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Abstract

This article considers the blending of atomistic and continuum problems
on a bridging subdomain building upon the ideas introduced in [I, 2 [7]. The
continuity of the atomistic and continuum solutions is imposed by a constraint
operator using Lagrange multipliers. These methods are stated in an abstract
form. The consistency of these methods is analyzed. A new blending model
is designed using mechanical arguments. The consistency and accuracy of the
method is discussed theoretically and confirmed numerically.

*Computational Mathematics and Algorithms, MS-1320, Sandia National Laboratories, Albu-
querque, NM 87185-1320, ({sibadia,pbboche,rblehou,mlparks}@sandia.gov).

tSchool of Computational Science, Florida State University, Tallahassee, FL 32306-4120),
(gunzburgQcsit.fsu.edu)



Acknowledgements

The authors acknowledge funding by the DOE Office of Science Advanced Scien-
tific Computing Research Program. Santiago Badia acknowledges the support of the
European Community through the Marie Curie contract NanoSim (MOIF-CT-2006-
039522).



Contents

[ Introductionl. ... ... ..o i 9
[2__The atomistic and continuum models|. ......... ... o 11
2.1 The atomisticmodell. . .. ... ... 11
2.2 The continuum modell ....... ... . .. . .. 11
[3  An abstract framework for blended AtC coupling|.......................... 13
3.1 Ghost forces . ........ . 15
[3.2  AtC consistency and the patch test|. .. ....... ... .. ... ... .. ... 16
[4 Some blended AtC coupling methods|.............. ... ... .. ..., 18
M1 Method Il. ... oo 18
4.2 Method IIl . . ... o 20
4.3 Method IIIl .. ... 0 20
4.4 Method IVl . ... 21
[4.5  Summary of the four methods|. .. .......... ... ... .. ... .. ... ... 21
[>  On a consistent method based on the blending of stresses|.................. 23
[>.1  Mechanical motivation and some test problems|.................... 25
[5.2  The discrete equations|............ ... .. .. ... 29
(5.3 A simple 1D example and the patch test| . ........................ 30
[>.4  Quadrature rules and blending functions| . .......... ... ... ... ... 36
[6 Numerical Experiments|............... .. 40
[ Conclusions]. ... 43
ReferenCes]. . . ..o oo o 44



Figures

3.1 The atomistic domain (left), the continuum domain (right), and the |
bridging domain (center).| .......... ... . .. . i 13
[>.1 Force balance at a particle for the atomistic model (left) and at a point |
for the continuum model (right).|. .. ..... ... .. . .. . . 26
[>.2  Blended tforce balance at a particle in the bridge region.|............. 28
[>.3  Particle positions and finite element nodes for the 1D example problem.| 31
5.4 Particle positions and finite element for commensurate grids with i = 2s.| 34
5.5 Non-commensurate particle lattice and finite element grid with M = 6 |
and offset Sg.|. . . ... 36
[6.1 Plots for example 1. Atoms are represented in red, and finite element |
nodes in bluel . ... ... 41
[6.2  Plots for example 2. Atoms are represented in red, and finite element |
nodesin bluel . . ... .. 42




Tables

[4.1  Values of the atomistic and continous operators of AtC blending meth- |

ods evaluated at [U®, u®l.|. . ... .. .. .. .. .. . 22







1 Introduction

Fully atomistic simulation on an entire model domain is computationally infeasible
for many applications of interest. In order to alleviate the computational cost, the
atomistic problem is approximated by a continuum model on some region for where
the solution is sufficiently smooth. These two models must be tied together in an
interface region. That is, some kind of continuity of atomistic and continuum po-
sition or displacement is required. A seemingly natural approach is to enforce this
continuity of solution using Lagrange multipliers. Unfortunately, this approach has
some complications.

When coupling two different continuum equations approximated by a finite el-
ement analysis in two different domains, we can couple these two problems on the
d — 1-dimensional interface manifold via Lagrange multipliers. Unfortunately, the
atomistic problem is in general nonlocal, and so the interface atoms are not confined
to a d — 1-dimensional manifold. Any desirable AtC coupling method must therefore
not rely only on transmission conditions at a surface (in the mathematical sense). We
instead consider techniques that glue both models in a d-dimensional domain, which
we will call the bridging region.

We cannot naively tie together atomistic and continuum solutions in the bridging
region because the effective stiffness on this region would be the sum of the stiffnesses
of the atomistic and continuum models, which is clearly nonphysical. We must instead
account for the material properties of both the atomistic and continuum material in
such a way that the coupled model in the bridging region has the correct elastic
response.

Blended AtC coupling are motivated by the following two observations:

e the boundary for the atomistic problem is not a d — 1-dimensional manifold;

e naive coupling does not reproduce the correct stiffness in the bridging region,

These methods couple the atomistic and continuum problems in the bridging domain
with a blending model that enforces solution continuity while reproducing the correct
stiffness. This blending model is a combination of atomistic and continuum models
by (atomistic and continuum) blending functions that are a partition of the unity in
the bridging domain.

We explain the difference between a straightforward coupling and a blending ap-
proach, let A° and A% denote continuum and atomistic operators acting on 2. and
Q,, respectively. A Naive coupling method will tie the two models together by us-
ing Lagrange multipliers in some d-dimensional blending region €2, C €, N €2.. The



resulting AtC operator can be formally stated as

A 0 ¢
0 A ¢ (1.1)
¢ C 0

In contrast, a blending approach to AtC replaces the original continuum and atomistic
operators by blended operators Ajj and A§ such that Aj = A° on Q./€, and Aj = A
on ./, and where 6 is a partition of unity. The resulting AtC operator has the
form

Az 0 c
0 As c (1.2)
C C 0

AtC blended coupling is a relatively recent development. In [I] a blending of
energy functionals was considered and Lagrange multipliers used for enforcing a set of
constraints in the bridging domain. The extension to the transient case was considered
in [2]. A blending method for coupling atomistic and continuum equations without
blending energy functionals has recently been proposed in [7]. The last approach is
the one we consider herein.

The outline of the paper is the following. Section 2 is devoted to atomistic and
continuum models. In Section 3 we state in an abstract manner AtC blended coupling
techniques and address the issues of consistency and ghost forces. Four different
AtC coupling methods are introduced in Section 4 and their consistency properties
analyzed. For one of these methods, in Section 5 we construct a blending model which
is consistent when applied to different test problems. We motivate this model using
mechanical arguments. Theoretical results are confirmed numerically in Section 6.
Some conclusions are drawn in Section 7.
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2 The atomistic and continuum models

2.1 The atomistic model

Let us consider an undeformed lattice P within a given domain 2. We denote by
D the subset of atoms whose position is fixed. The lattice statics problem consists
of finding an equilibrium deformed configuration for an inter-atomic potential (i.e.,
the Lennard-Jones potential) that defines the internal forces. The space of possible
atomistic configurations is denoted by X®. An element W € X® can be defined as:

Wi = (xy);, a€P, i=1,..4d,

where d is the space dimension and x, the coordinates of the atom « for this cor-
responding deformed configuration. This space is simply a set of properly ordered
|P| x d scalar values[[] We also introduce the afine space of configurations that satisfy
the constraints over D:

X0 .= {V e X" |VaeD,V, =U}

where U? = x is the array of fixed coordinates for contrained atoms. Analogously,
the space X consists of:

X! :={VeX|VaeD,V, =0}
The atomistic statics problem consists of: find U € &2 such that,
L{U),=F, YaeP\D. (2.1)

The operator L : X% — X (possibly non-linear) gives the internal forces for a given
atomistic configuration U. F is the array of external forces applied over the atoms
of the lattice. Therefore, is nothing but Newton’s second law for a system of
particles interacting via L. Alternatively, we can write the previous problem in weak
form as: find U € XS such that

(L(U),V)=(FV) YV eaxo (2.2)

2.2 The continuum model

The continuum model is defined by a differential operator £ : X¢ — (X€)’, where
X¢ is an appropriate function space and (X°)" its corresponding dual space. The
continuum problem (in strong form) consists of: find w € X such that

Lu=f in (2.3a)
u =u" on 09, (2.3b)

|| denotes the cardinality of the set.
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where f € (X°¢) is the external force and w” the Dirichlet boundary value. We
only consider essential boundary conditions for the sake of simplicity. The atomistic
problem is usually stated in terms of displacements. Without loss of generality, let
us consider u the continuum displacement.

A basic assumption we will make is that the continuum model is a good approzima-
tion of the atomistic model under suitable conditions (e.g. smoothness). Therefore,
the atomistic problem ([2.1) and the continous problem ([2.3)) must be related. It does
not only imply a link between L and £, but also between the external forces f and
F fixed values u® and UP and 02 and D.

In order to state the weak form we introduce the following function spaces:

X5 :={veX°|v=u"on 0N},
Ay ={veX|v=0o0n0dN}.

We define the bilinear form

for u € X° and v € Xf; a(-) and ((-) are differential operators obtained after
integrating by parts (Lu,v). The weak form of system (2.3) consists of: find u € A
such that

l(u,v) = (f,v) Yo € &Y. (2.4)

12



3 An abstract framework for blended AtC
coupling

The aim of this section is to state in an abstract setting the family of blended AtC
coupling methods. We subdivide the given body 2 into three disjoint regions €2, €2,
and Q., with €, sandwiched in some way between the other two (see Figure . Let
us also denote by A, B and C the set of atoms of the overall lattice that belong to
Qq, Qp and €2, respectively. We make the following assumptions:

e the atomistic model is valid throughout, and in particular in the atomistic region
), and in the bridge region (;

e the continuum model is valid in the continuum region €2, and in the bridge
region €.

Figure 3.1: The atomistic domain (left), the continuum domain (right), and the
bridging domain (center).

This family of methods requires the solution of

e the atomistic problem on 2, (which in general will be small in comparison with

Q);
e the continuous problem on 2.;

e a blended model (a weighted average of the atomistic and continuum models)
on QbEI

2Let us remark that the blending is basic when considering both atomistic and continuum models
on (1; see . In case of tying both models without blending, we cannot consider both atomistic
and continuum models in the same region. It leads to wrong results because we are counting two
times the strength of the material (the atomistic and continous strength). There are two ways to
solve this issue: to consider the atomistic problem and slave nodes (of the FEM approximation of the
continuous problem) in the bridging region or to consider the continuous problem and slave atoms
on Qb.

13



We denote by 6. and 6, the continuous and atomistic scalar blending functions
such that:

0.=1 in €.,
0,=1 in €,
0.+6,=1 in €.

These blending functions define the purely atomistic region , (where 6, = 1), the
purely continuous region €2, (where 6. = 1), and the bridge domain 2.

The results of this section have been obtained under the following assumptions
(unless indicated otherwise):

Asumption 3.1. The blending functions are such that, given a function v € X€, the
weighted function 0,v € X, and subsequently 6.v € X°.

In order to state blending-based methods in an abstract framework, it is useful to
introduce some restrictions of global spaces to subdomains.

Given a function (element) v € W, where W ia an appropriate function space
(set), its restriction Re,(v) onto w is a function (element) with support in w such
that

Re,(v) =v on w.
(3.2)

We can also define the restriction of the space Re, (W) := {Re,(v) }vew. It allows to
introduce the spaces Rf, = Req,u, (X5) and B = Req,(XS). We also define their
atomistic counterparts, R% = Reaus(X2) and BE = Reg(X2). Anagously, we get RS
and Rg.

Another basic ingredient is the constraint operator that enforces continuity of the
atomistic and continuum solutions in the bridging domain. We denote this operator
by A(-,-), which is a bilinear functional defined over X5 x X2. For instance, we can
define A(-, ) by introducing a projection Ilg : BE — B2 as follows:

A(u, U) = Z ||Ua - HB(u)a”'

aEB

This particular choice of the constraint operator implies that the atoms are slaves of
the continuous solution on €2,. In Section 5| we consider a natural atom-wise constraint
that is given by the following projection:

[Ig(u)y = u(x,) Va € B.
For this particular choice of IIg(-) the constraint A(u,U) = 0 simply means:

u(xy); = UL YVaeB, i=1,...d.

14



Alternatively, we consider A(u,U) = ||u — m,(U)||pe with a projection m, : BE — BE,.
In this case the bridging problem ia stated only in terms of w. Hybrid situations in
which the bridging domain cannot be stated only in terms of atomistic (or continuum)
solutions may also be consideredﬁ Any AtC blended coupling can be written in the
following abstract form: find w € R{ and U € R{, such that

Ag(u,v) + AZ(U, V) =0, (3.3a)
Au,U) =0, (3.3b)

for all v € RS and V € RE [45(u, v) includes all the terms related to the continuum
model whereas Aj(u, v) includes all the atomistic terms. The form of these operators
will depend on the blending functions and the blending approach used. In the next
section we discuss different choices for these operators.

3.1 Ghost forces

One of the basic features of AtC coupling methods is that the atomistic problem is
only solved for a subset of atoms of the lattice. Therefore, A% (U, V') must only involve
the equilibrium equations of atoms on A U B. Given the purely atomistic solution
U® € X2, its restriction Uy 5 over AU B, and its counterpart UZ for C, we know
that the atomistic problem is

(L (Ua) ) V) = (L (UZUB + Ug) 7V) = <F7 V>

In the AtC coupling method U¢ is approximated by a continuous solution uw. We
must account for the force exerted by the atoms in C upon the atoms in AU B. If
not, ghost forces (surface effects) appear.

For the numerical approximation of the atomistic problem, only atoms within
some distance ¢ (known as the cut-off radius) interact. Therefore, only the set of
atoms

H:={aeC|3B€AUBst. ||z, —z5| <57

must be considered when evaluating (L (-), -Jf| There are two formal ways to include
this effect:

e We can recover an atomistic displacement U as:

Uc =lc(u) :=u(x,), VaeCl, (3.4)

3These hybrid constraints are not possible for AtC coupling without blending.

4The condition A(u,U) = 0 can be easily imposed via Lagrange multipliers.

5Let us remark that the definition of H is non-linear because it depends on the atomistic con-
figuration. In a non-linear iterative procedure, this set must be recalculated.

6That is to say, only those atoms belonging to C in the cut-off radius of some atom in AU B
must be accounted.
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and replace (L (U4 g + UZ&), V) by an approximate force (L (Uaug + II(u)), V),
that depends on w. Obviously, (3.4) only needs to be computed for atoms in
H.

e We can alternatively consider the constraint A(w,U) = 0 to enforce all the
atoms belonging to B in the cut-off radius of any atom in C' to be slaves of
the continuous solution. This is the approach we consider when defining the
different AtC coupling methods/]

Asumption 3.2. Given the subset of atoms
H ={aeB|35€C st. |x,— x| <0},
the constraint A(u,U) = 0 enforces

U=u(x,), YaecH.

3.2 AtC consistency and the patch test

Numerous AtC coupling methods have been designed based on physical motivations.
However, the numerical analysis of AtC coupling methods is in its infancy. Almost
nothing is known about basic numerical properties such as consistency, convergence,
and stability. Some analysis exists for the quasi-continuum method, in which the
model error is basically interpolation error (see [9], §]).

A preliminary step for analyzing AtC coupling methods is writing these procedures
in an abstract mathematical framework. This is one of the goals of our article for
blending-based coupling techniques.

The numerical analysis of AtC coupling methods is non-trivial because questions
that have a trivial answer in finite element analysis are not at all clear. Because we
do not have a global equation on the entire domain, the identification of the exact
solution is not obvious. Under the assumption that the atomistic model is valid
everywhere, the exact solution is the purely atomistic solution U?. Unfortunately, it
is not straightforward to use this solution in the AtC coupling scheme. The aim of
this section is to formulate a well-defined notion of AtC' consistency. We introduce
the following definitions:

Definition 3.1 (Consistency test problem). We say that a problem is a consistency
test problem when the purely atomistic solution U of and the purely continuous
solution u® of do satisfy the constraint A(u®,U*) = 0 on the bridging domain
Q.

A consistency test problem is characterized by data F', f, UY, u® such that
solutions of (2.2) and (2.4) match in the bridging domain modulo the constraint
operator A.

"Reasonably assuming (for simplicity) that there is not any atom in A in the cut-off radius of C

16



Definition 3.2 (Patch test problem). A consistency test problem is called patch test
problem if the purely continuous solution is such that a(u) = ¢ where ¢ is a constant
matrizF]

The following definition formalizes the notion of passing a patch test for a coupled
AtC formulation.

Definition 3.3 (Passing a patch test problem). Let [U% u‘] denote a patch test
problem. An AtC coupling method passes a patch test if [U®, u®] satisfies the coupled
AtC system.

Definition 3.4 (AtC consistency). An AtC coupling method is consistent when, for
any consistency test problem, the pair of purely atomistic and purely continuous so-
lutions [U*, u®| satisfies the coupled AtC system.

Atomistic problems with Cauchy-Born solutions (see [6]) are a physical example
of consistency test problems.

From the previous definitions we can easily infer that consistency implies passage
of the patch test problem. However, the opposite statement is not true.

8That is to say, constant stress solutions

17



4 Some blended AtC coupling methods

In this section we list four blended AtC coupling methods. The first was proposed
by [7]. To the best of knowledge, the remaining three methods are new. We refer to
Section ) I and [7] for justification of some of these methods by mechanical arguments.

Throughout this section we will assume that for any smooth functions 8 and v
the differential operator ((-) has the following product rule property:

B(0v) = 05(v) + B(0)v . (4.1)

4.1 Method I

The underlying mechanical motivation of Method I has been recently introduced in
[7] with the aim of coupling atomistic and continuum simulations via the blending of
stresses. Unfortunately, stress is not a clear concept at the atomistic level (see [10,5]).
By the definition of the blending functions and Assumption [3.1] we can rewrite

and as:
/Q boa(w)3(v)dS) + / 0.0 (w)B(0)AQ = (f,0,0) + (£, 6,0),
(LU),0.,V)+ (L(U),0,V)=(F,0.V)+ (F,0,V),

where O, is a diagonal weighting matrix whose diagonal values are equal to 6, eval-
uated at the corresponding atoms:

(@a)gﬁ = 6ij00pba(2s), i,j=1,...d, a,0€P,

and similiarly for ©.. In order to couple both equations, we merge the continuous
terms weighted with 6. and the atomistic terms weighted with 6,. Furthermore, the
continuous and atomistic solution are tied together on €2, via the constraint operator.
The resulting AtC bridging method consists of: find u € R{ and U € R, such that

/ O.(u)B(v)dQ+ (L (U),0,V) = (f,0.v) + (F,0,V), (4.2a)
' A, U) =0, (4.2b)
for all v € RY and V € RY.
We can write in the fashion of with:
A (u,v) /904 Q—(f,0.v),
AXU,V) = L0.V) — (F,0,V).

In the following theorem, we analyze the consistency of Method I.

18



Theorem 4.1. Method 18 not consistent and does not pass a patch test problem.

Proof. Let [U* u°| be a solution of a consistency test problem. The purely atomistic
part U® is such that A$(U®, V) = 0 for any 6,. However, using (4.1)) we see that for
the purely continuous solution u¢ of ([2.3)

Ag(u,v) :/Qeca(uc)ﬁ(v)dﬁ—ﬁ(uc,é’cv) :/Qoz(uc)ﬁ(ec)vdﬁ

= ¢(f,,u’,v), .
The last term is zero if and only if

a(u)f(b.) =0, (4.3)

which is not true in general. In particular, for a patch test problem, (4.3) is only true

if 3(6.) = 0f] O

Remark 1. Let us consider a discrete version of system where a finite element
approximation of the continuous problem and a discretized expression of the blending
parameters are considered: find wy, € Ry, and U € R, such that

[ eratun s+ (B©), Vi) = (£, 800) + (F V), (4o

for all v, € Ry ), and Vgn € RY,. In [7] the blending parameters have been considered
element-wise constant. It is easy to check that also for this particular choice method
18 not consistent and does not pass a patch test problem. For a discrete consis-
tency test, such that u$ (the solution of the finite element discretization of problem
) and U (purely atomistic problem) satisfy Ap(u§,U®) = 0, the atomistic terms
cancel. Due to the fact that 0"v;, does not belong to X5, (we do not make Assumption
, we have to modify the way we treat the continuous terms. Again, we know that

u%mm:LM%wwWMZUmm

9For instance, let us consider one-dimensional linear elasticity for the continuous problem. We
can easily see that:

€(fe,u’,v) = / Vu’-v-Vl.dQ.
Q

In order for method (4.2) to pass the patch test, the following relation should be satisfied:
Vu®- V. =0.

The only situation in which (4.3) holds is when 6, = 6. = 1/2, computationally infeasible. The
original motivation of the method is to activate the atomistic problem in a small part of the domain.

19



Let us denote with Q. the domain for a finite element e and ) the sum over all the
finite elements. The consistency condition

Z /ﬂe an(uh)ﬂ('vh)dQ = (f, 0?'0;1)

holds for arbitrary element-wise constant blending functions only if:

/ﬂe&(uﬁ)ﬁ(vh)dﬁ = /Q Jon,

which 1s not true in general.

4.2 Method 11

The previous method fails (in terms of consistency) because, whereas the atomistic
blending operator Aj vanishes for the purely atomistic solution, its continuous coun-
terpart Aj does not vanish for the purely continuous solution. As a result, equation
can never be satisfied exactly by this coupling scheme. One possible solution is
to relax Aj§ so that consistency could be proved. The idea is to define A§ in such a way
that Ag(U*, V) = —A5(u’,v), i.e., to have satisfied by relaxing the atomistic
operator over the blending region.

A modification that can be mechanically justified as a blended force balance, and
that achieves this goal, will be presented in Section |5 (see also Figure . The
atomistic part that results from this approach can be expressed as

Ag(U, V) = (Lp, U, V) — (F,0,V),

where Ly, is an appropriate modification of L via the blending functions. Section [5|is
devoted to the construction of this operator. Therefore, the AtC coupling procedure
consists of: find uw € Ry, and U € RY such that

(Lo, U, V) + / b.0(u)B(v)AQ = (£, 0.0) + (F,0,V) (4.50)
Q
A, U) =0 (4.5b)
for all v € R and V € RY.

The consistency of the method depends on the definition of the operator L.
In Section [5| we obtain the condition that must be satisfied by this operator when
considering finite elements for the numerical approximation of the continuum problem.

4.3 Method II1

One of the assumptions used for the design of AtC coupling algorithms is that the
continuous model is a good approximation of the atomistic model in 2, and €2.. This

20



assumption implies that the continuous differential operator £ is a good representa-
tion of L under suitable conditions (e.g., smoothness). A reasonable approach is to
blend both models in a pointwise sense. Roughly speaking, blend the operators L
and L.m This approach leads to the following AtC coupling system: find u € R
and U € Ry such that

0 (u,00) + (L (U),0,V) = (f,0.0) + (F,0,V), (4.6a)
Aw,U) =0, (4.6b)

for all v € RE and V € RE [
Again, we can write (4.6a) as
Ag(u,v) + AG(U, V) = 0.

A positive feature of this approach, which is not shared by the previous methods,
is that the purely atomistic and continuous solutions cancel A%(U, V') and A§(u,v)
for any AtC bridging problem. The following theorem is a direct consequence of this
observation.

Theorem 4.2. The AtC system s consistent and, subsequently, passes any
patch test problem.

The consistency of this method makes its use appealing and will be the subject of
future work.

4.4 Method IV

Our fourth method can be viewed as a dual of Method I.

(Lo, U, V) + L (u,b.v) = (f,0.0) + (F,0,V)
A(u,U) =0

for all v € R and V € R{. In this case, the purely continuous solution cancels
the continuous operator Aj, while A%(U% V) # 0. As a result, this method is not
consistent and so does not pass the patch test.

4.5 Summary of the four methods

Table summarizes the consistency of the different methods.

0Tn [7] a similar blending method has been discarded for not passing the patch test. The reason
seems to be the fact that ghost forces were not accounted for.

"This method can be understood as a blending of forces (instead of stresses), because it is Lu
and L(U) that are blended. Mechanically, the unconditional consistency of the method is related to
the fact that force is well-defined both for the atomistic and continuous problem.

21



Table 4.1: Values of the atomistic and continous operators of AtC blending methods
evaluated at [U®, u®].

Method | A§(u®,v) | Ag(U*, V) Consistent
I #0 =0 No
IT #0 #0 Depending on Ly,
ITI =0 =0 Yes
1A% =0 # 0 No
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5 On a consistent method based on the blending
of stresses

Let us consider a family of quasi-uniform finite element partitions 75, (t) of Q.U,. As
usual, h represents the maximum size of the elements of 7;,. Let Rj, be a nodal-based
finite element space approximating R°. Analogously, we define (R§), and (RS),. We
introduce the Lagrange basis {¢,} jen associated to RS, where A is the set of finite
element nodes. The approximation to the continuous displacement is denoted by uy,
and we let o7, = o(uy,). We denote by {v]};cxr a basis for R§. Then, we can write the
finite element discretization of the AtC coupling method as: find uy, € (RS
and U € RY such that

(Lo, U, V) + / Bu0(1n) () A2 = (F, Buvn) + (F, O,V) (5.1a)
Q
Aun, U) = 0 (5.1h)
for all v, € (RS), and V € RE.

Theorem 5.1. When the constraint operator enforces slave atoms, system can
be written in the following equivalent way: find wy, € (RS)n and U € RE such that

(Lp, U, V') + /g}@ca(uh)ﬁ(vh)dﬂ = (f,0.vy) + (F,0,V) (5.2a)

Alup,U) =0 (5.2b)

for all v, € R and V € RY satisfying A(vp,, V) = 0.

Proof. Let us introduce the following finite element matrix:
K% = 0(¢y,d0), Gk EN. (5.
We denote by U the array of nodal values for uj,. On the other hand, the constraint
u(x,)i = (Us);: VYaeB,i=1,..d.
can be written as
C, U+ CyUg =0, (5.4)
where

Co* = py(xo), a €B, keMN,
CoF =5,5:=1%, a,f€B. (5.5)
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We can write this problem as:

L(U)s = F\
L(U)s + IgA = Fy
KU—-CIA=F

-C,U + IzUg = 0.

where L(U), and L(U)g represent the sub-systems (non-linear) equilibrium equations
for atoms in A and B respectively. These equations imply that

KU+ C!L(U)g =F + C! Fy. (5.6)

Now, we can multiply by the set {V7};cp, arrays of nodal values of {vi}jg\/:
Idem for F. We define V3 = C!V7 for j € N. Thus, the set of test function V' such
that A(vg, V) = 0 can be written as V = V, + CLV, for V, arbitrary. With these
ingredients, we get the form of the statement. m

We will use this expression in the following theorem and subsection. In the next
theorem we analyze the conditions under which this method is consistent.

Theorem 5.2. Method 15 consistent if the operator Ly is constructed in such
a way that, for any consistency test problem, the appropriate restrictions of the pair
[us, U satisfy

<L9a Ua? V) - (L (Ua) ) V®a) = - |:/Q eca(u?z)ﬁ(lvh)dQ ! (u;7 eclvh) (57>

for all v, € RE and V € RY holding A(v, V) = 0. A method passes the patch test if
1s only satisfied for patch test solutions.

Proof. In order to have a consistent method, the consistency error
€(0c, uy, vp) = Ag(U, V) + Aj(u,v) (5.8)
must be equal to zero. We know that [u®, U] satisfies:

(L (U),0.V) = (F,0.V),

)
l(u,0,v) = (f,0,v),
A(u,U) =0

Invoking this system of equalities in ([5.8)) we prove the theorem. O

The remaining point is how to build an operator Ly for which condition ([5.7)) is
satisfied for every consistent (or, less demanding, patch) test problem. We construct
this operator below and prove condition ({5.7]) for some particular patch test problems.
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5.1 Mechanical motivation and some test problems

For the numerical solution of the atomistic problem we consider that, in addition to
an externally applied force, the force on the particle « located at the position x, is
due only to the set of particles B, = {f € P : |z — x,| < 0} within the ball of
radius § (the cut-off distance). Here, we consider interatomic potentials such that the
force at atom « due to its interactions with all other atoms can be written as

fo= Y fus (5.9)

BEBa

where f, g is the force on atom « due to its interaction with atom . See Figure [5.1}
This model clearly applies to all pairwise interatomic potentials, such as Lennard-
Jones, as well as models such as the embedded atom method (EAM) [3, 4]. In the
case of EAM, the energy associated with atom a can be written as

E - Z pair Toaﬂ + Eembed (Zp Taps )

B#a BFa

where 7,5 = ||7a — 75||. We see that the negative gradient of the previous expression
has the form (5.9). In the atomistic region, force equilibrium requires that, for any
particle o, we have the force balance

f,+f=0
or
d fup+fi=0 (5.10)
BEBa

where f{ denotes the external force applied to the particle .

According to Cauchy, if we take any continuum volume w enclosing the point x,
the force acting on that volume by the material surrounding it is given by

ﬁ:—/mnm (5.11)
.

where v denotes the boundary of w and o denotes the stress tensor. See Figure [5.1]
We assume that o(x) = o (2, Vu(x)) and is possibly nonlinear in both its arguments;
here u(x) denotes the continuous displacement at the point . For a homogeneous
material, o(x) = U(Vu(a:)), i.e., it does not explicitly depend on position. This is
due to the observation that —o - n is the stress force acting on a point on . In the
equilibrium state, we have that

—/a«nd’y—ir/fdw:O
0% w

where f is the externally applied volumetric force. We then have that

/M(V-awa)dw:O.
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T(X)=—0*n

B=1

Figure 5.1: Force balance at a particle for the atomistic model (left) and at a point
for the continuum model (right).

Since w is arbitrary, we conclude that at any point @ in the continuum region, we
have the force balance
V.-o+ f=0. (5.12)

In the bridge region €2,, we have assumed that both the atomistic and continuum
model are valid. We want to “blend” the two models to create a single model for
that region that transitions, across the bridge region, from the atomistic model to the
continuum model. We choose to blend the two models at the level of forces acting at
points.

We have that ((5.10]) and (5.12)) hold in the bridge region. The most straightforward
blending of forces produces the blended model

—/ 0.0 : Vwdw + ZQ;‘ Z fo5-w(xa)
Q a€P  BeBa (5.13)

:—/ch-wdw—/et wdy =) 0of5 - w
Q

acP

We claim that the blended model violates Newton’s third law of motionH
Consider the atomistic term in (5.13]); it implies that the force on particle o due to
particle 3 is given by 0:f, 3. But, if we reverse the roles of a and 3, the force on
particle 8 due to particle o would be 023, = —60f, 5. Since, in general, 67 # 02,
we have a violation of Newton’s third law that requires the force on particle a due
to particle § to be equal and opposite to the force on particle 5 due to particle a.
A similar argument can be presented to show that the continuum part of also
violates Newton’s third law[?]

12This may account why this method fails the patch test.
13 Another problem with (5.13) is that it is not a symmetric formulation, even when each of the
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To obtain a blended model that satisfies Newton’s third law we have to start with
the more “basic” force definitions. We now define the force on particle o due to the
other particles in its cut-off region B, by

fo= > 05°fp. (5.14)
BEBa

See Figure 5.2l If we require that
627 = g2« (5.15)

then Newton’s third law is satisfied, i.e., 03°f, 3 = —eg’afﬂ,aﬂ Then, the atomistic
contribution to the blended model is given by

> 03705+ 055 = 0. (5.16)
BEBa

Note that if 0,(x) = 1, then (5.16) reduces to the atomistic model (5.10)).

A similar approach can be followed to determine the continuum contribution to

the blended model. We replace (5.11)) by
f. = —/HCU -ndy (5.17)
v
where 6.(x) will be defined later. See Figure This leads to the force balance

—/HCU-nd7+/chdw:O
v w

which in turn leads to, instead of (5.12)),
V-(0.0)+6.f =0. (5.18)

Note that if 0.(x) = 1, then (5.18) reduces to the atomistic model (5.12]).

atomistic and continuum models are symmetric as is the case, e.g., for linear spring-mass systems
coupled to the equations of linear elasticity.
“4The definition in (5.14) should be contrasted with what is used in (5.13) where that force is

defined as
05 > fap.
BEB

150ne way to define 027 is to first define a function 6, () over the bridge region and then define
0># from ,. The obvious choices are

0> + 0°
Gg’ﬂzea <$a;wﬁ) or ag,ﬁ: a; a

where 09 = 0,(x,).
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Figure 5.2: Blended force balance at a particle in the bridge region.

The blended model is then the force balance given by the sum of the weak forms

of (5.16) and (5.18), i.e.,

/90 V'wdw+229”‘ﬁfaﬁ w(x,)

aEP [BEB, (519)

:—/ch-wdw—/et wdy = 03w
Q

acP

where I'; that part of the boundary of 2. U €, on which traction force ¢ is specified.
In (5.19), w is a test function chosen from a suitable class of funtions.

In addition to ((5.19), we will pose additional constraints in the blended region.
These will be discussed in the next section.
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5.2 The discrete equations

In order to get a first set of discrete equations, we test 1} with w = 'wjh, jeN,
to obtain the first set of discrete equations

_ /Supp(wh) f.0" V'w? dw + Z Z 028, 5 - ’w?(ma)

« such that PEBa
xo € supp('wjh)
= - Gcf-w’?dw—/ _ Ot-whdy
/supp(w‘?) ’ I';Nsupp(w’) ! (5.20)
— Zeafe wa) forj=1,...,J.
« such that

o € supp(w)

Note that, in ([5.20)), test functions are defined with respect to finite element nodes in
both 2. and €.

As commented in the previous section, we impose the following constraints on the
particle displacements in €2:

uy = u'(x,) aeB (5.21)

i.e., the particle displacements are determined by evaluating the finite element dis-
placement at the position of the particle.m If we view as a set of essential
constraints for the discrete system f that are to be enforced strongly, we
should not includdﬂ in that system those equations that correspond to test functions
that are associated with partlcles in Qb, i.e., we do not include -H T hus the dis-
crete system reduces to 5.22)) and - Note that the constraints can

be explicitly substituted into 1' in which case (5.20)—(5.22)) reduces to a system
of |A| 4+ |N] equations in the same number of unknowns.

Remark 2. Instead of using slave atoms, we would consider test functions that corre-
spond to the particles. We define these test functions by

we(x) =ex(lc—x,]) acA, i=1,..,d

16This is reminiscent of the quasi-continuum method for which the displacement of slave atoms
are determined from the displacement of a few master atoms.

"This is entirely analogous to the Dirichlet problem for the Poisson equation for which the equa-
tions corresponding to test function associated with nodes on the boundary are not included in the
discrete system.

18This is not the only possibility for improving the system m,m For example, all of
the equations of that system could be retained and the essential constraints (5.21]) applied via the
Lagrange multiplier rule or by penalization. Again, these choices are entirely analogous to what is
possible for the Poisson equation.
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where x (1) is an integrable function with support in a small neighborhooﬁ ofr=20
and such that x(0) = 1; here, e; is the unit vector in the i-th direction.

We then have from with w = w,, that
> 05t =082 a€AU = (5.22)
BEBa

and

Z Qgﬂwa(o) : faﬁ o / ecah : Vwa dw = _ngﬂé(o) ) f;

BEBa supp(wa)

—/ ch-wadw—/ 0.t - w,dy a € B.
supp(wa) I'eNsupp(wa)

The (nonlinear) system of discrete equations ~([5.23) consists of |[A UB| + ||
equations in |A U B| + |N| unknowns. However, it may not be a “nice” system. For

one thing, it may be singula@ and for another, the appearance of the derivative of
the test function wg in can lead to serious ill—conditioning.@

(5.23)

5.3 A simple 1D example and the patch test
5.3.1 A simple, linear 1D example

We let Q, = (0,a), Q2 = (a,c), and Q. = (c,1). In Q.UQ, = [a, 1], we have a uniform
finite element triangulation with grid size h given by z; =a+ (j —1)h, j=1,...,J.
We choose the space R§ to be the continuous, piecewise linear finite element space
with respect to the triangulation. We let u? = u"(z;), i.e., the nodal value of the
finite element approximation to the continuum displacement evaluated at the node
z;. We also assume only nearest-neighbor atomistic interactions. In Q, Uy = [0, ],
we have a uniform particle lattice®] with lattice spacing s given by z, = (a — 1)s,
a = 0,...,N. The displacement of particle @ is denoted by wu,. Without loss of
generality,@ we assume that there exists a particle a such that z, = a, i.e., there is a
particle positioned at the interface between the atomistic and bridge regions Q, N €.

9Tn fact, the support neighborhood should be small enough so that it encloses only one particle.
Moreover, the support of x(r) should be small enough so that for all particles a located in 2,
supp x(|x — x4|) € Q4. This last assumption guarantees that the integral terms in vanish
whenever the test function w, corresponds to a particle in £2,.

20In case of a € A without “neighbors” belonging to B, 0% = 1.

21The situation is entirely analogous to the Neumann problem for the Poisson equation. The lack
of essential boundary condition results in a discrete problem with a singular coefficient matrix.

22The fact that the support of w, is small, i.e., less than the inter-particle spacing, means that
its derivative is large relative to size of the function itself.

23Recall that here z denotes positions in the reference, or undeformed configuration.

24 A simple redefinition of the bridge region, i.e., of a and ¢ may be necessary.
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Likewise, we assume that there is a finite element node located at = = ¢, i.e., at
the interface between the continuum and bridge regions Q. N Q. Again without loss
of generality, we assume that h = Ms for some integer M > 0, i.e., that the finite
element grid spacing is an integer multiple of the particle lattice spacing. See Figure

B3l

Particle positions

a C

Finite element grid

| % |

Figure 5.3: Particle positions and finite element nodes for the 1D example problem.

We assume that u; = A and u” = B for given A and B, i.e., the atomistic displace-
ment is specified for the particle located at = 0 and the continuum displacement is
specified at x = 1.

We consider the example of the linear elasticity/linear spring-mass model in 1D
for which we have the constitutive relations

du Ug — Uq
o(u) = KC@ and fap =K, (T)

where K, and K. respectively denote the spring constant and the elastic modulus
which we assume are constants.

Since . = 1, 62 = 0, and 62° = 0 in Q, = [¢, 1], (5.20) reduces to

ult, ) —2ul +ul Tit+1
- K, ( j+1 h] iml ) / bw;-‘ dx for j such that z; € Q. = (¢, 1).

Tj—1
B (5.24)
In the bridge region 2, we have

Tjq1 h o h T h g h
e () () ¢ ([ ) (559

e 3wt o (B o ()

«a such that
Ta € (Tj-1,Tj+1)

Zj+1 =
— / Qwa? dr + Z w;i(T4)05 fa for j such that z; € Q, = [a, c].

Tj—1
« such that

Ta € (Tj-1,2j+1)

(5.25)
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Since 0, = 0, 02 = 1, and 02 = 1 in Q, = [0, a], (5.22) reduces to

a _2a oa—
_Ka(uﬂ Z+U 1

) = fa for a such that z, € Q, = (0,a).  (5.26)

At this point we have to choose a quadrature rule for the finite element method
and we have to choose a definition for §2°. These are not to be chosen independently.
First, we choose 6.(x) in Q, = [a,c] such that .(a) = 0 and #.(c) = 1. We then
apply a trapezoidal rule approximation to the integrals appearing in (5.25)), e.g., if
69 = 0.(z;), we have

Tjt1 h h, . ;
/xj 0, dz ~ E(ec(xj) n @C(xjﬂ)) =201+ 617,

Next, we let 8, =1 — 6, in Q, = [a, ] and, if 62 = 0,(z,), we define

Oo(xa) + Oa(xp) _0r+ 0]
2 2

ab _
02" =

Then, (5.25) reduces to

R A R AN S A L R
‘KC{( 2 )( () (s
fott + 02 Ugr1 — Uq U Ug—1 — Ug,
- 3w { () () () ()

« such that
To € (Tj-1,%j41)

= 00b(z;) + D wj(za)0ifa  for j such that z; € @ = [a,d].

a such that
To € (Tj-1,2j+1)

(5.27)
Finally, we have that (5.21)) reduces to

U = ul(xy) for o such that x, € Q; = [a, d].

Of course, u"(z,) is determined from the nodal values of u” at the vertices of the
elements that contains x,. Specifically, since we are using continuous piecewise linear
finite element spaces, we have that

. — <xa ; ZE]‘) U?H _ <%> u? if T, € [7,7541]) C Q= [a,c]. (5.28)

The fully discrete system is given by (5.24), (5.26), (5.27), and (5.28) [

25Other choices for the quadrature rule and for §2° are possible. For example, we could use the
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5.3.2 A patch test for the 1D example

Now, let us look at the patch test. We choose K, = K., b =0, and f, = 0. We test
whether or not the uniform strain solution satisfies the discrete system ((5.24)), (5.26)),
(5.27), and (5.28]). For the uniform strain solution we have that, for some constant

Q. o
u” — u"
ST =Q forj=1.. -1 (5.30)
and
’LLa _ua
L:Q fora=1,...,N —1. (5.31)
s

In fact, we have that Q = B — A where u; = A and v/, = B. Note that (5.30) and
5.31)) are consistent with (5.28] in the bridge region, i.e., the (5.28]) and ([5.30]) imply

5.31)). For example, using ) and -
ua+1—ua_1 l‘a‘i‘S—IEj h .I'a‘i‘S—ZEj_H h
AR B A A U T
To —T;\ To — Tjg1\ p Uiyl — Uj
_( - J)uj+1+(Tj)uj}:%:Q

for z, € [xj,z; +1) C [a,c).

With b = 0 and f, = 0, we clearly have that the uniform strain solution ([5.30[)—
5.31)) satisfies ((5.24) and ([5.26)), respectively. We have also shown that they satisfy
5.28)).

Now, let us examine ([5.27)). We assume that the particle lattice is commensurate
with the finite element grid, i.e., that h = Ms, where M > 0 is an integer, i.e., the

midpoint rule so that

Tj+1 . . 1
/ 0. dx ~ hé, (%) — h9g+§

Then, instead of (5.27] -7 we would obtain

h h
_Kc{eﬁ*é (uj“ _uj> o ( = )}
h
—K Oc+2 Uaq41 — Uq L Uq—1 — Uq
Z wj Lo { ( s +00¢*§ S

«a such that
To € (Tj-1,%j41)

1 i1 i1 —
-2 (9i+2b(xj+%) + 0! 2b(a:j_%)) + Y wi@a)0fa  for jsuch that @; € Oy = [a,¢]

«a such that
Ta € (Tj-1,2541)

J

and then define

(5.29)

Nl

+ . .
where 0, ? = 0, (%222 ) and Tip1 = (Tt
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finite element grid size is an integer multiple of the particle spacing s, and we also
assume that every finite element node is occupied by a particle. See Figure [5.4]

Particle positions

¢ I | |
Finite element grid

| Qa S |

Figure 5.4: Particle positions and finite element for commensurate grids with A = 2s.

Substituting (5.30) and (5.31)) into the left-hand side of (5.27]), we obtain, with
with b =0, f, =0, and K, = K, = K,

LsEE) — - 52 (00 - 6+ 3wyl 657 0 )

«a such that
To € (Tj—1,Tj+1)

= —KTQ{ <9c(l’j+1) - ec(xjfl)> + Z w;(za) <9a(xa+1> - 9a<xal))}

a such that
Ta € (Tj-1,%;41)
for j such that z; € Qp = [a, (]
(5.32)
where we have recalled that 62 = 6.(x;) and 02 = 0,(z,).

Note that if M =1 so that h = s, then the only particle in the support of w;(x),
i.e.,in (z;_1,%j11), is the particle located at x, = ;. Then, since w;(z,) = w;(z;) =

1, reduces to
K K
LHS((.27) = —TQ{ <9c($j+1)+9a($j+1)>—<9c(95j—1)+9a(-’17j—1)>} = —TQ(l—l) =0

where we have recalled that 0.(z) + 0,(z) = 1 everywhere. Thus, if in the bridge
region, every particle occupies a finite element node, the uniform strain solution also

satisfies (5.27)) and thus the discrete system (5.24)), (5.26)), (5.27)), and (5.28)) passes
our patch test.

For the more general case of commensurate grids with M > 1, we choose in ([5.32)
0,(x) and 6.(z) that are linear in the bridge region €, = [a, ¢|, i.e.,

r—a c—x _
0.(x) = p— and 0,(x) =1—0.(z) = i for z € Oy = [a, c|.
Then,
2h 95
Oc(xjr1) — Oc(zj1) = i and 0,(20s1) — Ou(T01) = —
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so that, from ([5.32)), we obtain

LHS(p.27) = —— { — 32le wj(z; —h+ ms)} (5.33)

where we have used the fact that in the open interval (x;_1,x;11), we have that the
particles are located at the points x; —h +ms, m =1,...,2M — 1. Note that since
wj(xj_1) = wj(x;41) = 0, we have that

Z wj(x; — h + ms)
= %(wj(%‘—l) £2) wj(z; — h+ms) + w(%‘))
. . (5.34)
+g (w(%‘) +23  wj(w; +ms) + wj(xj+1>>

m=1

= é{ /9:1 wj(z) dr + /:ﬁl w;(z) dx} = —

J

where we have used the fact that for the piecewise linear function w;(x), the trape-
zoidal rule is exactm Substituting into (5.33)), we obtain that LHS =0.
Thus, if, in the bridge region, the finite element grid is commensurate with the lattice
spacing and the blending functions 6.(x) and 6,(x) are linear polynomials, then the

uniform strain solution also satisfies ([5.27)) and thus the discrete system - -
, and - ) passes our patch test ']

Let us now explore what happens with the patch test if the finite element grid
is not commensurate with the lattice spacing. We again assume that the blending
functions 6.(x) and 6,(x) are linear in the bridge region and that the particle spacing
is denoted by s and the finite element grid size is denoted by h. Furthermore, we
consider that there are nodes and atoms positioned at a and ¢. But, now we assume
that (for some finite elements) the particles are offset by a distance sy with respect
to the finite element grid and we denote by M the number of particles in each finite
element interval. We assume that h = Ms See Figure |5

If we follow the same process that led to (5.33]), we are instead led to

LHS-_——{ —sij i —h+so+ (m 1)3)}. (5.35)

26The commensurate nature of the lattice spacing and the finite element grid is needed so that
the locations of the particles become equally spaced quadrature points for the integrals in (]m‘)

2TIn the same way, it can be shown that the discrete scheme (5.24)), (5.26)), (5.28), and ([5.29) that
results from using the midpoint quadrature rule also passes the patch test in the two cases discussed.
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S-S0  So
Xj-1 X Xj+1

Figure 5.5: Non-commensurate particle lattice and finite element grid with M =6
and offset sq.

Now,
il M S, ~ 1 § —~
ij(xj—h—i—so—i—(m—l)s) = (30+§(M—1)> = (so+§(M—1)>
m=1

and

Z wj(z;—h+so+(m—1)s) =

m:]TI+1

%(3_80%@1—1)):é(s—swg@i—l))

so that, substituting in (5.35) we obtain that

LHS(5.27) = —K—Q<h— Ms) = -

cC—a

KQ

c—a

(h—h)=0

so that again the uniform strain solution satisfies (5.27)) and thus the discrete system
(5.24), (5.26)), (5.27), and ([5.28|) passes our patch test even when the particle spacing
is offset from the finite element grid.

We can easily infer that, for a general case in which M is not an integer, and no
assumptions over the position of nodes and atoms are made, we can easily prove:

LHS(5.27) < Cs*h

C being uniform with respect to h.

5.4 Quadrature rules and blending functions
5.4.1 Choosing the quadrature rule

We now consider the two-dimensional case. The one-dimensional case was discussed
in Section £.3]

We use continuous, piecewise linear finite element spaces with respect to a par-
tition of €, U €, into a set of T triangles 7" = {A;}L,. For j = 1,...,J, we let
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T = {A; : Ay € supp(w;)} C T, i.e., the set of triangles sharing the finite element
node x; as a vertex. Thus, we have that

/suppmh)F(m)dw: 2 /AF (@) dw. (5.36)

t such that
A¢ € 'Z}h

The standard choice for the quadrature rule, since we are using piecewise linear
finite element functions, is the mid-side rule for triangles. Thus, if Zax, k=1,...,3
are the vertices of a triangle A, we have the quadrature rule

.
/A F(z)dw ~ ?A > F(zay) (5.37)

where Vo denotes the volume of the triangle A and

o TA;1 + TA;2 - TA;2 + TA;3 o
Tl = 9 ) LA2 = 2—, and a3 =

TA;3 + TA;1

We also need a quadrature rule for the boundary integral appearing in . Let
1 = {ANT; : A C supp(w/) and length(A, NTy) > 0}, i.e., T} is the set of sides
of the triangles A; in the support of w;l that intersect with the boundary I';. We
then have that

/ Flz)dy= ) / F(x)dy. (5.38)
Ftﬁsupp(wjh) ATy

t such that
Zt NIy e .’Z_Jh

Integrals over individual line segments are approximated using the trapezoidal rule.
Without loss of generality, assume that Za.; and Za, are the two boundary vertices
of a triangle A.@ We then have that

2

/ F(z)dy ~ %A > F(@ay) (5.39)

ANy g=1

where L denotes the length of the boundary segment A, N T.

28By triangulating into corners, we can guarantee that no triangle has three vertices on the
boundary.
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Using (5.36)—(5.39) in (5.20) results in

3
- Z Z ( (Tasq) <(a}At;q)’ Vuh(wm;q)> : Vw?(wAt§Q)>}
t such that =1
Ay eT)
+ ) > 0505 wh ()
a such that  O€Da

o € supp(w’)

S Z {V? i (90($At;q)f(wAt;q) . wgl(wAt;q))}

— 5.40
t such that 9=l ( )
AVNS Tjh
2
LAt b
- (Ta,)tH(Ta,g) - w; (®aq)
t such that a=1
Zt Nnry e Ih

= ) 0t wi(x,)  forj=1,....J.

« such that
®o € supp(wh)

Thus, in two dimensions, the fully discretized system is given by (5.22)), (5.22)), (5.21)),

and (510 P

In three dimensions, one cannot use mid-face or mid-edge rules as we can in one
and two dimensions, even for uncoupled continuum problems. Instead, one must
use rules for which at least some of the quadrature points are in the interior of
tetrahedra. Other than this, the development of a fully discretized method follows
the same process that led to in the two-dimensional case.

5.4.2 Choosing the blending functions

We now want to give a recipe for choosing the blending functions 6.(z) for € 2, and
0% and 02 for x, € €, that appear in ( -ﬂ In two dimensions, we triangulate the

29We note that if the continuum material is homogeneous, then o = o(Vu). Then, since both u”
and 'w;‘ are linear functions in any triangle, the first term of |) simplifies to

)3 {VAti( (a0 ) (Vul(@s.)) : Vo (3a,) |

t such that =
At € 'Tjh

where Ta, is any point in A;.
300f course, in €, we have that 6, = 0, 6% = 1, and 02 = 1 and in . we have that 6. = 1,
62# =0, and 0 = 0.
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bridge region 2, into the set of triangles having vertices {xy;}'_;. In practice, this
triangulation would be the same as that used for the finite element approximation
of the continuum model in the bridge region, but, in general, it may be differentﬂ
We then choose 6.(xz) = 0 (x), where 6"(x) is a continuous, piecewise linear function
with respect to this triangulation. The nodal values of §”(x) are chosen as follows.
First, set 9?(331,;1) = 0 at all nodes x;; € Q. N O, ie., on the interface between the
atomistic and bridge regions and 0"(x;,;) = 1 at all nodes x;,; € QN Q,, ie., on
the interface between the continuum and bridge regions. For the remaining nodes
xp; € (Y, there are several ways to choose the value of 9?. One way is to choose

h dist (va.i, ﬁa N ﬁb)
‘90 (mbz) = — — — - —— for xy.; € .
T dist (2, Q0 N ) + dist (@, 0 N Q) ’

Once 0"(x) is chosen, we choose 0,(x) = 0"(x) = 1 — 0"(x) for all x € . Then,
we can choose
On(xa) + 05 (x5)

02 = 0"(x,) and 0of = 5 .

31For the two triangulations to be the same, we must have that the finite element triangulation is
conforming with the interfaces between the bridge region and the atomistic and continuum regions,
i.e., those interfaces have to be made up of edges of triangles of the finite element triangulation.
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6 Numerical Experiments

In this section we conduct simple experiments to numerically demonstrate the results
of Theorem regarding Method I, and also the discussion of Method II in Section
[.3] In all cases, we construct our discrete system as described in Section [5.1] All
examples are one-dimensional, and consist of an atomistic domain and finite element
domain joined by a bridging domain. A unit point force will be applied to the end
finite element node, and the end atom will be constrained at the origin. For our
atomistic or finite element models, the resulting solution is one of uniform strain. We
thus desire that our blended models also recover this solution.

The first numerical example we will consider is the simplest case possible, where
the lattice constant s is equal to the mesh width A (M = 1). In this situation, we
constrain the atoms in the blend region to move with the finite element nodes. In
Figure [6.1], we show computed displacements and strains for a case of 16 atoms and
14 nodes for Methods I and II. Method I is unable to recover the patch test solution.
Even for this simple test problem the solution obtained with this method is very
inaccurate. On the contrary, Method II recovers the patch test solution.

In our second numerical example, we set the mesh width A to twice the lattice
constant s (M = 2). For the atoms in the blend region, we constrain the atoms
coincident with finite element nodes to move with the nodes, and atoms in the interior
of an element to move in accordance with a the corresponding shape functions. In
Figure [6.2] we show computed displacements and strains for a case of 15 atoms and 8
nodes for Methods I and II. Again, whereas Method II pass the patch test problem,
the results obtained with Method I are extremely inaccurate.
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Figure 6.1: Plots for example 1. Atoms are represented in red, and finite element
nodes in blue.

41



displacement vs. position strain vs. position

0.02 0.03
0.018
o
0016 o 0.025
0.014
£ 0.012 0.02
H
5 <
8 oo1 g
| %
i
2 0.008 0015
0.006
0.004 0.01
0.002
0.005
02 04 06 08 1 o 02 04 06 08 1
undeformed position undeformed position

(a) Displacement, Method I (b) Strain, Method I

displacement vs. position strain vs. position
0.01 0.02

0.009 o 0.018

0.008 o 0.016

0.007 0.014
£ 0.006 0.012
3
£ £
& 0.005 8 00
k4 ]
g
S 0.004 0.008

0.003 0.006

0.002 0.004

0.001 0.002

. . . . 0 . . . .
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
undeformed position undeformed position

(c) Displacement, Method II (d) Strain, Method II

Figure 6.2: Plots for example 2. Atoms are represented in red, and finite element
nodes in blue.
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7 Conclusions

In this article we have analyzed blended AtC coupling techniques. This family of
methods has been stated in an abstract form, and a well-defined concept of consistency
has been suggested. We have considered how to design these methods without being
affected by ghost forces. Four different methods have been listed.

Based on the consistency properties of the methods, we have chosen one, for which
an accurate AtC blending model for the bridging region which pass some patch test
problems has been constructed. This model has been motivated using mechanical
arguments, based on the blending of forces on points.

Numerical experimentation supports the accuracy of the method in comparison
with the method proposed in [7] based on the blending of stresses.
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