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Outline

e The z-pinch: a simple idea with a complicated model

e Stability of multiphysics models: “the world is not enough”

e Magnetic Diffusion I: the rise and fall of potentials

— Two or one potentials?
— The art of gauging

— So what went wrong (and why)??

e Magnetic Diffusion II: Matching algorithms with the physics:
— De Rham complex and Tonti diagrams
— Discrete De Rham complex

— It works!!




Z-Pinch Physics on Z at Sandia

Z-pinch Components

e radiation transport

e clectromechanics resistive MHD Emmsmﬁmﬁ diffusion

e solid dynamics

Allegra
o A parallel ALE coupled physics code o unstructured hexahedral grids
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A taxonomy of discretization defects

Strong threats

advection

as stability threats

symmetric stencil

saddle point

oscillations

e A recipe for disaster: loss of stability almost surely will happen

Weak (subtle) threats

equal order FE

V-B#0

unstable FEM

magnetic monopoles

nonphysical modes

e May or may not lead to failure

iy nonphysical effects

e May be tolerated in simple, single component models




Stability and multiphysics models

In coupled multiphysics models

e ALL discretization defects are potentially dangerous

V-B#0

nonphysical modes

innacurate Lorentz/Joule

wrong kinematics/energy

polluted transients

wrong transient /static?




Stability and multiphysics models

In coupled multiphysics models

e ALL discretization defects are potentially dangerous

V-B#0

innacurate Lorentz/Joule wrong kinematics/energy

nonphysical modes

polluted transients

wrong transient /static?

e Remedies that work in simple models are not enough anymore:

advection of B

upwinding

CURRENT REVERSALS
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ﬁwsu\ oscillations
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Stability and multiphysics models

In coupled multiphysics models

e ALL discretization defects are potentially dangerous

V-B#0

innacurate Lorentz/Joule wrong kinematics/energy

nonphysical modes

polluted transients

wrong transient /static?

e Remedies that work in simple models are not enough anymore:

advection of B

upwinding

CURRENT REVERSALS

1

ﬁwsu\ oscillations

Since many of these defects are caused by

inconsistencies between physics and discretizations

a sensible approach would be to

Match physics and discretization!
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Magnetic Diffusion: design specifications

Physics:

e state transitions: solid — melt — plasma

e highly heterogeneous media, especially o:
Osolid=high —  Omelt=low ~7  Oplasma=high
e non-static void-material interface
Required:

e accurate I x B and J- E

e correct time scale for B diffusion

Possible approaches:

e use potentials to ensure V- B =0
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Magnetic Diffusion: the candidate model

Differential equations

in <+ Ampere
in €2
in <« Faraday

in €2

Boundary conditions

n-B . n x E, on I'* (Type I)

n x H : n-J, on I' (Type II)

Constitutive equations
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The two magnetic potentials

In void:

1. Faraday’s law:

no current —

2. Ampere’s Theorem:

Now substitute
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In conductors:

1. Faraday’s law:

0B 0A

2. Ampere’s Theorem:

waﬁxb»

Add boundary and interface conditions. ..
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Conductor

Interface I'y¢

1n @Q
H;, x n on Type 2

on Type 1

n @2@

H;, x n on Type 2
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The (A, ) approach works great for eddy-currents:
o(x) in conductors

n.Bl=0 [Mn=H]=0
0 in void (air)

Interface conditions

[n-B]=0 and [nxH]=0 onI'yc
The catch

e The static interface between conductor and void

A remedy

Type 1:n=E
e introduce fudged “void conductivity” to transport B across void

e discard ¢ and use A everywhere

The price: Must deal with a single, highly heterogeneous conductor:

0<omin <o(X,t) <opax and O << Tpnae
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Magnetic vector potential formulations

Ungauged A — ¢ cquations

V X wﬂ X A+0(%+ Vo) in ) <« Ampere

w<x>x= H,xn onT

18



Magnetic vector potential formulations

Ungauged A — ¢ cquations

V X wﬂ X A+0(%+ Vo) in ) <« Ampere

V- (o(%+V9)) inQ « V-J=0

w<x>x= H,xn onl

IQA@%.TQ@VXS E,xn onI™
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qxw<x>+q§

e In the static limit

V-0V
o field recovery is not affected: VxA=Vx(A+Vyg)
o numerical solution may be affected:

0A/Ot — 0 = ill-conditioned (or singular) FEM lincar system

e

reaching the static limit may be problematic

A remedy:

Impose a gauge = a set of conditions ensuring unique potential

20



Gauged formulations

The Coulomb gauge (Morisue, 82)

0 1in
0 onl, or

0O onl

e preferred for material discontinuities and multiply connected regions;
e hard to satisfy exactly numerically with nodal elements:

e cnforced by adding penalty like terms
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The Lorentz gauge (Bryant, Emson, Trowbridge 85-90)

—po¢ in £}
0 only

k2uoly on T

e leads to non-symmetric weak problems unless o = const

—> use is restricted to homogeneous conductors when it is

equivalent to Coulomb gauge (Biro and Preiss 1990).

4

Neither gauge works for us!
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Modified A-formulation: Eliminate ¢ (Emson, Simkin 1983)

VA" =V x A

>*n>+\m§& .

@>*|@|>
% =5 T Vo

1 A*
4x|<x>*+qm‘
i ot

o 1mplied gauge: V.cA*=0 1n Q.
e in the static limit: V X wﬂ X A" =0

—> same difficulties arise as with the ungauged equations.
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Modified Lorentz gauge (Bochev, Robinson 99, Bossavit 99)

V-oA = —puo’p inQ

o = 0 onlI™

A-n = k’uol¢ onT

1 OA 1
VXx-VxA+oc——0V(—V-0A)=0 in Q.
v ot o>

e gives symmetric formulations

e works for smooth o but what about highly heterogeneous media?
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Model Problem in 2D

Type 1:nxE=0 Type 2 nxH=nxHp Type 1:nxE=0

Setting

e H=Hk and E=E,i+E,}j
o i~ d4r-107"7
® Oconductor = 63.3 X 10°

® Jyoid = 1

What must happen

® Igteady ~ 50 X 10~ %sec

. =63 3E+08
e skin current

p=47E-07

e “tent” solution at steady state

Type 2: nxH=0
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What happened?

The semi-discrete problem

M,A 4+ C,A =f

1 .
C,=(-VXxAVXA)+

1

e stability

(V-A,V-A)
AQ.SPQQ.QVV

gauge contribution

e transient time scales —  depend upon the eigenmodes (A, x)):

e the steady state

(AM, +C,)x =0
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he s ectrum un au ed roblem




he s ectrum un au ed + curl




he s ectrum un au ed + oulomb
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ry a oor mans R

e uess the “bad” modes

e at each time ste

ro ect solution on (“bad”)

he at h

e “Bad” modes may a ear ust at ero re uency

e ut they may also ollute the hole numerical s ectrum (see Bo et al 1999)

E tremely hard to distinguish physical from non physical modes




he Ma ell

e ham complex relati e to I

0(£2, grad ) (2,grad) ¢=0 onlD
0(£2, curl) (2,curl) nx =0 onT

0(£2,div) (Q,div) n- =0 onl

The dual complex relati e to I'*

0 (€2, div) (Q,div) n- =0 onl*

0 (£2, curl) (Q,curl) nx =0 onI™

0 (€2, grad) (Q,grad) ¢=0 onI*




Tonti diagram
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he e a tne propert
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he e a tne

propert

hat if we can nd. ..

g\<o

V
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iscrete Tonti diagram
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Di rete appro imation o De

n ua com onents o a discrete

and or di erent elements

a at h ma eement (Raviart, homas, 19 )

e conte t = mi ed methods (H( div) con ormin )

e eclement = n sim le

e ee eement ( edelec, 1980 85)

e conte t = mi ed methods (H(
brick,

div), Hl u

e clement rism, rectan le

e ement ou las, arini, late 80s)

(Bre i,

e conte t = mi ed methods (H( div), H( u

e clement = brick, rectan le

ham omple

e Rham com le have been develo ed in di erent conte ts

) con ormin )

) con ormin )




The hitne complex: ( ossavit 1

e conte t = clectromagnetics ( ¢ ham conforming)

e clement = n simple

ur approach e tends the construction of

an eli elements: (van eli 1

e conte t = eddy currents ( (€2, curl) conforming)

e clement = he ahedron (isoparametric brick)

to an e act sequence on arbitrary he ahedral grids.




at e en e on he ahedral rid

eneralized hexahedrals

HATMQVN HATMQV

hysical space arameter space

~

— — smooth deformation of

~

() — image of ’
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v 1s invertible when restricted to

~

I is such that ()=























































