy, ond, (196)

(pI —2pvNv)cof Fny, = h, ondQlt, (197)

(pv @ ¢+ pI —2pvV%) cof Fn, = h, on o0k~ (198)

Uoeo | = ) 19

where h is the ng-dimensional vector of Neumann boundary conditions, and OQ;“_ and 89;“* are the
inflow and outflow Neumann boundaries, respectively. That is

ot = {xea | v -n, >0}, (200)
o0 = ookt . (201)

Notice the structure of the Neumann flux boundary condition, for which the convective part of the flux
pv ® c is enforced only at the inflow (198), but not at the outflow (197), to preserve consistency of the

45



formulation, in the limit of vanishing diffusion [14, 13]. Alternatively, (194)—(199) can be written as

j_18t|z. (j,ov) +V,.-(pr@c+pl —2pvNVv)+pb = 0, inQ,, (202)
V.-ov = 0, inQ,, (203)
v = vy, ondY, (204)
(pI —2pvN*v)n, = h, on IOt (205)
(pv@c+pl —200Vv)n, = h, on Q™ (206)

’U(m, 0) _ Vo
{p(-’mo) } a { Po } ’ (207)

where

ot = {xed|c-n, >0}, (208)
o= = qh\ okt (209)

7.2.2 Conservative space-time variational formulation

The space-time variational formulation of the incompressible Navier-Stokes can be derived using the mo-
mentum equation (194) (or, resp., (202)), in combination with the incompressibility constraint (193):

0 = /Qj(X7T)ﬁ)(x,T‘)~(p(X7T‘)v(X7T‘))—f(x,O)fv(x,O*)-(p(x,O‘)v(xﬂ‘))

- </ (8], W) - (Jpv) + V1 : <(p'v ®c+pl — 2p1/Vjv)jIA7’_T)> —I—/ w - (Jpb)
QX QX
h,

+/QX iy % (JE o) +/p;y+ﬁ" (Jooep™)n,) +/p v

h
X

(210)

where w is the test function vector for the momentum equation and w, is the test function for the
incompressibility constraint. By PZ?JF we have indicated the outflow Neumann boundary, that is

Pt = {(t,x) €P! | ©-n, >0}, (211)
which entails the definition of a set P%+ = G(PT), namely
Pt = {(t,x) €P" | ¢-m, >0} . (212)

The inflow boundary is defined as PZ?_ = PZ \ P;“*’ (resp., P~ = P\ Ph+). Pushing forward to the
current configuration gives a better understanding of the formulation:

Q2 (0)

0 = /QE(T) w(x,T7) - (p(z, T )v(z,T7)) —/ w(z,0h) - (p(z,07)v(x,07))

- </Qm(8tIXW) (pv) + Vw : (pv @ ¢+ pl - 2pvv§v)> L (rb)

+/ prm-v—i-/ w- (pv ®c)n, + w-h, (213)
. Pt Pk

where w = w(¢ ' (z,1),t), and w, = Wy(¢ " (z,1),1).

46



7.2.3 Euler-Lagrange equations

The Euler-Lagrange equations derived from (213) yield:

0 = [ w@0h): @0 0]
Q4 (0)
/ w - (j_18t|x (Jpv) + V- (pv ® ¢+ pI — 2p0V%) —I—pb) —1—/ wy V- v
x Qfl:
—/} w - ((pv @ ¢+ pI — 2pvNv)n, — h)
phi-

- /P w- (o]~ 200N 0)m, — h) (214)

T

Therefore, causality of the solution is enforced at time ¢t = 0, the Navier-Stokes equations and the incom-
pressibility constraint are enforced on Q,, and Neumann conditions are imposed on PZ.

7.2.4 Advective semi-discrete variational formulation

The incompressible Navier-Stokes equations are very often implemented in advective form, for which equa-
tion (202) is manipulated to remove the mass conservation equation, and reduces to

pow|, +p(Vv)e+ Vop — V- 200V v) + pb=0. (215)

A space-time formulation is not applicable in this case, and one resorts to the following semi-discrete
approach,

"= / w - (POl v+ p(Vv)e) = Vw : (pI — 2pvVv) + w - (pb)
Qg

+/ pr,.-'v+/ w-(pv®c)n, + w-h. (216)
. oah+ 0%
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8 Geometric conservation laws and computational implications

Geometric conservation laws (GCLs) represent a very interesting aspect of arbitrary Lagrangian-Eulerian
computational methods, only very recently investigated (see, e.g., [18, 8, 9, 22]). The analysis of geometric
conservation laws shows that the an inappropriate discretization of the arbitrary motion of the mesh may
affect the quality of the solution in even very simple test cases. The statement of the GCL property,
adopting the definition suggested in [18, 8, 9], is very simple:

Definition 1 A numerical scheme posed on an arbitraary moving domain satisfies the GCL if it is able
to exactly reproduce a constant solution.

The space-time formulations introduced for the compressible and incompressible Navier-Stokes equations
become very useful in elucidating the discussion. In the case of the incompressible Navier-Stokes equations,
also the advective formulation introduced in (216) is considered, and the reader can refer to [18, 8, 9, 22]
for a more general discussion on semi-discrete time integrators.

Remark

One point worth of notice is that the GCL condition is not a necessary nor sufficient condition for stability
[8, 3, 22, 9]. However, numerical computations performed in [18] show that the accuracy of the solution
is greatly improved, as high frequency, fine-scale, spurious oscillations are removed from the solution by
GCL-abiding numerical schemes. Additional benefits can be gained in mechanical systems involving the
coupling of a fluid and a structural domain, where instabilities can arise due to inconsistent geometry
representation.

8.1 Geometric conservation laws for space-time conservative formulations

To understand the issue of geometric conservation laws, one can start from the compressible Navier-Stokes
case. This is how historically GCL were first developed (see, [18], and references therein). Let us consider
(188) written on a time slab Q,.,, and assume that the solution U to (188) is constant in space and time,

namely U(x,t) = Upy. For this to be the case, one has to enforce Z = 0 and h = jG(Uo)F_TnX, so that
(188) yields:

~ ~

0 = /saxj(X’T) W(x,T—>-uo—/QXJ(x,0) W(x.0") - Ug
Qx

- ( / (O W) - (JUo) + G W : (J(Uo @ (vy — ©) + GL<uo>>F‘T)>

A . R LT
+/ W ((J(U @ (o — ©) + GUUNF ) ny) (217)
PX
where Uy ® vg + G.(Ug) = Gg is a constant matrix. Pushing forward to the current configuration:

Qx;nvaAV3 <GOCOfF> = /anj(vx\iv F_1> : Gy = /Qz;anW : Go (218)

/P XW- (jGOF_TnX> - W - (Gom,,) . (219)
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Hence:

_ - VW : (GocofF) + /Px W <jG0F_Tnx)

= — V,W : Gy + W(Gonw)
Qz;n PX

= + W(Vw 'GO)— W-(Gonw)-l- W(Gonw)
Qz;n Px Px
s (220)

since Gy is constant. Then (217) yields

0 = UO : ( j(Xatn—i-l) W(X7t;+l) _/ j(Xatn) W(X,t;t) _/ (8t‘xw)j>
QX QX Qx;n

+ LW : <U01§Tcoff7’) - / W - (UO@T cofF) n, . (221)

Qx;n Px
Now taking a vector Uy for which one entry is equal to unity, and all other entries are zero, and indicating
by ¢ the corresponding entry for the test function vector W equation (221) yields

/ b0 tr) J06 tast) / Bt Fo0ta) — /Q @)

+/Q (cofF(szp)) p—

x;n PX;”

b (coanX> . (222)

Since ¢h(x,t) = (¢ (x, ), t) and cof F(V,4)) = V1, (222) can also be written as

_ ] . NN
o= et - /| ) /Q @b+ /Q C®e [ wen. e

which, performing a simple integration by parts, represents a weak statement of identity (51), namely,

0 = O J—J Vo, (224)

Therefore, in the case of conservative ALE formulations, Definition 1 translates into the requirement that
(222) (resp. (223)) must be exactly satisfied. This is clearly the case, if exact integration is adopted
in both space and time. However, for practical purposes, approximate numerical integration is usually
adopted, and it becomes important to investigate the minimum requirements to exactly satisfy (222). In
many practical situations, integration in space can be assumed exact. This is for example the case of
piecewise linear continuous finite elements on tetrahedral meshes, but it is not the case for piecewise linear
continuous finite elements on hexahedral meshes. We have then the following

Theorem 15 Let the test function 1[1 in (222) and mesh displacement vector @ be polynomials of degree k

and s in time, respectively. Let us assume that the space integration quadrature formulas are exact. Then,
an integration formula in time with polynomial exactness k — 1 4+ nys is sufficient to exactly satisfy (222).
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Proof:

In time, 0y, 1[1 is a polynomial of degree k—1, ¥ is a polynomial of degree s — 1, J is a polynomial of degree
ngs, and cof F' is a polynomial of degree (ng — 1)s. The first two integrals in (222) are assumed exact,
the third integral requires exactness k& — 1 + ngs and the last two remaining integrals require exactness
k+ (ng—1)s+s—1=k+ngs — 1, respectively. Therefore k — 1 + nys is the minimal level of exactness
required for the quadrature formula in time. O

Remarks

1. For example, if the space-time formulation proposed in [29, 30], one has k = 0 and s = 1, so that
one-point and two-point time integration quadratures are needed in two and three space dimensions,
respectively. Integration in space is exact, for example, if single point integration quadratures in space
are used with piecewise-linear finite elements on triangular or tetrahedral meshes. The proposed
example is very similar to the time integrators discussed in [18, 8, 9].

2. Notice also that in the case of the incompressible Navier-Stokes equations in conservation form (210)
or (213), equation (222) is again obtained as the GCL requirement, from the momentum equation in
weak form.

3. When semi-discrete, conservative formulations are adopted, the discussion is analogous to space-time
case with k = 0, and s > 1. The reader can refer to [18, 8, 9] and references therein for a more
detailed discussion.

8.2 Geometric conservation laws for semi-discrete advective formulations

It is almost trivial to observe that all advective weak formulations satisfy the GLC condition expressed in
Definition 1. For example, the advective form of the incompressible Navier-Stokes equations (216) vanishes
exactly for a constant solution field, and incorporates (222) automatically, provided exact quadratures in
space are adopted. The reader can verify that this is indeed the case, by observing that, when the advective
form (139) of the mass conservation equation was derived, the identity (224) was explicitly removed from
the conservative form. Analogous considerations hold for the advective form of the momuntum, energy, and
entropy equations. As already mentioned, a detailed discussion on semi-discrete time integration schemes
for advective weak formulations of the Navier-Stokes equations is presented in [8, 9].
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Appendix

A Solutions to homework problems

Homework 1

Proof:

For the first part of the problem, let us recall that the gradients are contravariat operators, so that
Vxw = FV,w, Yw. In addition, by (30) %—?‘X = %—i‘ » TV Voa, Va. The result follows by arranging in
matrix form these results.

The second part is straightforward, using the suggested hint. Consider the linear system Fx = b. In
particular, let x = [zg,2”]” and b = [by, bT]7. Then,

Trog = bo, (225)
vrg+ Fxr = b, (226)
or
zo = by, (227)
x = —F Y(vb+0). (228)

Arranging in matrix notation the previous result concludes the proof.

Homework 2

The solution is analogous to the solution of Homework 1.

Homework 3

Equation (67) is derived as follows:

dalx. 1) da(@(X,1),1)
ot ‘X - ot ‘X
foJe} 0@
= o), T B
- %5 Y. (229)
at |, x
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Similarly, for (68):

07
ot

D

= JV- 9. (230)

Homework 4

The solution is analogous to the solution of Homework 1.
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Homework 5 Prove the generalized Reynolds transport theorem by pulling back to the domain Qx in
two steps, using the map ¢ first and then the map @

Proof:

Q, is a material domain, and deforms according to the material velocity v, that is Q, = ¢(Qx). One
can also introduce an arbitrary moving domain (€2, ) set to coincide with €, at the instant ¢ under
consideration, and moving with velocity v # v. When observed from the Lagrangian reference frame, €2,
moves with velocity ©. Therefore, pulling back the integral over €, to the domain (2, first, and then to
the domain Qx, and defining & = J a, yields

d _d . d N a(a)

Notice that in (231), the time derivative can be moved inside the integral only when the domain of
integration is Qx, since Q, = ¢(2x) is a material domain. Now, using (67) and (68),

- / & +aJ | (231)
Qx

X

& +al = &J+J Vo
0

+ V- (df))) (232)

Mapping forward to the domain (2, ,

d . d(Ja)
E/QX ol = /QX ot
X

The Gauss divergence theorem yields (79). O

A

+ Y (Ja D) (233)

Homework 6

Proof:
Pulling C, back to C, therugh the map @, recalling the chain rule de = Fdx, and using the result,
analogous to (88), that 0, F|,= (V,0)F,

i ader = i oF dx
dt Ca=p(Cx) dt Cx

- (8_a
o \ O
- (8_a
o \ O
foJe

oF
F _
+ « B

X

+ aV, 13) Fdx
X

dx +j{ a(V,v)dx . (234)
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Homework 7 Starting from the space-time balance law (133), and using the space-time Piola identity
(75), prove that

0 = / . Viex “Nex] — jﬂ
Qx=$(Qx)

= / Vi x) *Yiex) Jg. (235)
Qx

It is also possible to achieve the proof using the composition ¢ = @ o @.
Proof:

A~

Vi - Vitx] — Jg

Il
5—

Q=¥ (Qx)
~=T
(3F " Nxy) Y — 398

Il
o

Qx
~~_1 ~A
B /Q S () <20
= / Vi x) e x) Jg. (236)
Qx

The last step in (236) is obtained by observing that
p=@0p. (237)
Hence, by the chain rule,

— FF, (238)
J = detF = det(FF) =1J, (239)

which imply

Vi x) - (JF ’Y[t,x]) = V[t,X]-<JF JF 17[t,z1>
= Vx (JFTE L)

= V[t,X] : (JF_I’Y[t,w])
= Mex) Mex - (240)
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Homework 8 Show that conservation of angular momentum is equivalent to require the tensor o to be
symmetric. Hint: use index notation, and collect the cross product of the position times the momentum
equation. Use then the definition of Fij and the fact that v x v = 0, Vo.

Proof:

Starting from (145), and using the tensor €;;, which equals +1 if its indices are a positive permutation
of 123, equals —1 if its indices are a negative permutation of 123, and vanishes if two of its indices are
identical,

E?jpe--kx-vk N ~ A
0 = / M + Oy, (J(pe,-jkznjvkcl — eijkxjakl)FlpT> + Jpeijp;by
QX

ot
X
(Jpv - . .
= / €ijkL; % + Eijkl'jaxp (J(pvkcl — O'kl)FlpT> + JPEijkijk
Qx x
~ ax]’ 2 —T
+ JpEijk E U + (Z?prj)JEijk(pvkcl — O'kl)Flp
X
a(J . - )
- x| 2Uev) +VX-<J(pfv®c—a)F T)+J,ob
Q ot
x X
=0 by (142)
_— o
+ Jpeign —| vk + O 2iEy,” (Jeijk(poke — ow))
X N—

= / jpsijkﬁjvk + j(pEiijk(Uj — 05) = €ijkOk;j)
QX
= / j(pz—:,-jkvkvj — €ijkOkj)
QX
= J(pv X v —e4i0kj) - (241)

Qy ~0

Using the localization theorem, in the limit for a domain 2, of measure reducing to zero, we have the
fundamental condition
€ijk0k; =0 & 0jp = 0} < o symmetric . (242)

Therefore, we have proven that conservation of angular momentum is satisfied as long as the stress o is a
symmetric tensor.
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Homework 9 Derive (157).

Proof:

IG, . F

o8

(243)



Homework 10 Show that
0 / d(JpE)
Oy ot N

. Oe
— Jp —
/Qx patX

+ Y- (JF (pEe —o"v + ) + Jp(b-v + 1)

+ JpdV e — <jaF_T> v+ V- (JFYq)+ Jpr. (244)
Proof:

0 — / aJpE
QX

O(Jple + Ukvk/2))

+ Y- (JF (pEc —o"v + ) + Jp(b-v + 1)

I
S~

+ 0y, (JF (ple + vev/2))ej — orjor + q5)) + Jp(brog + 1)

X

:/QX

X

Q>

+0 ( (pecj)> - jFZ-;lakjaxivk +0 Z(jFZ;lq]) + Jpr

. ( 3“0%)

ot
. Oe
_ Jo &
/QX o,

) ( a<fp>
ot

a, Oty

~ 0 A A A A
= / Jp a—:' + JpiV e — <J0'F_T> v+ Y, (JFq) + Jor . (245)
Ox X

+ Z?Xz.(jFZ-;l(pvkcj — O'kj)> + jpbk>
X

=0 by (142)

+ Jpch 10,,e — JFZ-;IUkjaxivk + E?Xi(jﬂ-;lqj) + Jpr

+0 i(jFijlpcj))
X

=0 by (139)

+ Jp(F~te) - Ve — (jaF_T> v+ V- (JF )+ Jpr

Homework 11

The solution is straightforward.
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