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Chapter 1

Introduction and Motivation

Research on failure mechanisms (e.g. fatigue and fracture) of engineering components
often focuses on modeling complex, nonlinear response. The analysis by finite element
methods requires large-scale, very refined 3D solid models [19], which necessitate parallel
computation. Finite element methods for quasi-static and transient responses over longer
time scales generally adopt an implicit formulation. Together with a Newton scheme for the
nonlinear equations, such implicit formulations require the solution of large linear systems,
thousands of times, to accomplish a realistic analysis. The equations generally remain sym-
metric positive definite but become very ill-conditioned due to localized damage (cracks)
in the models. This leads to intolerably slow convergence of iterative methods. As a result,
sparse direct solvers dominate commercial finite element software [16]. However, rapid
advances in technology have caused a dramatic growth in the size of the linear systems to
be solved. The fill generated by direct methods makes the storage requirements for such
linear systems prohibitively expensive, and iterative solvers become the only viable option.
While much work has been done on improving iterative solver and preconditioner technol-
ogy for this class of problems, the primary focus has been on improving the convergence of
individual linear systems. Improvements designed to accelerate the solution of a sequence
of linear systems, taken as a whole, remain relatively unexplored. Herein, we develop en-

hancements for solvers and preconditioners that leverage work done solving previous linear



systems to improve the convergence of subsequent systems.

One avenue to improve the convergence of linear solvers considers more intelligent
Krylov subspace methods. The standard, optimal iterative solver for symmetric positive
definite (SPD) systems, the preconditioned conjugate gradient method (PCG), may in prac-
tice fail to converge for very ill-conditioned problems. The convergence is delayed or fails
entirely due to a loss of orthogonality of the residual vectors in the PCG iteration and
hence a rapid recurrence of certain eigenvectors [49] caused by finite precision compu-
tation. Optimal solvers for non-symmetric problems, such as the generalized minimum
residual method (GMRES) [40], converge, but have much higher memory requirements,
and may incur a cost comparable to that of a direct method [24]. We seek robust and effi-
cient new Krylov methods capable of accelerating the convergence of a sequence of linear
systems.

In Chapter 2 we investigate restarted Krylov subspace methods that retain a carefully
chosen subspace between restarts in an effort to approximate the robustness of GMRES
with the efficiency of PCG. These methods exploit the often relatively slow change in the
linear systems from one timestep to the next by “recycling” Krylov subspace information
from previous linear systems to accelerate convergence. Although motivated by problems
in fracture mechanics, the solver techniques introduced here have proven effective for a
wide variety of problems. In Chapter 3 we analyze the convergence of GCRO-DR, a solver
introduced in Chapter 2 that recycles approximate invariant subspaces.

Improved preconditioners are also required to address the deficiencies of iterative solvers
for this very important problem class. Domain decomposition methods based on substruc-
turing have been applied successfully to many engineering problems. For the work of a
domain decomposition method to scale (nearly) linearly with the number of subdomains,
the method must employ some form of “coarse-space” preconditioner that employs ideas

motivated by multigrid-type methods [47]. The finite element tearing and interconnecting



(FETI) [15, 16] method has the desirable property of showing scalability with respect to
both the mesh and subdomain sizes. This comes at the cost of an expensive subproblem,
as the inverse of a Schur complement matrix is required. We observe that the FETI method
generates a Karush-Kuhn-Tucker (KKT) system. In other fields requiring the solution of
KKT systems, it is more common to approximate inverses of Schur complements. In an
effort to amortize the cost of this expensive subproblem, a factorized Schur complement
matrix could be “recycled” for the next linear system, and used as an approximation to the
true Schur complement matrix for that linear system. In Chapter 4 we show new connec-
tions between preconditioners and solvers for KKT systems and the original FETI method.
These connections allow us to leverage existing work for KKT systems to create a frame-
work for the analysis of improvements to the FETI method. We will provide eigenvalues
bounds for FETI preconditioners, and develop a new FETI method that allows the use of
an approximate Schur complement. Further, we generate eigenvalue bounds showing the

potential impact on convergence caused by use of an approximate Schur complement.



Chapter 2

Recycling Krylov Subspaces for
Sequences of Linear Systems

Many problems in engineering and physics require the solution of a large sequence of
linear systems. We can reduce the cost of solving subsequent systems in the sequence by
recycling information from previous systems. We consider two different approaches. For
several model problems, we demonstrate that we can reduce the iteration count required to
solve a linear system by a factor of two. We consider both Hermitian and non-Hermitian

problems, and present numerical experiments to illustrate the effects of subspace recycling.

2.1 Introduction

We consider the solution of a sequence of general linear systems
i=12,..., (2.1.1)

where the matriAl) € C™" and right hand side(!) € C" change from one system to the
next, and the systems are typically not available simultaneously. Such sequences arise in
many problems, such as Newton or Broyden-type methods for solving nonlinear equations.

They also occur in modeling fatigue and fracture via finite element analysis. These analyses



use dynamic loading, requiring many loading steps, and rely on implicit solvers [19]. Gen-
erally, several thousand loading increments are required to resolve the fracture progression.
The matrix and right hand side, at each loading step, depend on the previous solution, so
that only one linear system is available at a time. We are interested in retaining a subspace
determined while solving previous systems and use it to reduce the cost of solving the next
system. We refer to this processkaylov subspace recycling

For the Hermitian positive definite case, Rey and Risler have proposed to reduce the
effective condition number by retaining all converged Ritz vectors arising in a previous CG
iteration [34, 35, 36]. In general, this requires significant storage. Moreover, memory-wise,
they lose the advantage of a short recurrence, as they keep the full recurrence during the so-
lution of a single system. Since they focus on the finite element tearing and interconnecting
(FETI) method [16], it is less of a drawback, because the interface problem is small relative
to the overall problem, and it is common to use a full recurrence in FETI. The two Galerkin
projection methods developed by Chan and Ng [5] could also be used. These methods re-
quire all systems to be available simultaneously, or at least the right hand sides. Moreover,
they focus on situations where all the matrices are very close. However, for the problems
we target, the matrices change only slowly, but the incremental change over many steps can
be significant.

Solving a sequence of linear systems where the matrix is invariant is a special case
of (2.1.1). When all right hand sides are available simultaneously, block methods such
as block CG [32], block GMRES [52], and the family of block EN-like methods [53] are
often suitable. However, block methods do not generalize to the case (2.1.1). If only one
right hand side is available at a time, the method of Fischer [17], the deflated conjugate
gradient method (deflated CG) [39], or the hybrid method of Simoncini and Gallopoulos
[44] may be employed. Fischer’s method first looks for a solution in the space spanned by

the previous solution vectors in the sequence, which is only helpful if the solution vectors



are correlated. In deflated CG, only a small number of the initial Lanczos vectors for every
system are used to update the approximate invariant subspace. This is efficient, both in
computation and memory use, but the convergence to an invariant subspace is slow. Hence,
the improvement in iterations is modest. The hybrid method of Simoncini and Gallopoulos
is most effective only when the right hand sides share common spectral information.

When solving (2.1.1), we should consider:

1. Which subspace should be recycled for the next system?

2. How should it be used?

We discuss two answers to the first question. One idea is to recycle an approximate
invariant subspace and use it for deflation. Clearly, reducing the effective condition num-
ber of a matrix may speed convergence. An alternative idea is to recycle a subspace that
minimizes the loss of orthogonality with the Krylov subspace from the previous system [9].
We elaborate on the latter choice in section 2.2.3.

We discuss three answers to the second question. We refer to these approaches as:

e augmentation
e orthogonalization

e preconditioning

In an augmentation approach, we append additional vectors at the end of the Arnoldi re-
currence, in the manner of FGMRES, such that an Arnoldi-like relation is formed [41]. In
an orthogonalization approach, we first minimize the residual over the recycled subspace,
and then maintain orthogonality with the image of this space in the Arnoldi recurrence.
In a preconditioning approach, we construct preconditioners that shift eigenvalues [1, 14].
When using exactly invariant subspaces, an augmentation approach is superior to a precon-
ditioning approach [11]. Hence, we consider only the augmentation and orthogonalization

approaches.



In section 2.2, we discuss several truncated or restarted linear solvers that use the ideas
above to reduce the total number of iterations for solving a sequence of linear systems.
We define acycleas the computation between truncations or restarts. Subspaces that are
useful to retain for a subsequent cycle when solving a single linear system may also be
useful for subsequent linear systems in a sequence, especially if the matrix does not change
significantly. Therefore, we consider linear solvers that retain a carefully selected subspace
after each cycle. Several such solvers have been proposed. We consider Morgan’s GMRES-
DR [31] and de Sturler's GCROT [9], and modify GCROT to recycle subspaces between
linear systems. GMRES-DR cannot be modified to do this, so we introduce GCRO-DR, a
flexible variant of GMRES-DR capable of Krylov subspace recycling.

In section 2.3, we introduce several test problems, including both realistic problems
taken from engineering and physics, as well as a problem constructed explicitly for analysis
of subspace recycling. In section 2.4, we give the experimental results, which show that

recycling can be very beneficial. Conclusions and future work are given in section 2.5.

2.2 Truncated and Augmented Krylov Methods

Restarting GMRES [40] may lead to poor convergence and even stagnation. Therefore,
recent research has focused on truncated methods that improve convergence by retaining
a carefully selected subspace between cycles. A taxonomy of popular choices is given
in [11]. In this section, we discuss those choices and solvers implementing them. We
then investigate how those solvers might be modified to recycle subspaces between linear
systems.
Morgan’s GMRES-DR and GMRES-E [29] retain an approximately invariant subspace

between cycles. In particular, both methods focus on removing the eigenvalues of small-

est magnitude, and retain a subspace spanned by approximate eigenvectors associated with



those eigenvalues. GMRES-E uses an augmentation approach, which was analyzed in
[41]. In contrast, GMRES-DR uses an orthogonalization approach. Despite these differ-
ences, GMRES-E and GMRES-DR generate the same Krylov subspace at the end of each
cycle if they retain the same harmonic Ritz vectors; see [29, 31]. Although GMRES-E
retains the same subspace between cycles as GMRES-DR, GMRES-E can be modified to
select any subspace, whereas GMRES-DR cannot. Thus, GMRES-E is suitable for Krylov
subspace recycling between systems, as in (2.1.1). GMRES-DR cannot be modified for
Krylov subspace recycling, even when the matrix does not change. We discuss GMRES-E
and GMRES-DR further in section 2.2.4. Because GMRES-DR cannot be used for Krylov
subspace recycling, we combine ideas from GCRO [8] and GMRES-DR to produce a new
linear solver, GCRO-DR. GCRO-DR is suitable for the solution of individual linear sys-
tems as well as sequences of them, and is more flexible than GMRES-DR. We discuss
GCRO-DR in section 2.2.5. In Chapter 3 we analyze the convergence of GCRO-DR.

Another strategy for subspace selection was proposed in [9] and was used for the
GCROT method, an extension of GCRO. We discuss this approach, and its modification
towards solving (2.1.1) in section 2.2.3.

We first review some definitions.

2.2.1 Definitions

In the following, we denote the range of a matiy € C™™ by R (Vin). The Arnoldi
recurrence in GMRES leads to the following relation, which we denote as the Arnoldi

relation.

AVin = Vim+1Hp, (2.2.1)



whereVp € C™™ andH,, € C(™DxM s ypper Hessenberg. Lek, € C™™ denote the
firstmrows ofH,,,.

For any subspac8C C", y € Sis a Ritz vector ofA with Ritz value® if
Ay—0y L w, Ywe S (2.2.2)

Frequently, we choosB= K(j)(A, r), the j" Krylov subspace associated with the matrix
A and the starting vectar In this case the eigenvaluestdf, are the Ritz values oA.

Ritz values tend to approximate the extremal eigenvaluéswéll, but can give poor
approximations to the interior eigenvalues. Likewise, the Ritz values bftend to ap-
proximate the interior eigenvalues Af We define harmonic Ritz values as the Ritz values

of A~ with respect to the spadS
AWW-TyLw VYweAS (2.2.3)

where agairs= K (A r), andy € AS We call® = 1/[i a harmonic Ritz value. In this
case, we have approximated the eigenvalue&adf but using a Krylov space generated

with A.

2.2.2 GMRES and GCR

We now review the linear solvers GMRES [40] and GCR [12], which form the basis for
the linear solvers we discuss later. The Arnoldi iteration is the core of GMRES. When
solvingAx= b with GMRES, we start with an initial guesg € C" and compute the initial
residualro = b — Axg. Let the first Arnoldi vector bes, = ro/||rol|2. We proceed with
m Arnoldi iterations to form relation (2.2.1) wit® (Vim) = K™ (A ro). Then, we solve
min||c — H,,d||2 for d € C™, wherec = ||ro|.€1. Finally, we form the new approximate
solution,xm = X0+ Vmd. GMRES solves the least squares probimy +Vind) =~ ro for d.

9



S0,rm L AK(M (A rg).
The linear solver GCR is algebraically equivalent to GMRES, but requires more stor-
age, as it keeps separate base&idt (A, ro) andAK(™ (A rq). GCR maintains the matri-

cesUn,Cm € C™M so that

R (Um) = KM (A 1), (2.2.4)
AUm = Cp, (2.2.5)
ChCm=Im. (2.2.6)

We solve the minimization problemin|jro — AUnd||> for d € C™, and compute the solu-
tion asxm = Xo + Umd = Xo 4+ U CHro, and residual ag&y = ro — CniCHro L AK(M (A rp).

The relations (2.2.5)-(2.2.6) still hold & (Un,) is not a Krylov space, allowing us to find
the minimum residual solution over any subspac@m). In this case the method would

not be called GCR, but the relations (2.2.5)-(2.2.6) are still valid.

2.2.3 GCROT

GCROT is a truncated minimum residual Krylov method that retains a subspace between
cycles such that the loss of orthogonality with respect to the truncated space is minimized.
This process is calledptimal truncation

We discuss the idea of optimal truncation in the context of restarted GMRES, although
it can be described in more general terms, and independently of any specific linear solver
[9, 25]. Consider solvingAx = b with initial residualrg. The idea is to determine, after
each cycle, a subspace to retain for the next cycle in order to maintain good convergence
after the restart. At the end of the first cycle of GMRES, starting witk- ro/||ro||2, we
have the Arnoldi relation (2.2.1).

Let r; denote the residual vector aftariterations. Consider some iteratien< m.

10



After siterations of GMRES, we have the Arnoldi relation

AVs = Ve, 1H. (2.2.7)

Let r denote the residual afteriterations. Now suppose that we had restarted after iter-
ation s, with initial residualr, and madem— s iterations, yielding residual,. The op-

timal residual aftem iterations isr1. At best, we may havéira||> = ||r1

2, but in gen-

eral, [r2]|2 > ||r1]|2, because GMRES restarted after iteratiignores orthogonality to

the Krylov subspacédK(® (A rp). The deviation from optimality incurred by restarting
after iterations is e = ro —r1, which we call theresidual error The residual erroe de-
pends on th@rincipal angleg18, pp. 603—4] between the two subspaa&s® (Ajrg) and
AK(M=9) (A,r). Optimal truncation involves selecting and retaining-dimensional sub-
space ofAK(9 (A rg) such that the magnitude of the residual effelfz = |[r1 — r2|2, is
minimized. The complement of that subspace is discarded. Since the Krylov space gener-
ated withr contained vectors close to the recycled subspace, this is likely to happen again
after restarting wittr1. Therefore, we retain the selectlkdlimensional subspace for the
next cycle.

GCROT maintains matriced, andCy satisfying the relations (2.2.5)-(2.2.6). The min-
imum residual solution oveR (Ui) is known from the previous cycle. In the following
cycle, we carry out the Arnoldi recurrence while maintaining orthogonalit@to This
corresponds to an Arnoldi recurrence with the operétor CkC{')A. Then we compute
the update to the solution as in GMRES, but we take the singularity of the operator into
account [8]. Hence, GCROT uses an orthogonality approach. The correction to the solu-
tion vector and other vectors selected via optimal truncation of the Krylov subspace are
appended tdJy, and therlJy andCy are updated such that (2.2.5)-(2.2.6) again hold. At
the end of each cycle, only the matriddsandCy are carried over to the next cycle. Each
cycle of GCROT requires approximately— k matrix-vector products and @¢¥ + nkm)
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other floating point operations. For details, see [9].

GCROT can be modified to solve (2.1.1) by carrying dygfrom theit" system to the
(i4 1)St system. After we solve thié" systemA()x() = b() with GCROT, we have the
relationA()Uy = C,. We must modifyJ, andCy so that (2.2.5)-(2.2.6) hold with respect to

Al+1) \which we do as follows:

1: [Q,R] = reduced QR decomposition Afi+Hugld
2 Clew=Q

. new__ | joldp—-1
3 UpeW=UQl9R

Now, Al+DUew = cheW and we can proceed with GCROT on the sys@liitx(+1) =

bli+1). Note that in many cases computiag™Yup!d = cold 4 AADU L is muchcheaper

than k matrix-vector products, becaug\l) is considerably sparser tha!) or has a
special structure. See our example problem in section 2.3.1. Moreover, even if we were to
computeAl+1U2ld directly, this can be faster th&rseparate matrix-vector multiplications
[10]. So long asA(*Y has not changed significantly frod"), the use oU®" should

accelerate the solution of the- 15 linear system.

2.2.4 GMRES-DR and GMRES-E

GMRES-DR and GMRES-E rely on spectral or nearly invariant subspace information,
rather than orthogonality constraints. Removing or deflating certain eigenvalues can greatly
improve convergence. Based on this idea, Morgan has proposed the three linear solvers
GMRES-E, GMRES-IR [30] and GMRES-DR, that aim to deflate the eigenvalues of small-
est magnitude. However, these solvers can be changed to deflate other eigenvalues. We
consider only GMRES-E and GMRES-DR.

GMRES-E (GMRES with eigenvectors) appends harmonic Ritz vectors after the Arnoldi
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recurrence, resulting in the Arnoldi-like relation
ANk Y] = VinH s (2.2.8)

wherev; = ro/||rol|, Yk = [V1,Y, - . -, Yi] contains thé harmonic Ritz vectors from the pre-
vious cycle, and where the ldstolumns ofV;, are formed by orthogonalizing the vectors
Ay, fori =1...k, against the previous columns\gf. For the first cycle, the harmonic Ritz

vectors can be computed frafhy, in (2.2.1). It can be shown that the augmented subspace

Spar{r()aArO?Aera cee 7Am7k71r07371>’y27 cee 7yk} (229)

is itself a Krylov subspace, but with another starting vector [30].

GMRES-DR is algebraically equivalent to GMRES-E at the end of each cycle if both
select the same harmonic Ritz vectors. Because (2.2.9) is a Krylov subspace, it means that
the harmonic Ritz vectors can go first, rather than being appended at the end. It was shown

in [30] that the subspace

Spar{yl7yz7"'7yk7A%7A2%""7Am_k%} (2-2.10)

is identical to subspace (2.2.9) fbx i <k. In one cycle, GMRES-DR first orthogonalizes
Yi, giving Yi. Then GMRES-DR carries out the Arnoldi recurrence rfor- k iterations

while maintaining orthogonality t¥. This gives the Arnoldi-like relation
AlYk Vin-i] = [Yk Vin—ks1JHm, (2.2.11)

whereH,,, is upper Hessenburg, except for a leading déksel) x (k+ 1) submatrix. It
updates the solution and residual as in GMRES. It then computes the harmonic Ritz vectors
associated with thie smallest harmonic Ritz values using (2.2.11), and finally restarts with
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those vectors. Note that each column vectd#jing is orthogonal tcﬂ{(\?k) in GMRES-DR,
but this is not true in GMRES-E.

GMRES-DR cannot be directly used to solve (2.1.1), even if the matrix is invariant.
The harmonic Ritz vectors d& in Y do not form a Krylov subspace for another matrix
or even just another starting vector. However, Morgan discusses in [31] a modification to
GMRES-DR that can be used for the case of multiple right hand sides. Standard GMRES-
DR is run for the first right hand side, and the approximate eigenvectors are retained. For
subsequent right hand sides, restarted GMRES is used. Between cycles of restarted GM-
RES, the minimum residual solution over the space spanned by the approximate eigen-
vectors is found, and the solution and residual vectors updated accordingly. However, the
approximate eigenvectors are never updated. We expect this process may suffer the same
difficulties as restarted GMRES, such as poor convergence or stagnation. Additionally, for
nonsymmetric problems, setting the residual orthogonal to an invariant subspace does not
remove that subspace from the residual, which may result in poor convergence.

Because GMRES-E takes an augmentation approach, it can be used when solving
(2.1.1). After the solution of thé" linear system, we could run GMRES on the 15t
linear system fom— k steps, then append theapproximate eigenvectors from tH& lin-
ear system to the Arnoldi basis vectors, and then proceed as normal with GMRES-E. This
would form the subspace (2.2.9) for the mat&i%*?), which is not a Krylov subspace.
Note that breakdown can occur if a subspacéiofs contained in the Krylov subspace
generated first. We observed this when GMRES-E was run on the example problem in sec-
tion 2.3.1. Because GMRES-E extends the search space as restarted GMRES, it may suffer
from stagnation. Further, the Krylov subspace generated by GMRES-E ignores the orthog-
onality to ® (A1+1Y,) and thus considers corrections®yYy) even though the residual is
already orthogonal t&® (Al+1Y). Although GMRES-E can be used when solving (2.1.1),

because of these problems, we do not consider it further. Based on experiments, we believe
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that it is preferable to preserve orthogonalityR¢A(+DY,). The linear solver GCRO-DR,

discussed next, accomplishes this.

2.2.5 GCRO-DR

We introduce a new Krylov method that retains a subspace between restarts. We call this
method GCRO-DR because it uses deflated restarting within the framework of GCRO [8].
The method is a generalization of GMRES-DR to solve (2.1.1). GCRO-DR is more flexible
becausanysubspace may be retained for subsequent cycles, and also between linear sys-
tems. In the pseudocode given in the appendix, the harmonic Ritz vectors corresponding
to the harmonic Ritz values of smallest magnitude have been chosen. However, any com-
bination ofk vectors may be selected. An interesting possibility would be to select a few
harmonic Ritz vectorsorresponding to the harmonic Ritz values of smallest magnitude,
and a fewRitz vectorsorresponding to the Ritz values of largest magnitude. This would
allow simultaneous deflation of eigenvalues of both smallest and largest magnitude using
the better approximation for each.

When solving a single linear system, GCRO-DR and GMRES-DR are algebraically
equivalent. The primary advantage of GCRO-DR is its capability to solve sequences of
linear systems.

Suppose that we solved ti& system of (2.1.1) with GCRO-DR. We retdirapproxi-
mate eigenvectoré?k = [V1,¥2,...,¥k]. GCRO-DR maintains matricés,Cy € C"k such

that

Ay, =G, (2.2.12)

Ccl'Ce = I, (2.2.13)

whereUy andCy are determined fron, andA(+1) as follows.
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1: [Q,R] = reduced QR decomposition af DY,
2. CG=0Q
3: U= ?kal

We find the optimal solution over the subspak€Uy) asx = xo+UkaHro, and setr =
ro—CkCliro, andvy = r/||r||2. We next generate a Krylov space of dimension k+ 1

with (I —CCHH AU+ which produces the Arnoldi relation
(1 = CCEHAT Vo = Vi aHm k- (2.2.14)

Each of the Arnoldi vectorSy, k.1 = [V1,V2,...,Vm_k+1] IS orthogonal tag (Cy). We can

rewrite (2.2.14) as

lk Bk
AUk Vim—«] = [Ck Vin—k41] ; (2.2.15)
0 ﬂmfk

where By = CI'jAmek. For numerical reasons, we normalize the column vectord,of
and replace the identity matrix above with a diagonal matri®y, such thatJyDy has

unit columns. We denote the rescaldd asUx. Now, the columns O{Uk Vim_k| and

[Ck Vin—k+1] have unit norm, which ensures that the rightmost matrix in (2.2.15) is not

unnecessarily ill-conditioned. This improves the accuracy of the numerical solution.

We define

. ~ ~ Dk Bx
Vm=[Uk Vm«], Wmi1=[Ck Vm ki1, Gm= :
0 ﬂmfk
and write (2.2.15) more compactly, as
AV = Wini1Gpp, (2.2.16)
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Note thatG,, = WH, ; AV, is upper Hessenberg, with diagonal. The columns i1
are orthogonal, but this is not true for the column¥gf

At each cycle, GCRO-DR solves the minimization problem

t=arg min |r—Az>, (2.2.17)

z€ R(Vm)

which reduces to thém+1) x mleast squares problem

Gy = Wi 1 = [Ir]|2811, (2.2.18)
with t = Viy. The residual and solution are given by

= 1r—AVpy=r—Whn1G.y, (2.2.19)

X = X+Vmy. (2.2.20)

To compute new harmonic Ritz vectors the method solves the generalized eigenvalue

problem
GHGmz = BiGHWH, 1Vinzi, (2.2.21)

derived from (2.2.3), and recovers the harmonic Ritz vectoys as/nZ.

Computationally, GCRO-DR and GMRES-DR use the same number of matrix-vector
products per cycle, although a matrix-vector product for GCRO-DR is slightly more ex-
pensive, as a modified operator is usedf i the average number of nonzeros per row
in AW, then the cost of a matrix-vector product for GMRES-DR s, and2fn + 4kn
for GCRO-DR, wher&k < n. The additionakkn is the cost orthogonalizing agairfSt.

Both GCRO-DR and GMRES-DR solve a smailx m eigenvalue problem each cycle.
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GMRES-DR orthonormalizds+ 1 vectors of lengthm+ 1 while GCRO-DR finds the QR-

factorization of a smal{m+ 1) x mmatrix. Finally, GMRES-DR storesfewer vectors.

2.3 Test Problems

We discuss our main example in section 2.3.1, a problem from fracture mechanics that
produces a large sequence of linear systems. The matrices are symmetric positive definite
(SPD), and both the matrix and right hand side change from one system to the next. As
these systems are SPD, we also provide results for three problems that involve real non-
symmetric matrices and complex non-Hermitian matrices. To illustrate the effectiveness of
our approach for the case of an invariant matrix, we consider two examples from physics.
We discuss electronic structure calculations in section 2.3.2, and a problem from lattice
QCD in section 2.3.3. Finally, in section 2.3.4, we apply the two main approaches we have
discussed to a simple convection diffusion problem. We use this example to explore the
effects of subspace recycling in the nonsymmetric case, independently from perturbations
in the matrix or right hand side. We show all methods for the main example, but for brevity
we show only selected methods for the remaining problems. Computational results are

presented in section 2.4.

2.3.1 Fatigue and Fracture of Engineering Components

Research on failure mechanisms (e.g. fatigue and fracture) of engineering components
often focuses on modeling complex, nonlinear response. Finite element methods for quasi-
static and transient responses over longer time scales generally adopt an implicit formula-
tion. Together with a Newton scheme for the nonlinear equations, such implicit formula-

tions require the solution of linear systems, thousands of times, to accomplish a realistic

analysis [19].
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Figure 2.3.1: 2D plate mesh for crack propagation problem.

We study a sequence of linear systems taken from a finite element code developed
by Philippe Geubelle and Spandan Maiti (both Aerospace Engineering, UIUC). The code
simulates crack propagation in a metal plate using so-called “cohesive finite elements”. The
plate mesh is shown in Figure 2.3.1. The model is symmetric aboutdlxés, and in this
problem the crack propagates exactly along this symmetry axis. The cohesive elements
act as nonlinear springs connecting the surfaces that will define the crack location. As
the crack propagates the cohesive elements deform following a nonlinear yield curve, and
eventually break. These elements are usually inserted dynamically, although that is not the
case here. The element stiffness is set to zero for a broken cohesive element. This results
in a sequence of sparse, symmetric positive definite, stiffness matrices that change slowly
from one system to the next. Each stiffness matrix can be expressédds= AD) - AAD,
AlthoughAA() is considerably more sparse tha, it is not low-rank, as the terms in the
updateAAl) come from the cohesive elements. The other finite elements model linear
elasticity and have constant stiffness matrices. The matrices produced in our examples are
3988x 3988 and have a condition number on the orded6f. They have an average of
13.4 nonzero entries per row. We will consider a sequence of 150 linear systems, both

preconditioned and nonpreconditioned. We give results in section 2.4.1.
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2.3.2 Electronic Structure

First-principles electronic-structure calculations based on thed8ciger equation are
used to predict key physical properties of materials systems with a large number of atoms.
We consider systems arising in the KKR method [23, 22].

For an electron that is not scattered going from atdmatom j, the Green'’s function

solution is the structural Green'’s function

g VEIri—rj]

Go(ri,rj;E) = m’

whererj andr; are position vectors, arfélis the complex energy. For an electron scattered

going from atom to atom|j, the Green’s function can be given as follows.
Gl =t +t'Gyt) +t'Ght*Gg't) + .., (2.3.1)

where each' is a single-site scattering matrix depending only on the local potential. In

matrix notation, this recursive definition gives the following equatiorGor

G=t+1tGo(t+tGot+...) = t+1GyG <

(1-tG)G = t, (2.3.2)

wheret is the block-diagonal matrix with blocks. A localization strategy transforms
(2.3.2) into an equation for the Green’s function relative to a fictitious reference system

chosen to ensure localization. This yields a sparse matrix to invert.

Gref = (' —trefGO)_ltreﬂ

G = (l - (t - tref)Gref)il(t - tref)-
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The first system above can be inverted very rapidly. The second requires the inversion of
a sparse, complex, non-Hermitian matrix, where the relative number of nonzeros in the
matrix decreases with the number of atoms [21, 54, 46]. We give results in Section 2.4.2,
using a model problem provided by Duane Johnson (Materials Science and Engineering,
UIUC) and Andrei Smirnov (Oak Ridge National Laboratory).

Only the block-diagonal elements (corresponding to local sites) are needed to calculate
physical properties. Iterative methods offer the advantage to store only those components of
the inverse (computed column-by-column) that we need. Standard direct inversion methods
are infeasible for large numbers of atondNs % 500) on regular workstations because the
memory and computational costs grow@@?). Once the electronic Green’s function is
determined, one can determine important physical properties such as charge densities, total

energy, force, formation and defect energies in terms of the Green’s function.

2.3.3 QCD

Quantum chromodynamics (QCD) is the fundamental theory describing the strong inter-
action between quarks and gluons. Numerical simulations of QCD on a four-dimensional
space-time lattice are considered the only way to solve QCD ab initio [6, 51]. As the
problem has 42 x 12 block structure, we are often interested in solvingXaright hand

sides related to a single lattice site. The linear system to be solé¢d-isD)x = b with

0 < K < K¢, whereD is a sparse, complex, non-Hermitian matrix representing periodic
nearest neighbor coupling on the four-dimensional space-time lattice [27k £t the
system becomes singular. The physically interesting case is dtwse tok¢; Kc depends

onD. We present results in Section 2.4.3.
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2.3.4 Convection Diffusion

We consider the finite difference discretization of the partial differential equation

Uxx + Uyy + CUx = O,

on [0, 1] x [0, 1] with boundary conditions

u(x,0) = u(0,y) =0,

ux,1) =u(l,y) =1.

Central differences are used, and we set the mesh widthhe=b&/41in both directions,
which results in al600x 1600 matrix. We consider the symmetrec= 0 case and the
nonsymmetric = 40 case. In order to study how a recycled subspace affects convergence,
we will consider the “ideal” situation for subspace recycling by solving a linear system
twice with GCRO-DR and GCROT, recycling the subspace generated from the first run.

We show results in section 2.4.4.

2.4 Numerical Results

We explore the effects of subspace recycling by comparing the performance of GCRO-DR
and GCROT utilizing subspace recycling with CG, GMRES, restarted GMRES, GMRES-
DR, and GCROT without subspace recycling. All of the examples in this section use a zero
initial guess. In particular, for the fracture mechanics problem, we solve for the incremen-
tal displacement associated with the loading increment. In this case, using the previous
solution as the initial guess for the next system has no benefit, as the displacements are not
correlated. Both preconditioned and nonpreconditioned examples are given.

In the following sections, GMRES®{) indicates restarted GMRES with a maximum
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subspace of dimension, and GMRES indicates full (not restarted) GMRES. CG refers to
the conjugate gradient method. For GMRES-BRK) and GCRO-DR, k), mis the max-
imum subspace size, akds the number of vectors kept between cycles. For GCROT(
Kmax Kmin: S, P1, P2), mis the maximum subspace size over which we optimize. The maxi-
mum number of column vectors storeddp andCy (as described in section 2.2.3)Kgax
The argumenknn indicates the number of column vectors retainedyrandCy after trun-
cation. The argumerd indicates the dimension of the Krylov subspace from which we
selectp; vectors to place itJx. We also include itJy the lastp, orthogonal basis vectors
generated in the Arnoldi process. See [9, 25] for more regarding the choice of parameters.
At each restart, GMRES is run fon— ky, steps.

In comparing restarted GMRES, GCROT, GMRES-DR, and GCRO-DR, we decided to
make the solvers minimize over a subspace of the same dimension. An alternative choice
would be to provide the same amount of memory to each solver, but we felt that our choice

would provide a more informative comparison.

2.4.1 Fatigue and Fracture of Engineering Components

In this example, we solve a sequence of 150 symmetric positive definite linear systems.
Results for nonpreconditioned systems and preconditioned systems are given. Each ma-
trix has a condition number of approximately*, before preconditioning. All solvers

were required to reduce the relative residuallige—10. The number of matrix-vector
multiplications required to solve each of these systems is shown in Figure 2.4.1 for full
GMRES, CG, GMRES-DR(40, 20), GCRO-DR(40,20), and GCROT(40,34,30,5,1,2), both
with and without subspace recycling. Except for GMRES and CG, all methods in Fig-
ure 2.4.1 minimize over a subspace of dimension 40. GMRES(40) is not shown in Figure
2.4.1 because it required an order of magnitude more matrix-vector multiplications than

the other methods to converge. The results in Figure 2.4.2 are for the same sequence with
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Figure 2.4.1: Number of matrix-vector multiplications vs. timestep for various solvers for
the fracture mechanics problem without preconditioning.

an incomplete Cholesky (IC(0)) preconditioner applied to each problem. A new precondi-
tioner was computed for each matrix, which is not the most efficient approach. The number
of matrix-vector products to solve all 150 preconditioned linear systems is given in Table
2.4.1.

We see in Figure 2.4.1 that GCRO-DR, which employs subspace recycling, requires the
fewest matrix-vector products, except for the first system in the sequence, for which there
is no recycled subspace available. For the first system, GCROT outperforms GCRO-DR.
GCRO-DR and GCROT outperform the solvers without subspace recycling by a signifi-
cant number of matrix-vector products. Overall, GCROT (without recycling) and CG show
about the same convergence. Full GMRES outperforms CG, indicating that the conver-
gence of CG is delayed due to effects of finite-precision arithmetic.

For the preconditioned case shown in Figure 2.4.2, GCRO-DR performs best, with

GCROT with subspace recycling a close second. All the other solvers cluster near GMRES.
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Figure 2.4.2: Number of matrix-vector multiplications vs. timestep for various solvers for
the fracture mechanics problem with incomplete Cholesky preconditioning.

Table 2.4.1: The total number of iterations required to solve 150 sequential IC(0) precondi-
tioned linear systems is compared. Only GCRO-DR and GCROT (recycle) exploit subspace
recycling.

Method Matrix-Vector Products
GMRES(40) 27188
GMRES-DR(40,20) 14305
GCROT(40,34,30,5,1,2) 14277

CG 14162

GMRES 14142
GCROT(40,34,30,5,1,2) (recycle 7482
GCRO-DR(40,20) (recycle) 6901
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Figure 2.4.3: Typical convergence curves for GCROT and GMRES-DR applied to the frac-
ture mechanics problem, with and without Krylov subspace recycling. The subspace re-
cycled by GCRO-DR converges to an invariant subspace, whereas GCROT recycles the
subspace selected in the last cycle of the previous linear system. This subspace may not b
as important for the first cycle of the next system.
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Comparing GMRES-DR and GCRO-DR, we see a significant difference in conver-
gence, even though both methods focus on removing the same approximate eigenspace.
The difference is due solely to subspace recycling. With no subspace to recycle, GCRO-
DR is algebraically equivalent to GMRES-DR. The data suggests that the eigenspace asso-
ciated with the interior eigenvalues is hard to estimate accurately, and GCRO-DR exhibits
superior performance (except for the first system) because it does not have to recompute
that space with each new linear system. Deflating the eigenspace associated with the 20
smallest eigenvalues is particularly well-suited to these problems because the matrices are
SPD, and so the convergence is determined by the spectra. In Figure 2.3(a), we show
typical convergence curves for GCRO-DR and GCROT without preconditioning for the
first linear system in a sequence, when no subspace is available to recycle. At each cycle,
GCROT continually updates the subspace it retains between cycles, whereas the subspace
retained by GCRODR between cycles converges to an invariant subspace. Commonly, we
have observed GCROT to outperform deflation-based solvers in the absence of Krylov sub-
space recycling. In Figure 2.3(b) we show typical convergence curves for GCRO-DR and
GCROT for a later system in the sequence, when both methods use Krylov subspace re-
cycling. The subspace recycled by GCRO-DR is nearly invariant, and GCRO-DR shows
good convergence. The subspace retained by GCROT is the subspace that was selected in
the last cycle of the previous linear system. This subspace may not be as important for the
first cycle in the next linear system. This observation suggests that retaining the subspace
determined through optimal truncation in tfest cycle of the previous system may prove
more beneficial than retaining the one determined in the last cycle of the previous system.

This remains to be explored.
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2.4.2 Electronic Structure

We consider a small model problem that arises in the KKR method [23, 22]. The problem
involves the simulation of a cubic lattice of 54 copper atoms (treated as inequivalent) for a
complex energy point close to the real axis. This is the key physical regime for metals and
leads to problems that converge poorly. We 1i8&asis functions per atom, which leads to
864 unknowns. The matrix has abo8®0, 000 nonzeros. However, for increasingly larger
systems the matrix becomes more sparse; the number of nonzeros grows roughly linearly
with the size of the matrix. We solved this problem using GCRO-DR(50,25) with subspace
recycling for32 consecutive right hand sides. In particular, we solve for the first 32 unit
Cartesian basis vectors corresponding takel 6 basis functions associated with the first
two atoms. We give the convergence history for the first atom in Figure 2.4.4. Note that the
first two right hand sides together take abbQ0iterations, the remaining right hand sides
take approximatelf40iterations each, a reduction of almé&§t% Each right hand side for

the second atom (not shown) also takes approximdié@jterations. Although for prob-

lems of this size iterative methods are not competitive with direct solvers, we have observed
this convergence behavior for larger problems, in particular the immediate acceleration in

convergence for subsequent right hand sides.

2.43 QCD

As a model problem we use the matrix “conf®014x4.1000.mtx” downloaded from the
Matrix-Market website at NIST [4]. The model problems were submitted kyrBMedeke
(Dept. of Mathematics, University of Wuppertal) [27]. For this problem we have
0.20611and we used = 0.202

We solve forl2 consecutive right hand sides (the fit&Cartesian basis vectors) using

the GCROT method with subspace recycling. The results are presented in Figure 2.4.5.
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Figure 2.4.4: Convergence for 16 consecutive right hand sides for a small electronic struc-
ture problem. Each distinct curve gives the convergence for a subsequent right hand side,
plotted against the total number of matrix-vector products. The first two right hand sides
together take about 500 iterations, while the remaining right hand sides take about 140
iterations each, a reduction of almost 50%.

logy lIrll2

JREARRRAR

0 500 1000 1500 2000 2500
Total Number of Matrix-Vector Products

Figure 2.4.5: Convergence for 12 consecutive right hand sides for a model QCD problem
from the NIST Matrix Market. Each distinct curve gives the convergence for a subsequent
right hand side, plotted against the total number of matrix-vector products.
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Cosines of the principal angles between Cosines of the principal angles between

the recycled subspace and the subspace the recycled subspace and the subspace
spanned by the 10 smallest eigenvectors spanned by the 21 smallest eigenvectors
c=0 c=40 c=0 c=40

1.00000000000000 1.0000000000000D.00000000000000 1.00000000000000
1.00000000000000 0.99999999999991.00000000000000 1.00000000000Q00
1.00000000000000 0.9999999983994P.00000000000000 1.00000000000Q00
1.00000000000000 0.9999997049020B.00000000000000 0.99999999999937
0.99999999999703 0.9999014978856L2.00000000000000 0.99999999545394
0.00000000593309 0.988446585246165.00000000000000 0.99999681064565
0.00000000003840 0.8995745466509899999999999988 0.99983896006215
0.00000000000003 0.5423718567011M.99999999316379 0.99393007943547
0.00000000000000 0.0642693807364299993817690380 0.94584519976471
0.00000000000000 0.02603228754605:.99792215267787 0.20867650942988

Table 2.4.2: Cosines of principal angles between the recycled subspace and the invariant
subspaces spanned by the 10 and 21 eigenvectors associated with the eigenvalues of small-
est magnitude, respectively, for the= 0 andc = 40 cases.

2.4.4 Convection Diffusion

In this example, we consider GMRES, GMRES(25), GMRES-DR(25,10), GCRO-DR(25,
10), and GCROT(25,18,15,5,1,1). To explore the effects of subspace recycling on this
example problem, weerun GCRO-DR and GCROT on the same linear system, and recycle
the subspace from the first run. We do this to exclude the effects of right hand sides having
slightly different eigenvector decompositions. In a sense, this is the ideal case for subspace
recycling. When GCRO-DR keeps the same subspace between cycles as GMRES-DR,
these methods are equivalent, so we do not plot the first run of GCRO-DR. The results
for thec = 40 (nonsymmetric) case are quite interesting, and counterintuitive. The results
are shown in Figure 2.4.6 for thee= 0 (symmetric) case and Figure 2.4.7 for the- 40
(nonsymmetric) case. In the legend for each of these figures, “recycle” denotes the second
run of a solver that was run twice. All solvers were required to reduce the residual to
1.0e—-10.

For thec = 0 case, we see that the second runs of GCRO-DR and GCROT both con-
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.10 1 1 1 \’ 1 ~ 1 1
0 20 40 60 80 100 120 140 160
Number of Matrix-Vector Products
GMRES [ GCRO-DR(25,10) (Recycle) @
GMRES(25) X GCROT(25,18,15,5,1,1) &
GMRES-DR(25,10) O GCROT(25,18,15,5,1,1) (Recycle) &

Figure 2.4.6: Number of matrix-vector products vs. timestep for various solvers for the
convection-diffusion problem witb = 0.

l0g10 IIrll2

0 20 40 60 80 100 120 140 160
Number of Matrix-Vector Products
GMRES [ GCRO-DR(25,10) (Recycle) @
GMRES(25) X GCROT(25,18,15,5,1,1) A
GMRES-DR(25,10) O GCROT(25,18,15,5,1,1) (Recycle) 4

Figure 2.4.7: Number of matrix-vector products vs. timestep for various solvers for the
convection-diffusion problem with = 40.
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verged faster than GMRES. All other solvers are, of course, slightly worse than GMRES,
with GMRES(25) being far worse. GCRO-DR and GCROT recycled a small subspace
from their first run that improved convergence significantly. Foradke40 case, GMRES

and the second run of GCROT terminate in about the same number of iterations, but the
second run of GCROT had a significantly smaller residual for almost the entire run. Only
near the end, with a much larger search space, does GMRES catch up. The second run of
GCROT also does better than its first run, indicating that it recycled a subspace useful for
convergence. However, GCRO-DR performed initially somewhat better on the second run
than the first, but the overall convergence was approximately the same for both runs. This
means that the subspace it recycled failed to improve convergence.

Table 2.4.2 shows the cosines of the principal angles between the subspace recycled by
GCRO-DR and the invariant subspace associated with the 10 and 21 eigenvalues of small-
est magnitude, respectively, for tke= 0 andc = 40 cases. For the comparison with 10
eigenvectors, we see that the recycled subspace fortH&case only captures 5 eigenvec-
tors. We choose to compare with the space spanned by 21 eigenvectors because it captures
the entire recycled subspace for the- 0 case. This means that GCRO-DR does not se-
lect the invariant subspace spanned by the eigenvectors for the 10 smallest eigenvalues, but
rather selects some subspace of the space spanned by the 21 smallest. The table also shows
that the approximation of an invariant subspace forthe40 case is nearly as good as for

c = 0. However, this does not lead to similar convergence.

2.5 Conclusions and Future Work

We have presented an overview of Krylov subspace recycling for sequences of linear sys-
tems where both the matrix and right hand side change. Different choices for subspace

selection and recycling have been shown, as well as methods implementing those choices.
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We propose the solver GCRO-DR to implement Krylov subspace recycling of approximate
invariant subspaces for Hermitian and non-Hermitian systems. When solving a sequence
of linear systems, methods employing Krylov subspace recycling frequently outperformed
GMRES while keeping only a small number of vectors. However, as the examples in sec-
tion 2.4.4 show, this is not always the case. It is not yet well understood precisely how
subspace selection affects convergence. In Chapter 3 we examine this process further, and

develop convergence bounds for GCRO-DR.
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Chapter 3

Analysis of Krylov Subspace Recycling
for Sequences of Linear Systems

In this chapter, we analyze the convergence of GCRO-DR, which recycles nearly invariant
subspaces. We establish a bound on the residual norm produced by GCRO-DR in terms
of GMRES with a deflated Krylov subspace and deflated initial residual vector. It is fre-
guently suggested that deflating away eigenvalues closest to the origin is a desirable goal.
Experimental and theoretical results show that while recycling invariant subspaces can be
beneficial, better choices exist. In particular, we demonstrate that deflating away eigenval-

ues closest to the origin is not always best.

3.1 Introduction

In Chapter 2, the linear solver GCRO-DR was proposed for solving a sequence of general
linear systems where only one linear system is available at a time, and both the matrix and
right hand side change from one system to the next. Here, we take a theoretical look at its
convergence properties. In section 3.2 we define some useful notation and relationships,
and review Krylov subspace recycling. In section 3.3.1 we derive a convergence bound for
GCRO-DR, and in section 3.3.2 we show several experiments illustrating the conditions

under which recycling nearly invariant subspaces is beneficial. We offer conclusions in
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section 3.4.

3.2 Some Notation and Useful Relationships

Here, we introduce notation that will be valuable for our later analysis, catalog useful re-
lationships between various projectors, and review the concept of the “one-sided distance”
between subspaces. We assume the notation and discussion on Krylov subspace recycling
from Chapter 2.

We denote the range of a mat@x € C™* by ® (Cy). CI denotes the Moore-Penrose
pseudoinverse of, andlM¢ denotes the orthogonal projector orko(Cy). Let R (Qy)
denote ar/-dimensional simple invariant subspace of the ma#rig C™". We usePq
to represent the spectral projector [4%,1.3] ontoR (Q,). Since a projector acts as the

identity over its range, we see that
NPy = Po. (3.2.1)

We define theone-sided distanc&om the subspac& (Qy) to the subspac& (Cy)
(k>1?),as

0(Qr,G) = || (1 = Mc) Ngll2. (3.2.2)

0(Qy,Cx) is equal to the sine of the largest principal angle betw®€Q,) and® (Cy) [2].
This means that any unit vector R (Q,) has a component of at most lengtlorthogonal
to R (Cx). To the extent that these two subspaces coind@@®,,Cy) approaches zero, and
0(Qy,Cx) =0ifand only if R (Qy) C R (Cx). In particular, we will be considering the case

where a subspac® (Cy) contains (or nearly contains) an invariant SubspRd€),).
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3.3 Analysis of Deflation-Based Krylov Subspace
Recycling

In section 3.3.1 we present a bound on the residual norm produced by GCRO-DR in terms
of a GMRES process with a deflated Krylov space. We operate under the assumption that
the recycled subspac® (Cy) contains or nearly contains an invariant subspRa&),),

wherek > ¢, for some/-dimensional invariant subspa®e(Q,) of A. All theoretical results

require only tha®(Q,Cx) < 1, but are more useful whed(Q,,Cy) is small. In section

3.3.2 we present some numerical experiments, and analyze them by applying the newly
developed bounds. In particular, we show that recycling invariant subspaces can be quite
effective on certain problems. However, we also demonstrate that deflating away eigenval-
ues closest to the origin is not always best, and when selecting a subspace to recycle, there

exist better choices than invariant subspaces.

3.3.1 Recycling Invariant Subspaces: Theory

A deflated GMRES process is one in which all components from a particular invariant
subspace have been removed from the individual residual, and the search subspace does not
contain any components in this invariant subspace. The deflated problem can be expressed

as

min | —Po)ro—d||2, 3.3.1
deAK(i)(A7(|_PQ)rO)H( Q)ro—d2 (3.3.1)

whererg = b — Axg is the residual for the initial guesg, andPq is the spectral projec-
tor onto an invariant subspadg(Qy). In the eigenvector decomposition Af the vector
(I —Pg)ro has no components in the subspa¢Q,), and the same holds for all vec-

tors in thej-dimensional Krylov subspadé(l) (A, (I —Pq)ro). In GCRO-DR, we do not
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have available the invariant subspa&€Q,) or the associated spectral projedgy; so in-
stead we use the subspagdCy) and the associated orthogonal projediley. Although
(I —Pg)ro has no components iR (Qy), this is not necessarily true for — N¢) ro. As we
cannot generate the Krylov subspad€(l) (A, (1 — Pg) o), we instead consider the Krylov

subspacer, (Vj), whereV; € C™! is an orthonormal basis for
(I =Nc) AK; ((I =Mc) A, (I = Mc)ro). (3.3.2)

We note tha{l —Nc)Vj =V;. First, GCRO-DR finds the minimum residual solution over
R (Cx), then updates the residual as= (I —N¢)ro, and finally computes the minimum

residual solution over the subspa@e(vj). As such, we consider the related problem

deﬂ[?jr;@vj] (I =Pg)ri—d|)2 (3.3.3)

as an approximation to (3.3.1). In the eigenvector decompositiéntbe vector(| —Pg)r1
has no components i (Q;), and neither do the column vectors @f—Pg)V;. Even
though we recycle the subspa&gCy), which contains an approximate invariant subspace,
and use an orthogonal projectdg rather than a spectral projector, we show below that we
can bound the convergence of GCRO-DR using the deflated problem (3.3.3), so long as
6(Qr,Cx) < 1. We will see below that if|Po||2 is large, the bound may be loose.

Some of the following discussion was inspired by [45], which was in turn influenced

by [41].

Theorem 3.3.1.Let R (Q;) be an/-dimensional invariant subspace 8fc C™". Let
R (Cx) be ak-dimensional subspacg > ¢) such thatd(Q;,Ci) < 1. Let® (Vj) be a

j-dimensional Krylov subspace, as defined3rB8.2) Letrg € C", andry = (I —¢)ro.
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Then,

min  [[ro—difl2< min {||(I =Pg)(ra—d)[l2+V|[r1—d22}, (3.3.4)
dieR (V. C) daeR (Vj)

wherey = ||(1 —M¢)Po||2.

Proof.
min  fro—dlz =  min  |rp—d—d]
de® (Vi C) d.deR ([Vj.C)
= min {||(1—Pg)(r1—d)+Po(r.—d)—d]2}
d.de® ([Vj.Cd)
< min {||(I —=Pg)(r1—d)+Pg(r1—d)
deR (V;)

—Mc[(1 = Po) (r1—d) +Po(ra—d)] 2} *

= min {[[(I=Mc) (I =Pg)(ra—d)+ (I =Mc)Pq(r1—d)|l2}

deR (V;)

< min {|[(I=Ac)l2[[ (I =Po) (ra—d) |2
deR (V]
+[I (I =Nc)Pq(r1—d) |2}

< min {||(1 =Pg)(r1—d)|l2+VirL—d|2}.

dER(V])
OJ

When considering Theorem 3.3.1, it is useful to think of a GCRO-DR process that has
solved at least one linear system in the sequence, and is just beginning the first cycle on the
next linear system in the sequence.

The termy in Theorem 3.3.1 depends on the one-sided distance (3.2.2) between the

invariant subspac® (Qy) and the subspac (Cy). We observe the following relationship.

We have setl = MNc[(I — Po) (r1—d) +Po (r1 —d)].
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Proposition 3.3.2. Assume the notation from Theorem 3.3.1. Then,

y=|(I=Nc)Pgll2 = |[(I =Mc)MgPgl2
< |I(1 =Ac)MNgl2[[Poll2

= 3(Qr,C) IPgll2-

Proof. The first inequality follows from (3.2.1). m

Again, we observe that any unit vector®(Q,) has at most a component of lendth
orthogonal toR_ (Cy), and if R (Q,) € R (Cx), thend=y=0. If ||Pgl|2 is large, we must
haved small ifyis to be small.

Continuing with Theorem 3.3.1, let=V;y for somey R}, and rewrite the bound in

(3.3.4) as

min{|(1 = Fo) 1.~ (1 —Po) iyll2+ ¥l ~Viyl2) (3.3.5)

We will use (3.3.5) to bound the convergence of GCRO-DR. Note that the first term in
(3.3.5) is just the deflated problem (3.3.3), and the second term in (3.3.5) goes to zero
asy goes to zero. In this case, it is reasonable to think of the right term in (3.3.5) as a

perturbation of the left term.

Proposition 3.3.3. Assume the notation from Theorem 3.3.1. Then,

min{|| (I = Pg) (r1 —Vjy) [l2+VYlIr. — Vjyll2} <
yeR!

. T
min | (1~ Fo) .~ (1 —Pa) Vivll2 +vI [(1 = F)Vi] "2+ [Fall2- [ (1 = M) rall
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Proof. Lety, = [(I — Pg)V;] f (I —Pg) r1 be the minimizing argument in (3.3.3). Clearly,

;Qli&r}{H (I =Po)ra— (I =Po)Viyll2+Vlre = Vjyll2}

< [[(1=Pg)ri— (1 —=PQ)Vj¥bll2+Vl[r1 — Vjybl|2-

Writing out the explicit representation fgg gives

Ira=Viyollz = 11 (1=V; [0 =P)Vi] (1 =Pg) )
= (1= [0 =PV (1 -P)) (1 =M)rae  (3:3.6)
< 1=V [0 =P)Vi] (1 =Po)fl2- 11 (1 =) .

Equation (3.3.6) follows from the observation that (I — PQ)VJ-}T(I —Pg) is an oblique

projector onta®_ (V;). It follows that

T T
M=V [ =Po)Vi] (1 =Po)ll2 = [IV; [(1 =Po)Vj] " (I = Pq) [|2
T
< |Villz- [T =PI V5] " ll2- [T = Poll2
t
= [HO=P)Vi] " ll2- IPall2
where we have used the assumption ¥atas orthonormal columns. O
Finally, we bound| [(I — Po)V;] 2.

Proposition 3.3.4. Assume the notation from Theorem 3.3.1. For eRdfQQ,) such that
3(Qr,C) <1,

10 -PoVi) "2 < 7.
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Proof. We observe that
t _
I[(1=P)Vi]'l2 = [Omin(Vj—PaVj)] ™,

whereonmin denotes the smallest singular value of a matrix. We now proceed to find a lower

bound onl|Vjz— PoVjz||2 over allz€ R}, ||z||2 = 1. We start by considering
PoVjz=Cié1+C, &2,

where&; € R¥, & € R" X, C is an orthonormal basis fak (Cy), and[Cx C, ] is unitary.
We have expressed the vec®jVjz as the sum of its components £ (Cyx) and®_ (C, ),

for any unit vectorz It follows from the definition o®(Qy,Cy) that
IC 1 &2]2 < 8||PqVjz|2. (3.3.7)
Inequality (3.3.7) implies that
ICEll2 > v1- & ||PoViz2.
We have that
Viz—PqVjz= —Ci&1+Vjz—C &2,
where

VjZ_CJ_EZ € R(CJ_)v
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by construction. Thus,

IViz—PoVizl3 = |[C&all3+IViz—Ci&2l3

> (1-8) |PoViz|3+ Viz—CLE|I3.

We show that either one of these terms may be arbitrarily close to zero, but that the sum
of the two terms together can always be bounded away from zero. We consider two cases,
based on the size of = ||PgVjZz|2.

Case l.a < 1. In this case(1— &%) a2 may be small. However,

IViz—PoVjZ|3 > |Vjz—C. &3

(1—da)?

Y

(1-3)%,

Vv

since0<d< landa < 1.

Case Il.a > 1. In this case|V;z—C, &>||> may be zero. However,

IViz—PoViz|3

vV

(1- &) o?

1- &

IV

(1_6)27

v

since0<d< landa > 1. O

Remark 3.3.5. Proposition 3.3.4 shows that as soordas 1, we have an upper bound on
[ - PQ)VJ-}Jr |2. In all experiments conducted, we observed {RVj||>» < 1, and thus

case | of Proposition 3.3.4 applies. In this situatidr; 0 and|| [(I — Po) V] f |2~ 1.

Corollary 3.3.6. Assume the notation from Theorem 3.3.1. For e®&c(Q,) such that
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0(Qr,Ck) <1,

deR V)G deR [(1-Po)Vj]

b (1) IRell- 10~

min  |ro—dif2 < min | (1 —Pg)r1—db||2 (3.3.8)

So, we see that the norm of the residual produced by GCRO-DR can be bounded above
by (3.3.3), plus a term that approaches zer&®d€),) is increasingly contained i (Cy)
and ag| (I —My)r1||2 becomes small.

Note that (3.3.8) is true for any invariant subspagtéQ,), but if this choice makes
%HPQHZ very large, the bound may be very loose. It is therefore desirable to select the
bestR® (Qy) over all possible invariant subspac®gQy) such thatd(Q,,Cx) < 1, where
¢ <k, in general. When computing the bound (3.3.8) in section 3.3.2 for given valudes of

andk, we will select the invariant subspa®e(Qy) that minimize%||PQ||2.

Corollary 3.3.7. Assume the notation from Theorem 3.3.1, and that the maigxHermi-

tian. For each®_ (Q,) such that (Q,,Cy) < 1,

min  |ro—dif2 < min |(1—Mg)ri1—d2|2
dieR [V Gy doeR [(1-Tq)Vj]

o
+ mH(' —Ny)rall2.

Corollary 3.3.7 shows that the bound is tighter in the Hermitian case, which suggests
that recycling invariant subspaces should be particularly effective for sequences of Hermi-

tian systems.
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3.3.2 Recycling Invariant Subspaces: Numerical Experiments

We show three example problems in this section. In the first example we examine a class
of matrices with a parameter that controls the deviation from normality. This allows us to
examine the influence of normality on the recycling process when invariant subspaces are
used. The second example is a simple convection-diffusion problem. The final example
concerns a matrix with a random eigenbasis but only ten distinct eigenvalues, and shows
that a poorly chosen recycled subspace can severely harm convergence.

We will only consider the bound (3.3.8) over the first cycle, because we are primarily

interested in how the recycling process impacts the initial convergence.

ExamMpPLE 3.3.1.Here, we consider Example 4.4 from [45]. We use a setQffx 100
matricesAl) = SUA(SV) -1, (i = 1,2,3) with k1 (SV) = 1, k2(S?) = 10°, k3(S9)) = 10°.
For eachk;, the matrixS") is defined adDU*, whereD® = I, and D) = diag(1 :
Kj/100 :kj) for j = 2,3. The matrixU is the orthogonal matrix in the QR factorization of

the lower triangular part of

1 n+tl 2n+1
2 nNn+-2 2n4+2

n 2n 3n en

By constructionk(S") = kj, i = 1,2,3. The matrixA = diag(0.1, 0.2, 0.3, 0.4, 5, 6, 7,
...,100. The right-hand side vectdris a normalized vector of all ones.

In Figure 3.3.1, we plot convergence curves for GMRES and GCRO-DR(24,4) applied
to the systenA() = f. Note that the matriXAl) is SPD. Except for the first cycle, GCRO-
DR performs20 matrix-vector multiplications in each cycle. GCRO-DR was asked to re-

cycle four vectors in order to investigate its ability to pick up the four smallest eigenvalues
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logo Irll2

0 20 40 60 80 100
Number of Matrix-Vector Products
GMRES - - bound O

GCRO-DR(24,4) (first run) ------- deflated +
GCRO-DR(24,4) (second run)

Figure 3.3.1: Example 3.3.](,(8(1) = 1. Number of matrix-vector multiplications vs.
residual norm for various solvers. In the legend, “bound” represents the bound (3.3.8), and

“deflated” represents the deflated problem (3.3.3). For the bapnff,= 4) was selected

to be the the span of the four eigenvectors corresponding to the four eigenvalues of smallest
magnitude.

0.1,0.2,0.3, and0.4. We see that the bound (3.3.8) is nearly identical to the actual con-
vergence curve, and that the GCRO-DR curve appears to line up with the deflated problem
(3.3.3). In Table 3.3.1 we plot some terms from the bound (3.3.8). When computing the
bound for this case, the subspageQ,) (¢ = 4) was selected to be the span of the four
eigenvectors corresponding to the four eigenvalues of smallest magnitude. In this case,
GCRO-DR was successful in selecting and recycling an invariant subspace, and removing
the effects of all components in that invariant subspace.

In Figure 3.3.2, we plot convergence curves for GMRES and GCRO-DR(24,4) applied
to the systemA® = f. We see that the bound (3.3.8) is nearly identical to the actual
convergence curve, and that the GCRO-DR curve appears to line up with the deflated bound
(3.3.3). In Table 3.3.2 we plot some terms from the bound (3.3.8). When computing the
bound for this case, the subspageQ,) (¢ = 4) was selected to be the span of the four

eigenvectors corresponding to the four eigenvalues of smallest magnitude. Despite the
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Table 3.3.1Example3.3.1.k (s<1>> —1

GCRO-DR denotes the residual norm produced by GCRO-DR at iterption

K(AW) y IPall2 S

10° 1.8129e-08 1.0000e+00 1.8129e-08

] GCRO-DR Bound Equation
(2" run) (3.3.8) (3.3.3)

1 2.5052e-01 2.5052e-01 2.5052e{01

2 1.3648e-01 1.3648e-01 1.3648e{01

3 1.0051e-01 1.0051e-01 1.0051e{01

4 6.1982e-02 6.1982e-02 6.1982e/02

5 3.7868e-02 3.7868e-02 3.7868e02

6 2.6543e-02 2.6543e-02 2.6543e{02

slightly ill-conditioned eigenbasis, GCRO-DR was successful in selecting and recycling
an invariant subspace, and removing the effects of that invariant subspace. This example
shows that convergence is not strongly affected by nonnormality, so Idffep#s is small.

In Figure 3.3.3, we plot convergence curves for GMRES and GCRO-DR(68,1) applied
to the systenA(® = f. With a smaller restart parameter, the method resolved no eigenvec-
tors. We see that the bound (3.3.8) is not close to the actual convergence curve in this case.
In Table 3.3.3 we plot some terms from the bound (3.3.8). When computing the bound
for this case, the subspade(Qy) (¢ = 1) was selected to be the span of the eigenvector
corresponding to the eigenvalue of smallest magnitude. Note that the feictdicates
that GCRO-DR was not sufficiently successful in removing this one-dimensional invariant
subspace. Referring to Proposition 3.3.2, we note that althdughot large, the value of
|Pol|2 allows for the possibility thay may not be small. Note that in Figure 3.3.3 the con-
vergence curve for GCRO-DR(68,1) is initially below the bound (3.3.8), and the deflated
problem (3.3.3). This suggests that a deflationary approach (e.g. problem (3.3.3)) is not
ideal, especially in the case whej®g||2 is large.

In Figure 3.3.4, we examine GCRO-DR(44,4) on the linear sydi€hx = f. We let

46



Table 3.3.2Example3.3.1.k (S(2)> = 10%.

Table 3.3.3Example3.3.1. <§3>) — 108

GCRO-DR denotes the residual norm produced by GCRO-DR at iterption

K(A@) y IPall2 S
5.9458e+04 2.0715e-07 2.0302e+00 1.3504e4007
] GCRO-DR Bound Equation

(2" run) (3.3.8) (3.3.3)
1 7.0565e-01 7.3202e-01 7.3202e-01
2 4.4612e-01 4.7169e-01 4.7169e-01
3 3.7762e-01 4.0096e-01  4.0095e-01
4 2.0057e-01 2.2508e-01 2.2508e-01
5 1.4790e-01 1.7091e-01 1.7091e-01
6 9.8155e-02 1.1478e-01 1.1478e-01

GCRO-DR denotes the residual norm produced by GCRO-DR at iterption

K(A) Y IPollz 5
4.9383e+010 7.4978e-003 1.6925e+003 4.4299er006
] GCRO-DR Bound Equation

(2" run) (3.3.8) (3.3.3)
1 4.8673e-01 1.7456e+02 1.6838e+02
2 4.7134e-01 1.7087e+02 1.6489e+02
3 3.1344e-01 1.5139e+02 1.4628e+02
4 3.0455e-01 1.5026e+02 1.1065e+D2
5 2.4534e-01 1.1451e+02 7.3275e+01
6 2.3129e-01 1.1451e+02 4.9519e+01
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logo Irll2

-10 L 1 A
0 20 40 60 80 100
Number of Matrix-Vector Products

GMRES - - bound O
GCRO-DR(24,4) (first run) ------- deflated +
GCRO-DR(24,4) (second run)

Figure 3.3.2: Example 3.3.k,<8<2) = 10%. Number of matrix-vector multiplications vs.
residual norm for various solvers. In the legend, “bound” represents the bound (3.3.8), and

“deflated” represents the deflated problem (3.3.3). For the bapnff,= 4) was selected

to be the span of the four eigenvectors corresponding to the four eigenvalues of smallest
magnitude.

GCRO-DR recycle the subspace it selected at the end of the first run, and compare with
a different GCRO-DR process that recycles the invariant subspace spanned by the four
eigenvectors corresponding to the four eigenvalues of smallest magnitude. Note that the
subspace selected by GCRO-DR produces a smaller residual norm for almost the entire
run. This means that the four vectors spanning an approximate invariant subspace were
more useful for convergence than the eigenvectors themselves, again suggesting that in-
variant subspaces are not the optimal choice when selecting a subspace to recycle. In
particular, the invariant subspace selected by GCRO-DR proved a better choice than an

invariant subspace. We examine this notion further in Example 3.3.2.
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Figure 3.3.3: Example 3.3.k,( S® ) = 10°. Number of matrix-vector multiplications vs.

residual norm for various solvers. In the legend, “bound” represents the bound (3.3.8), and
“deflated” represents the deflated problem (3.3.3). For the b&pnd,= 1) was selected to
be the span of the single eigenvector corresponding to the eigenvalue of smallest magnitude.
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GMRES -+ GCRO-DR(44,4) (second run)
GCRO-DR(44,4) (first run) -------- GCRO-DR(44,4) (exact)

Figure 3.3.4: Example 3.3.]1(,(S<3)) = 10°. Number of matrix-vector multiplications vs.

residual norm for various solvers. In this case, the invariant subspace corresponding to the
four smallest eigenvalues was recycled. Note that recycling the exact invariant subspace
produces worse results than the subspace selected by GCRO-DR.
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ExamMPLE 3.3.2. We consider the finite difference discretization of the partial differential

equation

Uxx+ Uyy+ CU)( - 0,

on [0, 1] x [0, 1] with boundary conditions

u(x,0) = u(0,y) =0,

u(x,1) =u(ly) =1.

Central differences are used, and we set the mesh width to=b4/26 in both direc-
tions, which results in &§25x 625matrix. We consider the symmetric= 0 case and the

nonsymmetric = 25 case.
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GCRO-DR(15,6) (first run) ------- deflated  +
GCRO-DR(15,6) (second run)

Figure 3.3.5: Example 3.3.2,= 0 (Hermitian) case. Number of matrix-vector multipli-
cations vs. residual norm for various solvers. In the legend, “bound” represents the bound
(3.3.8), and “deflated” represents the deflated problem (3.3.3). For the bQufi= 6)

was selected to be the span of the six eigenvectors corresponding to the six eigenvalues
of smallest magnitude. Note that the deflated bound lines up exactly with the GCRO-DR
convergence curve.
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Table 3.3.4:Example3.3.2. ¢ = 0. Eigenvalues, numbered from smallest magnitude,
along with the inner product of the right-hand side and the eigenvector associated with
each eigenvalue. Eigenvalues in italics correspond to eigenvectors selected by GCRO-DR
at the end of its first run in Figure 3.3.8. The eigenvectors associated with eigenvalues
1,2,3,5,6,7 were used for the run “exact 1-6”, and the eigenvectors associated with eigen-
values 8,9,10,11,14,15 were used for the run “exact 7-12".

Index | Component in RHS Eigenvalue
1 | 0.30657059601507 -0.0291645036077¢
2 | 0.00086174007236 -0.0726986169517¢
3 | 0.43039431848736 -0.0726986169517¢
4 | 0.00000000000002 -0.1162327302958
5 | 0.00068793691415 -0.1445497664330¢
6
7
8
9

0.70928923205265% -0.1445497664330]
0.00019721614732 -0.1880838797770¢
0.14206341536415% -0.1880838797770¢
0.01706190332871 -0.2436702004974¢
10 | 0.8356031863404% -0.2436702004974]
11 | 0.29769480656712 -0.2599350292583!
12 | 0.00000000000001 -0.2872043138414]
13 | 0.00000000000003 -0.28720431384141
14 | 0.00337731928758 -0.3590554633227"
15 | 0.27585021322494 -0.3590554633227"

UrUurlo N U1 N 0Oy LW 0Oy N OO OV LU O

In Figure 3.3.5, we plot convergence curves for GMRES and GCRO-DR(15,6) applied
to thec = 0 system. Note that this system is SPD. We see that the bound (3.3.8) is very
close to the actual convergence curve, and that the GCRO-DR curve appears to line up
with the deflated bound (3.3.3). When computing the bound for this case, the subspace
R (Q¢) (¢ =6) was selected to be the span of the eigenvectors 1, 3, 6, 8, 10, and 11,
where the eigenvectors have been numbered starting with the corresponding eigenvalue of
smallest magnitude and moving away from the origin. Note that some of the eigenvec-
tors correspond to repeated eigenvectors, and that the right-hand side vector does not have
components in the direction of all eigenvectors. As with the previous Hermitian example,
GCRO-DR was successful in selecting and recycling an invariant subspace, and removing
from the right-hand side all components in that invariant subspace.
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Figure 3.3.6: Example 3.3.2,= 25 case. Number of matrix-vector multiplications vs.
residual norm for various solvers. In the legend, “bound” represents the bound (3.3.8),
and “deflated” represents the deflated problem (3.3.3). For the b&yn¢¥, = 2) was
selected to be the span of the two eigenvectors corresponding to the two eigenvalues of
smallest magnitude. The deflated problem (3.3.3) tracks nearly on top of the GCRO-DR
curve. A subspace of dimension 6 was recycled, but only captured an invariant subspace of
dimension 2. Note that the first run of GCRO-DR converges before the second run.

In Figure 3.3.6, we plot convergence curves for GMRES and GCRO-DR(15,6) applied
to thec = 25 system. This system is not Hermitian, and the condition number of the
eigenvector matrix i8.049%+ 05. We see that the bound (3.3.8) is very close to the
actual convergence curve, and that the GCRO-DR curve appears to line up with the deflated
problem (3.3.3). When computing the bound for this case, the sub%&Qg) (¢ = 2) was
selected to be the span of the eigenvectors correspondingtiodlieégenvalues of smallest
magnitude. In this case,we see that GCRO-DR was successful in selecting and recycling an
invariant subspace, and removing from the right-hand side all components in that invariant
subspace. Note however that GCRO-DR recycled a subspace of dimé&hdah only
captured an invariant subspace of dimengon

Of additional interest, we see in Figure 3.3.6 that the first run of GCRO-DR converges

before the second run, even though the second run utilized the subspace recycled from the
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Figure 3.3.7: Example 3.3.2,= 25 case. Number of matrix-vector multiplications vs.
residual norm for various solvers. “exact” refers to a GCRO-DR process that started with
the six eigenvectors from the six eigenvalues of smallest magnitude. “cycle 3” refers to a
GCRO-DR process that starts with the subspace determined after the third cycle of the first
run of GCRO-DR.

first run. Clearly, the recycled subspace was not useful for convergence.

This raises the question of how to select the “best” subspace to recycle, which we con-
sider in Figure 3.3.7. Clearly, the invariant subspace corresponding to the six eigenvalues
of smallest magnitude is not the best choice. The subspace selected at the end of the first
GCRO-DR run is the worst choice shown. If we look at the first run of GCRO-DR, we
see a sharp change in the convergence rate at the end of the third cycle (near iteration 33).
The curve “cycle 3" shows the performance of GCRO-DR when recycling this subspace.
Although this does not address the question of the optimal subspace to select, it suggests
that recycling the subspace determined at the end of a GCRO-DR run is not always the best
choice.

How does the choice of subspace affect convergence? Clearly, the actual convergence
process is more complicated than simply removing invariant subspaces, especially those

from the ends of the spectrum. Perhaps contrary to intuition, deflating away the eigenval-

53



logo Irll2

~, *,
X, e,
L T e !

0 20 40 60 80 100 120
Number of Matrix-Vector Products

-

GMRES -+ GCRO-DR(15,6) (exact 1-6)
GCRO-DR(15,6) (first run) ------- GCRO-DR(15,6) (exact 7-12) %
GCRO-DR(15,6) (second run)

Figure 3.3.8: Example 3.3.2,= 0 case. Number of matrix-vector multiplications vs.
residual norm for various solvers. “exact 1-6” refers to a GCRO-DR process that started
with the six eigenvectors from the six eigenvalues of smallest magnitude. “exact 7-12” is
analogous. Note that although “exact 1-6” reduced the condition number of the problem,
“exact 7-12” converged first.
ues closest to the origin is not always best. We believe that the convergmusssis
important. GCRO-DR always recycles the subspace corresponding to the harmonic Ritz
vectors of smallest magnitude. If the GCRO-DR process starts witkefgenvectors cor-
responding to th& eigenvalues of smallest magnitude, it will always recycle those vectors,
and becomes identical to restarted GMRES on a deflated problem. If, instead, a subspace
(such as the one recycled from cycle #3 in Figure 3.3.7) is kept, intermediate eigenvalues
are removed, and the resulting spectrum may appear more clustered, effectively “precon-
ditioning” the iteration. Later GCRO-DR iterations will then recycle and remove invariant
subspaces corresponding to smaller eigenvalues.

Consider Figure 3.3.8, where we plot convergence curves for solvers applied to the
¢ = 0 (Hermitian) problem, where the convergence is governed exclusively by the spectra.

Here, we compare a GCRO-DR process started with the six eigenvectors corresponding

to the six eigenvalues of smallest magnitude with a GCRO-DR process started with the
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eigenvectors corresponding to the 7-12 eigenvalues of smallest magnitude. Eigenvectors
orthogonal to the right-hand side were not included in the “exact” invariant subspaces. Sur-
prisingly (or perhaps not) the latter of the two processes converges first. This may be due to
clustering of the smaller magnitude eigenvalues, or to the fact that more of the right-hand
side vector is contained in eigenvectors 7-12 than in eigenvectors 1-6, as shown in Table
3.3.4. More importantly, we see in Table 3.3.4 the eigenvectors and eigenvalues selected
by GCRO-DR after its first run. Among the choices shown in Figure 3.3.8, this choice

is clearly best. We can see from Table 3.3.4 that the eigenvectors selected correspond to
the eigenvalues of smallest magnitude where the associated eigenvector is more strongly
oriented with the right-hand side. As we can see from Table 3.3.4, some eigenvalues are re-
peated. For a repeated eigenvalue, a Krylov method only sees one eigenvector, which is the
projection of the right-hand side onto the invariant subspace associated with the repeated
eigenvalue. When GCRO-DR recycles an approximate eigenvector, it will select this single
eigenvector. As such, although GCRO-DR only explicitly recy®&egpproximate eigen-
vectors, it may be effectively recycling many more ttkagigenvectors. This benefit occurs

only in linear systems with repeated eigenvalues. However, repeated eigenvalues frequently

arise naturally in physical systems, as a consequence of symmetry.

ExAMPLE 3.3.3. As we can see from Example 3.3.2, the choice of the recycled subspace
can seriously impact convergence. In this example, we consid®0a 100 real ma-

trix A generated with a random eigenbasis, but only 10 distinct eigenval@es., 10.

Thus, GMRES will converge in at most 10 steps. The condition number of the matrix

is approximately.16e5, and the condition number of the eigenvector matrix is approxi-
mately8.69e3. The right-hand side vector is a random vector of unit norm. We consider
two GCRO-DR processes. The first recycles the subspace generated from an initial run of
GCRO-DR, and the second recycles a randomly generated subspace. For the second case,

we suppose that there was a large perturbation from one matrix to the next in the sequence,
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Figure 3.3.9: Example 3.3.3. Number of matrix-vector multiplications vs. residual norm
for various solvers.

0.5 | B

Imaginary
z
X
X
X
X
X
X
X
X
X
X

|

Real

Figure 3.3.10: Example 3.3.3. Nonzero eigenvalue(s efC1C{') A, whereC; determined
by recycling subspace from first run.
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Figure 3.3.11: Example 3.3.3. Nonzero eigenvalue@ efCZCZH) A, whereC, random.

and that while the recycled subspace may have been a good approximation to an invariant
subspace for the previous matrix, it is essentially random with respect to the next matrix.
Let C; denote the first subspace, abgthe second (random) subspace. Figure 3.3.9 shows

the convergence curve of the first and second GCRO-DR processes, as well as full GMRES.
We see that the convergence is significantly worse when the random subspace is used, and
that far more than 10 iterations are required. This behavior can be explained by examining
Figures 3.3.10 and 3.3.11. Figure 3.3.10 shows the nonzero eigenval(les@fclH) A,

and Figure 3.3.11 shows the nonzero eigenvalug$ ofC;Ch') A. The random subspace
scattered the eigenvalues, meaning that far more than 10 iterations may be required for
convergence. As such, we see that a poorly chosen subspace can have catastrophic effects

on convergence.

3.4 Concluding Remarks

We have presented an analytical model describing the convergence of deflation-based Krylov

subspace recycling. The analysis shows that if the recycled sub%p@ag contains an
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invariant subspac® (Qy), convergence can be bounded above by problem (3.3.3). Experi-
mental evidence supports this conclusion, but also shows that a deflationary approach is not
optimal. Specifically, there exist better choices than simply trying to deflate the eigenvalues

closest to the origin.
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Chapter 4

KKT Preconditioners for FETI
Methods: New Connections

Preconditioners for KKT (Karush-Kuhn-Tucker) linear systems have been studied exten-
sively. The one-level finite element tearing and interconnecting (FETI) [16] method pro-
duces a linear system of this form. In this chapter, we show new connections between
recently proposed KKT preconditioners and solvers and the one-level FETI method. These
connections provide a new perspective on the analysis of FETI preconditioners by leverag-
ing work for KKT systems. In particular, they provide a means of bounding the eigenvalues
of preconditioned FETI systems, and thus the rate of convergence of an iterative solver.
This theoretical framework gives a means to analyze the usefulness of improvements to
FETI preconditioners.

The FETI method requires the solution of an expensive subproblem, in which a Schur
complement matrix is factorized. Connections we will demonstrate allow us to extend the
FETI method to allow for the use of an approximate Schur complement. This has several
advantages, the first being reduced computational cost. When solving a sequence of FETI
problems, we can amortize the cost of this subproblem by “recycling” the factorized Schur
complement matrix for the next linear system, and using it as an approximation to the true
Schur complement matrix for the next linear system. We can also bound the locations of

the eigenvalues for a preconditioned FETI system using an inexact Schur complement, and
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thus predict how convergence is affected by the inexact Schur complement.

4.1 Introduction

The one-level finite element tearing and interconnecting (FETI) method was one of the
first domain decomposition methods to exhibit numerical scalability with respect to both
the mesh and subdomain sizes [15], when equipped with an appropriate preconditioner. In
section 4.2 we review the original FETI method and its traditional preconditioners, as de-
scribed in [16]. We will find that the FETI method requires the solution of a KKT system,
and that the solution to this KKT system is computed by forming and solving a reduced-size
linear system. In section 4.3 we discuss a class of block-diagonal KKT preconditioners.
In section 4.4 we show an equivalence between these block-diagonal preconditioners and
FETI preconditioners. In connection with this class of block-diagonal KKT precondition-
ers, a reduced-size “related system” was proposed. In section 4.5 we outline this so-called
“related system”, and show equivalence between the related system and the reduced-size
problem solved by the FETI method. In section 4.6 we show applications of these newly
developed insights about the FETI method. These algebraic connections provide a new
means by which to analyze existing FETI preconditioners, and suggest how to construct
new ones. We bound the spectrum of the FETI dual interface problem. We also develop a
FETI method that uses an approximate Schur complement, and bound the locations of the

eigenvalues of the preconditioned system. We offer concluding remarks in 4.7.

4.2 Review of the One-Level FETI Method

The FETI method is a domain decomposition method that solves iteratively the linear sys-
tem of equations arising from the finite element discretization of self-adjoint elliptic partial
differential equations.

60



Suppose for a domaif® that the associated linear systenKig = f, whereK is the
global stiffness matrixy is the unknown vector of displacements for each degree of free-
dom, andf is a vector of applied forces. The FETI method proceeds by cutting the domain
into pieces, and then solving a local problem on each subdomain, with the requirement that
the solution is continuous across subdomain boundari€sidftorn” into Ns nonoverlap-

s=Ns
s=1 1

ping regions{Q<S) then FETI replaces the global problem wilhsubproblems,

KOS =& O\, s=1.... N (4.2.1a)
Ns

BSU® =0, (4.2.1b)
S=

whereK(® is the stiffness matrixu(® the displacement vector, arfd® the prescribed
force vector associated with the finite element discretization of the re@idnandB(®
is a signed boolean matrix that extracts and signs the interface components of a vector.
Equation (4.2.1b) represents the set of constraints that require the subd@f¥aies con-
tinuous along their interfacé®. The vector of Lagrange multipliets represents the
forces between the subdomains at their interface. Clearly, driees been determined,
each of theNs subproblems (4.2.1a) is now completely decoupled and can be solved in an
embarrassingly parallel manner.

The “tearing” process often generates substructures which do not have enough pre-
scribed displacements to locally eliminate rigid body modes. If, for example, the domain
QU) does not have enough prescribed boundary conditions, then the local stiffness matrix

K () is semi-definite, and special attention must be given to the equation

KOy — () g™, (4.2.2)
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If this singular system is consistent, the general solution of equation (4.2.2) is given by
ul) = k' <f(j)_B(j)T)\) +RDa), (4.2.3)

wherek ()" is the pseudoinverse &), R() is a rectangular matrix whose columns form a
basis for the null space &), anda(}) specifies the contribution from the null spaR@d)

to the local solutioru)). Physically,R1) represents the rigid body (zero energy) modes
of QU), andall) specifies a particular linear combination of these. Note th&t'¥f is
singular, for (4.2.2) to have a solution{?) — B()"A must be in®. (K(j)>. This requires
that

RO <f(j) —B(j)T)\) —0. (4.2.4)

4.2.1 The FETI Dual Interface Problem

If we substitute (4.2.3) into (4.2.1b) and exploit (4.2.4), the equations (4.2.1a-4.2.1b) can

be formulated equivalently as

= : (4.2.5)

where the matridF € R™" is symmetric positive semi-definite (SPSD), aad R™M is

full rank, wheren > m. System (4.2.5) is called tttual interface problembecausa is the
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dual variable to the primal variables® . The submatrices in (4.2.5) are defined as

Ns

F-—N BOK®
2
Ns

d= Z BOKO £

s=1

G =Y. .GfN”] _ [B(l)R(l) N B(Nf)R(Nf>] 7
o= —a(l)...a(’\‘f)] :

e— [fOTRD f<Nf>TR<Nf>}

t T

Y

B(S

Y

Y

whereN; denotes the number of floating subdomains. We refer to the second block equa-
tion of (4.2.5),G" A = g, as the constraint equations.

In practice, the matri¥ is never explicitly assembled. Instead, the dual interface prob-
lem is solved iteratively with the preconditioned conjugate gradient (PCPG) algorithm,

discussed in section 4.2.2, which requires only multiplication by the miatrix

4.2.2 lterative Solution of the Dual Interface Problem

In the FETI method, the indefinite dual interface problem (4.2.5) is transformed into a
smaller positive semidefinite system by first satisfying the constraint equations. This posi-
tive semidefinite system is solved iteratively, and the constraint is explicitly maintained by
projection. To satisfy the constraint equations, we must choa&® auch thaG™A(?) = e,

For this, we select

A9 = QG (67QG) e (4.2.6)
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This choice effectively decomposes the solution vektas
A=AO 1A\, (4.2.7)
whereAA € ker(GT). The most direct way of doing this is to introduce the projector
P(Q =1-QG (G/QG) "G (4.2.8)

ontoker(G'), whereQ is any matrix such thatG/ QG ) ! exists and is SPD. We will
discuss choices faD below. LettingA\ = P(Q)¢§ for someg, the first block of equations

in (4.2.5) may be written as
FP(Q): =d—FA? +Ga. (4.2.9)

Left multiplication of the system (4.2.9) by the projecR{Q) decouplest, restores sym-

metry, and transforms the FETI dual interface problem intgtiogected interface problem

(PQTFP(Q)E=PQT (d-FA®). (4.2.10)

Once¢ has been determined, we can express the soltash = A9 + P(Q)&. We then

solve for the rigid body mode coefficients
a=-(G1QG) 'GIQ(d—FA), (4.2.11)

and finally for the subdomain solutions (4.2.3), which can be computed concurrently for
each subdomain.
In practice, the projected interface problem (4.2.10) is solved using the Preconditioned

Conjugate Projected Gradient algorithm (PCPG) as shown in Algorithm 4.1, Whete
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denotes a particular choice of preconditioner (discussed in section 4.2.3). Note that Algo-

rithm 4.1 has been written to iterate directly % = A(© +P(Q)&X, rather tharf®, and

A9 denotes the initial guess for the iterative method in this case.

Algorithm 4.1: Preconditioned Conjugate Projected Gradient (PCPG)

1: A9 = QG (G/QG) ‘e
2 wO = PT (d—FAO)
3: for k=0,1,...do

4: Yy =pm-iw®
1 vRTERD g

5 p(k) - y(k) _ :<_01 i(i)TFgm p(l)

: k) _ pX p¥
6: n( )= p(k)TFp(k>
7. Ak =\ 4 n(k) p(k)
g wktl) — wk _ n(k) PTE p(k)
9: end for

Application of P(Q) requires the solution of the coarse space problem

(GIQG)u=n,

which couples all the subdomain equations, propagates error globally, and accelerates con-

vergence [26]. There are several possible choiceQfor P(Q). The simplest iQ =1,

which is a computationally efficient choice for homogeneous problems [15]. For hetero-

geneous problems, it was proposed in [16] to@e&tqual to the FETI lumped or Dirichlet

preconditioners, which are discussed in section 4.2.3.

Note that PCPG keeps a full recurrence. From numerical experiments, it has been

established that while most of the eigenvalueb @luster near zero, a handful accumulate

to a larger value [38]. This distribution of eigenvalues is known to cause PCPG to lose

orthogonality, which slows convergence.
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The usual FETI implementation generates redundant constraints at crosspoints of the
finite element mesh (points belonging to three or more subdomains). As a fesaslt,
semidefinite in these cases [15]. However, this condition can easily be rectified by elimi-
nating the redundant constraints. This is not done in practice because the interface problem
PTFP is nonsingular over the space over which we seek a solution [50]. Without loss of
generality, we will assume th&tis SPD for the remainder of this chapter.

For second order elasticity problems, the condition number of the dual interface prob-

lem grows asymptotically as

K :O<1+I092 <%>) (4.2.12)

when the Dirichlet preconditioner (discussed in section 4.2.3) is applied, whdemotes

the subdomain size arfdthe mesh size [15]. This result details the numerical scalability

of the FETI method for these problem classes. That s, if the mesh and subdomain sizes are
refined so thaH /h remains constant, the number of FETI iterations required to solve the

problem is bounded by a constant.

4.2.3 Classical Preconditioners

We seek a matrit~1 that approximates the inverse Bfover the nullspace d&'. Since
F is not explicitly assembled, we would like to compute the preconditioner without having
F explicitly available. Two commonly used preconditioners in the FETI literature that meet
these requirements are thnpedandDirichlet preconditioners [16].

Assume that the matriX(® is partitioned such that its internal degrees of freedom

(DOFs) are numbered first. We will denote these by the subsicrgmd the boundary
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DOFs by the subscridt. We can then write

K(S) _ KiES) Ki(bS)

Ko Koo

The lumped preconditioner derives its name because, from a mechanical viewpoint, it
corresponds to finding a set of “lumped” interface forces that can reproduce the displace-
ment jumps at the substructure interfaces when only the interface DOFs are allowed to

displace. Sincé& is represented as the sum of matrices

the lumped preconditionécan be expressed as

Ns
(M L) -1_ ZW(S) BOKOEBE WS
£

Ns
— Fwiogs O O lgorwes,
=1 0 Ky

whereW® is a diagonal “topological scaling” matrix. In the homogeneous cA&&,
stores the inverse of the multiplicity of the corresponding interface DOF. For structurally
heterogeneous models, entries on the diagonal®fare adjusted accordingly to account
for varying material properties [37].

The Dirichlet preconditioner is based on a further mechanical interpretation of the FETI

1The use of ! indicates thafM") L and (ML)*1 should be viewed as preconditioners, and does not
imply thatM" or MP correspond to invertible matrices, although both preconditioners are nonsingular over
the space over which they are applied.
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algorithm and can be expressed as

Ns
(MD>_1 - 5 Weg® 0 0
L

Ns
_ ZW(S)B(S) O Ol gerwe,
s= 0 S9

whereS® = K9 — k(' k¥ k(¥ is the Schur complement &%) Note that the effect of
multiplication by(MP)~1 can be achieved without the formation of the Schur complement
matrix.

The Dirichlet preconditioner is superior to the lumped preconditioner, and is considered
to be mathematically optimal. The Dirichlet preconditioner is, however, more expensive

than the lumped preconditioner. Because of this added cost, the lumped preconditioner can

be computationally more efficient [16].

4.3 KKT Preconditioners

The FETI dual interface problem (4.2.5) is a KKT system. Rather than focusing on me-
chanical intuition to develop FETI preconditioners, let us approach the problem from a
purely algebraic perspective by leveraging existing research on KKT preconditioners and
solvers.
In [13], the KKT preconditioner
F-t 0

(4.3.1)
0 (GTF1g)™*

was proposed for nonsingul&r. The nonsingular preconditioned system can be shown to
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have at most three distinct eigenvalues, meaning that any Krylov method will converge in at
most three iterations. Unfortunately, this preconditioner is far too expensive to be practical.

In section 4.4, we instead consider a symmetric version of a related block-diagonal
preconditioner derived from (4.3.1) and introduced in [7]. This preconditioner takes the
form

D1 0
(4.3.2)

0 (G'pie) Y|
whereF = D — E. The matrixD is chosen so that it is easily invertible. For the present
problem, we will choose (4.3.2) to be symmetric positive definite. This preconditioner can
be regarded as an extension of the preconditioner (4.3.1), which chiDesés

In [7] it is observed that after preconditioning a KKT system by (4.3.2), a smaller
“related system” can be derived. This related system can be viewed as a generalized form
of the projected interface problem (4.2.10). We discuss the related system further in section

4.5.

4.4 Block-Diagonal Preconditioners

Here we consider the application of the block-diagonal preconditioner (4.3.2) to the dual
interface problem (4.2.5). We show that the resulting reduced-size projected interface prob-
lem is equivalent to a preconditioned projected interface problem in the original FETI

method. In particular, this means that all FETI preconditioners can be regarded as split-

tings of the(1,1) block of (4.2.5).
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4.4.1 Applying the Preconditioner

It is generally preferable to preserve symmetry, so we factor the preconditioner (4.3.2) and
apply it to the interface problem (4.2.5) symmetrically. Let us choose a splitiad® — E
and compute the Cholesky factorization of the preconditioner, giving
D1 0 L O] |Lp O
1=17 R (4.4.1)
0 (G'DblG)” 0 Ll |0 Le
where we have assumed tlitats SPD. Sincés is guaranteed to be full rank [50E'D1G

is SPD ifD is SPD. Symmetrically preconditioning the interface problem (4.2.5) gives

LoFLy  —LoGL§| [Lp'A| | Lod
—LeG'LY 0 Lg' o —Lge
which we rewrite as
Fo—6| x| |d
- = : (4.4.2)
-G" 0| |a —&

In (4.4.2),6 has the useful property
G'G=LgG' (LiLp)GLE =Ls(G'DG) LS =1,

and therefore(ééT) is an orthogonal projector.
At this point, we can now apply PCPG to the preconditioned system (4.4.2). In this

case, the modified FETI projector arising from (4.4.2) can be written as
5 ~(&TE\ tar ~AT
P:I—G<G G) G =1-GG. (4.4.3)
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Note that the projectd? is always symmetric. Further, the coarse space prob&he)u=
n that must be solved twice at each PCPG iteration has been implicitly handled by the

block-diagonal preconditioner.

4.4.2 Block-Diagonal and FETI Preconditioners

We consider the solution of (4.4.2) by PCPG. We show that application of the block-
diagonal preconditioner (4.3.2) with PCPG is equivalent to any FETI preconditioner.

For the projected interface problem (4.2.10) we will assume that the chosen FETI pre-
conditioner isQ, and that the associated projector is defineB(&g). We will assume that
the preconditione® is applied symmetrically. In the following, we will make the assump-
tion thatQ = D~1. We represent the Cholesky factorization@sQ=D"1=L[Lp. The

preconditioned projected interface problem can be expressed as

(LoP(QFP(QILY) (Lp'E) = LoP(Q)T (d— FA®). (4.4.4)

The corresponding block-diagonally preconditioned projected interface problem is

(ﬁTﬁﬁ) E=p' (a_ EX<°>) , (4.4.5)

whereA© = Ge = L;TA© was defined in (4.4.2) and (4.2.6). We show below that the
matrices and right-hand sides in equations (4.4.4) and (4.4.5) are identical. In this case,
we have tha€ = L€, If we have thath = A + P(Q)¢ and thath = A(© + P(Q)E,

thenA = LBT)\, in agreement with the relation given in (4.4.2). We have thus shown that
when preconditioning the dual interface problem (4.2.5) and solving the preconditioned
system with PCPG, the choice of the splittibg?! is equivalent to selection of any FETI
preconditioner, such as those in section 4.2.3. This means that every FETI preconditioner

can be viewed as a splitting Bf, and any of the large body of literature of matrix splittings
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[28] can now be applied to FETI preconditioners. This allows an algebraic, rather than
mechanical, means of constructing new FETI preconditioners.
It remains to show equality of the matrices and right-hand sides in (4.4.4) and (4.4.5).

We consider the matrices first. We can rewrite the matrix in (4.4.5) as

PTEP — (l—é@)ﬁ(l—éé"f)
- Lo <| _G (GTQG)‘leTQ) F (l _ QG(GTQG)‘16T> LY

= LoP(QTFP(QL},

which is precisely the matrix in (4.4.4).

Similarly, We can rewrite the right-hand side in (4.4.5) as

PT (d-FA@) = (1-GGT) (d-FA@)
= Lo(1-6(67Qe) *6TQ) (d-FA©)
~ LoP(Q)T (d-FA©),

which is precisely the right-hand side in (4.4.4).

4.5 FETI and the Related System

Rather than applying PCPG to the preconditioned system (4.4.2), we can solve the so-called
“related system” developed in [7], which we describe here. We first rewrite the matrix in

(4.4.2) as
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where

S=1-F=1—-LpFLL. (4.5.1)

We note that

We may then rewrite the system (4.4.2) as

>
>
o

S
BO) | | =
0

AN
|
D

0
0

AN

and multiply through by (0)~* to get the fixed-point iteration

kD pSAK Pd + Ge&
= » + »
a (k) —~GTSAK ~G'd+@
PSRN | |F
= |+ | (4.5.2)
_GTsaAk g
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We note thati depends only OR, SO we may comput}é first, then computel afterwards,

just as in PCPG. Writing out the update kD) gives

Ak — pSEk 4 f (4.5.3)
The fixed-point\ of this system satisfigs = P SA + f, which we rewrite as
(l —ﬁé)X= f (4.5.4)

to produce theelated system Following the discussion in [7], we note that each fixed-
point iterate (4.5.3) corresponds to\& ™Y that satisfies the original constraint equation
G'"Ak+D) — e Further, if a Krylov subspace method is used to solve (4.5.4) where the
initial guessX(O) satisfies the constraint equations, it can be shown that the constraint equa-
tions will be satisfied at every iteration. It is recommended in [7] to apply one fixed-point
iteration to develop an iterate that satisfies the constraint equations, and then use that iter-
ate as an initial guess for a Krylov method. In the following, we will instead assume that
(4.5.4) is solved with a Krylov method usiﬁéo) as an initial guess. For this case, we solve

the related system
<| —5§>E: fo (l —ﬁé)i@. (4.5.5)

Next, we compare the related system (4.5.5) to the block-diagonally preconditioned

projected interface problem (4.4.5), and show them to be equivalent.

4.5.1 The Related System

Here, we compare the two linear systems (4.5.5) and (4.4.5). Recall that we have already

shown equivalence between (4.4.5) and the original FETI method @iad> 1. Tran-
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sitively, this implies the related system is also equivalent. First, we compare the matrices,
then the right-hand sides. Recall the definitiorSaf (4.5.1), and that the projectétis
symmetric. The related system mattix PSis nonsymmetric, which seems counterpro-
ductive, as the original system we are trying to solve is symmetric. However, over the space
over which the related system matrix is applied, it is the same as the FETI projected inter-
face operator, and therefore also symmetric. If we start with a consistent initial guess, then
all iterates are irker(CN;T>. This is equivalent to right-multiplication b, as a projector

applied to its own range is the identity. This produces

(1-PS)P=P-B(1-F)P

5TEP.

|
o

which is precisely the matrix in (4.4.5). However, note thatPSis nonsingular, while
PTFP is nonsingular only over the spaker<6T> .

Now, we compare the right-hand side vectors. In the related system (4.5.5) we have

f— <|—|5§>7\<0) = Pd+Ge— <|—|5§>7\(0>

— Bd+B(1-F)AO

_ BT (d-FAO),

which is precisely the right-hand side in (4.4.5).
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4.5.2 Computinga

Here, we consider the computatiorfi)afterX has been determined. In the block-diagonally

preconditioned PCPG algorithm, we compatas

G- (G'6) & (d-FA)

——G' (d-F1).

In the method of [7], we compute using the fixed point iteration (4.5.2), which produces

a=—

o)

A+Q

_ &
_ &

(I —ﬁ)X—éToTJré
(

q-F7),

exactly the expression found above.

We have shown algebraic equivalence of the related system (4.5.5) and the block-
diagonally preconditioned projected interface problem (4.4.5). Through section 4.4.2 we
also have the equivalence of the related system (4.5.5) and the projected interface problem
(4.4.4) preconditioned with any FETI preconditioner, so lon@as D~. This allows an
alternate approach to constructing and analyzing FETI preconditioners. Further, existing
KKT analysis may now be immediately applied to FETI systems. We show some conse-

guences of these equivalences in section 4.6.

4.6 Results from Equivalences

We begin by bounding the eigenvalues of the related system in a cluster about okg. Let

denote an eigenvalue of the related system (4.5.5§.idfan eigenvector of (4.5.5), then
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<| _p §> = A\rZ, and it follows that
11— ARl2 < [|S]2,

becausé is an orthogonal projector. To the extent that the FETI preconditioner becomes
an exact inverse}S|, goes to zero.

The block-diagonal preconditioner (4.3.2) requires the inverse of the Schur complement
matrix (coarse space proble®) D~1G, which can be expensive. Further, factoring and
solving the coarse problem can represent a serious impediment to parallel scalability [3].

Instead, recent research in KKT preconditioners explores the use of an inexact Schur
complement matrix, which can typically be computed at greatly reduced cost [20, 33, 43].
Applying results from sections 4.5 and 4.6, we modify the block diagonal preconditioner

(4.3.2) to use an inexact Schur complement matrix

D1 0 LiLp O
d~]7 P , (4.6.1)
0 (G'D'G)” 0 Lils
where
D1=LJLp
(G'D6) T~ LiLs,
and

Ls(G'D'G)LL =1 +E.

If we precondition the dual interface problem (4.2.5) with the preconditioner (4.6.1), we
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arrive at the preconditioned system [43]

o~ ~ ~

F —G| [A d
_ , (4.6.2)
G' 0

Q)
|
)

We cannot simply apply PCPG at this point, as it would require the inverse of the Schur
complement, which we are trying to avoid [7, 43]. We instead split the linear system using

a different splitting [43]. This produces

I G| |A S o||Ar]|]d
-G" €| |a 0 | |a| |-
whereF =1 -5 andG'G =1 + . Multiplying through by the inverse of the matrix on
the left-hand side gives the fixed-point iteration
kD PS -Gzl |AK Pd -+ Ge
= —"— s
alk+d) ~G's —z | |a® ~G'd+e
where in this cas® = | — GG is nota projector. Writing the linear system for the fixed-
point gives the related system
|—PS GEZ | |A Pd+Ge
B = B . (4.6.3)
G'S I+£| |a ~G'd+e

Unlike the case with an exact Schur complement, we cannot reduce the size of the system
to be solved. However, especially 8D models, the size increase is very modest.

By combining [43, Theorem 4.2] with the observation tH\éﬂ% = ||l + |3, the eigen-
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Number of Matrix-Vector Products

None(0) —e— Dirichlet(0.0001) —&— Dirichlet(0.0100) —4&—
Dirichlet(0) —*— Dirichlet(0.0010) —&—

Figure 4.6.1: Number of matrix-vector products vs. residual norm using an approximate
Schur complement formulation of FETI. The number in parentheses indicates the drop
tolerance used, with (0) indicating the exact Schur complement.

valuesp of the matrix in (4.6.3) can be bounded about one:
11 < 1+ 1+ 213) - max (1S, El2) - (4.6.4)

Here,||S|2 is a measure of the accuracy of the FETI preconditioner|[d{} is a measure
of the accuracy of the approximate Schur complement. This bound suggests that using a
less expensive approximation to the inverse of the Schur complement may not significantly
impact the eigenvalue distribution, and thus the overall convergence rate of an iterative
method. In particular, the theory presented here can be used to estimate the impact on the
eigenvalue distribution and the convergence rate of the iterative method in the case where
we “recycle” a factored Schur complement from a previous linear system in a sequence.
We present a simple example illustrating the impact of an approximate Schur comple-

ment on convergence. A 2D finite element model of a cantilevered beam was cut into a
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3 x 3 decomposition of 9 subdomains, and the resulting dual problem solved by applying
full GMRES to the related system (4.6.3). An approximate Schur complement was gener-
ated using an incomplete Cholesky decomposition with a drop tolerance [42]. While not
a practical choice, it gives the ability to vary the accuracy of the approximation. In Figure
4.6.1, we show convergence curves for an exact Schur complement with a Dirichlet pre-
conditioner and with no preconditioner, and also an approximate Schur complement with a
Dirichlet preconditioner. In the figure, the number in parentheses indicates the drop toler-
ance used, with (0) indicating the exact Schur complement. This demonstrates the interplay
between the Schur complement and preconditioner, as suggested in the bound (4.6.4). In
the presence of a strong preconditioner, it is possible to use an inexact Schur complement

without significantly impacting convergence.

4.7 Conclusions

We have shown that every FETI preconditioner may be viewed as a splitting ¢fthe

block of (4.2.5), suggesting algebraic (rather than mechanical) means of constructing and
analyzing new FETI preconditioners. How to choose a better spligiagD — E (e.qg.,

a better preconditioner) requires further investigation. We have also shown equivalence
between a class of block-diagonal preconditioners and traditional FETI preconditioners.
These new algebraic connections make existing KKT preconditioner analysis immediately
applicable to FETI systems. We have leveraged this analysis to provide a theory regarding
the clustering of the eigenvalues of preconditioned systems, which provides a mechanism to
evaluate existing and new FETI preconditioners. Furthermore, the use of a preconditioner
based on an approximate Schur complement may be computationally more efficient than
existing FETI preconditioners, especially when solving a sequence of FETI systems where

the Schur complement matrix can be recycled between systems.
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Chapter 5

Conclusions

We have discussed improvements to solvers and preconditioners for sequences of linear
systems arising in nonlinear finite element analysis, with a focus on recycling information
between consecutive linear systems in a sequence. In Chapter 2 we discussed the theory
of Krylov subspace recycling, and introduced two linear solvers, GCRO-DR and a modifi-
cation of GCROT to support recycling. When solving a sequence of linear systems, meth-
ods employing Krylov subspace recycling frequently outperformed GMRES while keeping
only a small number of vectors, although this was not always true.

Chapter 3 presented a bound on the convergence of GCRO-DR using deflation-based
Krylov subspace recycling. The analysis shows that if the recycled subgpé@g con-
tains an invariant subspagg(Qy), convergence can be bounded above by problem (3.3.3).
We performed numerical experiments to evaluate the usefulness of these bounds, and found
them to be tight in cases whelfg||2 is not large. Experimental evidence shows that a de-
flationary approach is not optimal, and that there exist better choices than simply trying
to deflate the eigenvalues closest to the origin. More work is needed to determine how to
identify and select better subspaces within the recycling process.

In Chapter 4 we turned to analysis of preconditioners for FETI systems, and showed
that every FETI preconditioner may be viewed as a splitting of the) block of the FETI

dual-interface problem, suggesting algebraic (rather than mechanical) means of construct-
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ing and analyzing new FETI preconditioners. We have also shown the equivalence between
a class of block-diagonal preconditioners and traditional FETI preconditioners. Further, we

showed equivalence between the related system and the FETI projected interface problem.
We supply bounds on the eigenvalues of preconditioned FETI systems, which provides a
mechanism to evaluate existing and new FETI preconditioners. Finally, we demonstrated

that the use of a preconditioner based on an approximate Schur complement may not sig-
nificantly impact convergence, and has the potential to be computationally less expensive.
This may be especially beneficial when solving a sequence of FETI systems where the

Schur complement matrix can be recycled between systems.
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Appendix A
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=
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=
> e

Algorithm A.1: GCRO with Deflated Restarting (GCRO-DR)

: Choosem, the maximum size of the subspace, &nhdhe desired number of approx-

imate eigenvectors. Labl be the convergence tolerance. Choose an initial gxess
Computerg = b— Axg, and set = 1.
if Y is defined (from solving a previous linear systetmgn
Let [Q, R] be the reduced QR-factorization AY.
Ce=Q
Uk =YR?!
X1 = Xo+ U|<C|k-I ro
rh=ro —CkCL_' ro
else
vi=ro/|[roll2
c=[[rol|2€1 B
Performm steps of GMRES, solvingin||c— Hpmy||2 for y and generatinym;1 and
Hum.
X1 = X0+ Vmy o
r1=Vme1(c—Hmy) N
Compute thek smallest eigenvecto of (Hm+ h3,, 1 Hm" eme)Z = 6;Z; and
store inP.
Yic = Vi B
Let [Q, R] be the reduced QR-factorization ldf,P.
Ck = Vm+1Q
Uc=YR1
- end if
: while [|ri||2 > tol do
I=i+1
Performm—k Arnoldi steps with the linear operatQr— CkCI'j )A, letting
v =ri_1/||ri—1]|2 and generatingm .1, Hm_~k, andBp_k. _
Let Dx be a diagonal scaling matrix such tthét = UgDyx where the columns dil
have unit norm.
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24: \//\m = [Uk Vm—k]
25: W1 = [Ck Vin-kt1]
. - _ Dk Bmfk
2% Gm— [ e Bk }
27 Solvemin|\WH, iri_1 —Gmyl|2 for y.
28 X =%_1+Vmy
29: I ="ri_1—Wn1Gny N
30: Compute thek smallest eigenvecto of GGz = eiéva\/%l\A/mZ and store in
R
31: Yy =VmPk
32:  Let[Q,R| be the reduced QR-factorization Gf,Pk.
33 Ck=Wm+1Q
3¢: Ug=Y%R1
35: end while

36: Let Yy = Uy (for the next system).
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