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Part |

where we Learn about computational
modeling, discretization of PDEs, andl
develop two simple discrete models (with

mixeo suceess)
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Computational mathematics and algorithms

What is this talk about?

Applied math
Use a formal language
to encode a physical
process

Numerical math

Convert to models that

Physics

Computational science
Use computers for discovery of
new physics, design validation,

proof of concept, virtual
prototyping

Mathematical can be solved on digital
model computers
Numerical
model
Solution
algorithms

Computer science

Find faster and more
efficient ways to solve
numerical models
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Focus on Numerical Math

Numerical math

Discretization Convert to models that
— Ay = f can be solved on digital
computers

Model reduction

mathematical model

1. Is the sequence of algebraic equations well-behaved?

- are all problems uniquely and stably (in h) solvable? Au, =f
- do solutions converge to the exact solutions as h—07?

2. Are physical and discrete models compatible?
a parameterized

family of algebraic
equations

- are solutions physically meaningful
- do they mimic, e.g., invariants, symmetries,
or involutions of actual states

3. How to make a compatible & accurate discretization?

- how to choose the variables and where to place them;

- how to avoid spurious solutions. Sandia
National

Laboratories
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A toy problem

Boundary value problem
Y &)
y(0) (1)
V Ly
0 \_/’I X
continuum
|
= Vi
yO = yn
@ 6 6 o6 o o o o
Xo X Xj Xit1 Xn
m |
]
discrete

National

Parameterized linear system San
ndia
@ Laboratories
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Porous Media Flow

Boundary value problem

_V-pVp=fin Q

p=0 on I’
f-source term
p - pressure Saturation 1
0 - permeability tensor O e

Steady state saturation in a site scale model of
Yucca Mountain, Nevada. Model area is 1.7X4.2
square miles. Calculations like this are used for
evaluating the suitability of Yucca Mountain as a
potential repository for high level nuclear waste.
Courtesy LANL EES Division.

Reservoir simulation can be used to forecast the
production of oil and gas fields, optimize reservoir
development, and evaluate the distribution of
remaining oil. It is an important tool to improve the
design of wells, the efficiency of reservoirs, and
enhance oil and gas recovery.Courtesy Prof. J.
Chen, SMU
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Darcy problem

In such applications, velocity u, rather than the

pressure p is the variable of primary interest,
and direct approximation is desirable.

Equivalent 1st order form Y

V-pu=finQ
u+Vp=0 on Q

p=0 onTl

Discretized domain X

Sandia
National
Laboratories
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PDE—Parameterized Linear System

Continuum Discrete Stencil

1 2
V-pu=u +u =f

u+Vp=0]
V-u=f|

u+p =0

u2+py=0

Collocated discretization: variables share same grid location

Divergence and gradient discretized by the same stencil @ Sandia
Laboratories
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Computational example
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o 48 Coupled multiscale, nonlinear physics is even more
challenging: Z-Pinch simulation in ALEGRA

Scales:
PULSE DURATION 10-° sec
TIME SCALE 10-3 sec
CURRENT POWER 20x106 A
X-RAY POWER 1012 W
X-RAY ENERGY 1.9x106J

C. Garasi, A. Robinson

Z-machine: (Ostensibly used by Ocean’s 11)
Electric currents are used to produce an

MHD MODEL

ionized gas by vaporizing a spool-of-thread

. _ _ _ sized array of 100-400 wires of diameter
Hydrodynamics + Magnetic Diffusion ~ 10um
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Magnetic diffusion

0. 004

0.o0z

0. 002

o.on

E - field
IR N R NN e
TTYTT Yy . -

""T'!'_"—?—l""ﬁﬂ"

L
L

L
L
L

L]
L)

LTETYN Yy e e 'R
B A T
e S o o R SRR
TYrrTtoeg Lo o 3 3 T
L B B B s B T Sr SRR
ST e r——pe L L4
B B e et b R
B B e i ' N
L B R s ut PRSI
L B e e 2 I T T R
LI L B Bea————e
LI R e TR R T T
L e B E R R R T
LR I B A T TR,
LA LI I B S T R N

TFTﬂ“‘\LL.—h—rrI’(“f‘ci"
. F\‘l\ﬁ-..--.-.--—-w(.a‘r.l a4
B T R R N Ll o

..... DR N o Ry B R

Frerreyry

..... T T e

0

0.0005 0.001 0.0015 0.002 0.0025 0,002

physical modes all modes

I N
u.nu4—-****'ﬂ+-—+*—+++++ D-UM;’TH?: b
L L N S — e
bbby T BRI I N
bt ~ Rl N AV R
THiiy Pttt
_;\'511'?1._,._,._.._4}4“,_. pthch ol SN AR
oooE| x4 WY AL (o~ 0-0031'1'1'1'1'1,._,._,.___++++++
4HHL+H,“";,+ SO R R
NENE TR LA Fd bt e
14 i Fhobbd t 4444
0. 002 11 FFT 0. 002 AR BN
NN N N D Pttt
I I Y S e THTH‘“‘""HHH
N R R LA SRR RS
NN N S A Py b tHEEd
pooot | R 0. 001 by A O S
F_-_'_‘l-\."\-\. "‘.‘ﬂ-..q__._‘_,/l_.'_._,_-_ % '\"\‘-h-_-—a.-'-/‘/’- PR
A ¥, "t'k.\x-.ﬂ._.._,.__,,_,__,,f,,f,‘,;
Il i e e L e Py
0 0.0003.0010.00130. 0020, 00230, 003 0 U.00050. 0010, 00150, 0020, 0025, 003

VxLB=o Ampere Gap modeled as a
u heterogeneous

conductor

Sandia
National
Laboratories

VxE = —O;—B Faraday
t



Computational mathematics and algorithms

=

Compatible vs. Collocated: B-field

Compatible
Ker(curl)={grad p}

Collocated :»
Ker(curl)={0}

Sandia
National
Laboratories
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Part i

wWhere we Learn about aluau',ta, Lts role Ln
PDE structure and what Lt can tell us about

compatibLe discretizations

Sandia
National
Laboratories
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ql you ever wanted to know about duality
(but were afraid to ask)

In mathematics “duality” is used in two contexts

1. Duality pairing

The process of combining two objects to generate a scalar

a’b — (a,b)
f) = (f.x)
! f=(r.Q
ifg*<f,g>

(flg)—=(f.8)

Fd—(F.d)

Vector a dual to co-vector b
Function f dual to its argument x
Function f dual to integration domain €2
Function f dual to distribution g

Bra vector f dual to ket vector g

Force F dual to displacement d

Sandia
National
Laboratories
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Leads to the fundamental notions of adjoint and self-adjoint operators

b’Aa=a’A’b (Aa,b) = <a,ATb> Adjoint of a matrix A is the transpose
!V-v - in- v (V-v,Q) = (v,dQ) Adjoint of divergence is boundary

! uv-v=-— _! Vu-v (V- v)=(-Vu,v) Adjoint of divergence is -gradient

_g{ ~Auy = _!; ~Avu (~Au,v) = (u,~Av) Laplacian is self-adjoint

Sandia
National
Laboratories
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2. Duality of representations

A second duality concept

The process of using complementary descriptions of the same process

velocity m Mass flow

Fluid flow
Along a line Measured Across a surface
Concept of force Needed for Concept of source

’ =) L @
National
Laboratories
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Darcy problem deconstructed

Kinematic Constitutive Continuity
Gradient o Divergence
Forces D}Jal!ty IS Sources

ubiquitous!
Line field Surface field

Duality structure can be encoded by the following diagram

main Sandia
=) - domain ) i
Laboratories

domain

range

o |
&
[ neses |
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A compatible discretization should mimic the duality structure of the PDE

Compatible discretizations

domain range

range domain

e | e
8 o
e — I

We need to build a discrete analogue of this diagram!

Sandia
National
Laboratories
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1. Compatible representations

Nodal value Cell average .

Edge circulation Face flux

Sandia
National
Laboratories
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2. Compatible discrete operators

Nodal value Cell average

D, +P, -D, - D,
h

79

Node # Du =
Face #

Edge circulation Face flux

Sandia
National
Laboratories
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3. Putting it together

# nodes =8 4 7 # cells =1

Mission Impossible?!

In the discrete world two different
viewpoints cannot coexist at the

same grid location!

# edges = 12 7 ) # faces = 6

Sandia
National
Laboratories
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Solution #1 Primal-Dual Grid Complex

Staggered grid discretizations
Covolume (Delaunay-Voronoi)
Box Integration Method
Sandia
@ National

Laboratories
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Not always feasible

Topologically dual grids hard to maintain for unstructured meshes
such as arising in ALE computations

Sandia
National
Laboratories
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Solution #2: cheat cleverly

SOM - Samarskii, Shashkov
Mimetic FD - Hyman, Shashkov,Steinberg
Mixed FEM - Raviart, Brezzi, Fortin

G approximated by the discrete codifferential

Sandia
National
Laboratories



Computational mathematics and algorithms

=

So what went wrong earlier?

1. We used the same discrete representation for all (!)
fields which was incompatible with their physical
meaning and their places in the domain and the
range of the gradient and divergence operators

n e

National
Laboratories
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The loss of coexistence

In the continuum world line and surface fields can coexist at
the same point in space:

=> Only one vector field can be used in the model
= The other can be eliminated:

V-v=0
V:-pou=0
u+Vp=0 =) V=pu ) P
u+Vp=0
v—-pu=0

Unfortunately, in the discrete world line and surface fields
cannot coexist at the same grid location

=> Either both types must be retained (requires primal-dual grid)
= Or one of the operators must be modified
@ Sandia
National
Laboratories
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Collocated discrete operators
can’t work properly!

Discrete gradient

[, j+1
1
0/' i
2A/

u..
pi—i,Q’ Piw,j
Pija

node — node

Adjoint of discrete
divergence not boundary

/ v
]

Non-conservative method

Discrete divergence

i, j-1

node — node

node — edge
=

IS®
/K/\:>

Adjoint of discrete
divergence is boundary

{
fV'v=fn-V
{

Conservative method

face — center

Sandia
National
Laboratories
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Many other important models have identical duality structure
domain Line field <

IR,
B=uH
range Surface field ) - domain

éE=—V><E VxH=]

ot

Is this stuff useful in other cases?

E & J provide dual description of electric phenomena
B & H provide dual description of magnetic phenomena
Curl is self-adjoint.

Sandi
Yee FDTD scheme (1966), FIT (Weiland), Co-volume (Nicolaides), FEM (Bossavit, Nedelec) @ Natioral

Laboratories
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Part i

The afternoown talk:
-The formal math behind compatible discretizations

-A fresh Look at least-squares principles

Eds. D. Ar M. Shashkov

http://www.ima.umn.edu/talks/workshops/5-11-15.2004

Sandia
National
Laboratories
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A heads up: what is a derivative?

1-dimension: it is a velocity
n-dimensions: two possible viewpoints

“Vector calculus”

Based on the idea of approximation of a mapping by a linear function
— Derivative = differential (slope) of the linear map

F(x)=F(x,)+dF(x,)(x—-x,)+ o(x?)

— Coordinate & metric dependent.

“Exterior calculus”
Based on the idea of duality between sections of A" bundles and r-manifolds
— Derivative = adjoint of the boundary operator
(dF,Q) = (F,0Q)
— Coordinate & metric independent. @ Sandia

National
Laboratories
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Compatible discretization:

Differential geometry

algebraic equations that describe “actual” physical systems.

Requires to discover structure and invariants of physical systems and then
copy them to a discrete system

- Fields are observed indirectly by measuring global quantities (flux, circulation, etc)
- Physical laws are relationships between global quantities (conservation, equilibrium)

Differential forms provide the tools to encode such relationships

- Integration: an abstraction of the measurement process
- Differentiation: equality of mixed partials gives rise to local invariants

- Poincare Lemma: expresses local geometric relations
- Stokes Theorem: expresses global relations (differentiation + integration)
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Algebraic topology

Algebraic topology provides the tools to copy the structure

1. System states are differential forms reduced to co-chains

2. Exterior differentiation approximated by the co-boundary operator

3. Dual operators defined using Hodge * operator

Branin (1966), Dodzuik (1976), Hyman & Scovel (1988-92), Mattiussi (1997), Teixeira (2001)

Mimetic and co-volume methods fit this reduction model

- Vector fields represented by their integrals (fluxes or circulations)

- Differential operators defined via Stokes Theorem (coordinate-invariant)

- Primal and dual equations/operators (B and BT) and an inner product (A)

Sandia
National
Laboratories
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The Formal Math: Differential Complexes

De Rham Cohomology

surjection
Primal /
> exact sequence

$ $ Hodge * $ $

Dual

Exactness: dd =0

Poincare Lemma dow‘ =0 = o' =do""
Vy =0 = 1y =Const
‘ Existence of potentials: VxE=0 = E=Vg
V:B=0 = B=VxA
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Tonti (1974), Bossavit (1989), Hiptmair (2000)

Factorization Diagrams

Factorization diagram “All” 2nd order PDE’s
Wk_l e*ue a e*ue -
d! metric d*
\I’ dk—l \I/ ,]\ dn—k
Wk <% —
topology topology -b <x = f
Primal Hodge operator Dual
Weused O-form ¢ < y=x¢ — -yp  3-form
k=1 d— VvV Ve ~d’
1-foorm -u < q=*u - q 2 -form

Equilibrium -u=V¢p & V-q=-yy pEW’ yew’
Constitutive Yy=x¢ & q=+u ucew' qew?

Note that qEW’=d'q (i.e. Vxq) not meaningful! @ ﬁgﬁgﬁ‘m

Laboratories
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Discrete Differential Complexes

Discrete De Rham complex

surjection
Primal /

$ $ Hodge *, $ $ exact sequence

Dual

Discrete Exactness: d,d, =0

Poincare Lemma d,w, =0 = " =d,w,"

Gy, =0 = vy, =Const

‘ Existence of potentials: CE, =0 = E,6 =Gg,
DB, =0 = B, =CA,



Computational mathematics and algorithms

A

Where are the Compatible Methods?

Discrete Factorization diagram
Tonti (1974)

R Bossavit (1989)
e it Mattiussi (1997)
Teixeira (1999)
=t Hiptmair (2000)
Elimination

Primal-dual .

< *Z —_— _>I = th—l
g ‘ Discrete » = e
S Hodge =T
Typical: co-volume, FV Typical: FEM, Mimetic FD
—  Use topologically dual grids — Use single grid
— 2 equilibrium relations — exact — 1 equilibrium relation — exact

— 2 constitutive relations — exact — 2 constitutive relation — exact
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1. System reduction

3 exact sequences: (W, W, W, W,), (C, C,, C,, C;), (C’, C!, C?, C)

d

forms e W——W,_ -
| | < R:W,—C (Roc)=[o
- 6 +1 C
co-chains o Cf——=C"" - DeRham map
) )
. %
ChalnS "'Ck_%ckﬂ'“

Commuting Diagram |

d
Wk - Wk+l

(6Rw,c)=(Rw,dc)= [w = [ dw =(Rdw,c) * R | | R
o ‘ 5

Ck Ck+1

Sandia
National
Laboratories

Fundamental property: ‘Rd =0R

{G,D,C} < 6 approximates d — {grad,curl,div}
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2. Inner products and dual operators

Inner product W, xW,

s W, =W, (00),=[org
Q

Inner product C*xC*

7:C* =W, (a,b) =(Za,b) = [Ta n+Tb=a"Mb
Dual operators Commuting Diagram i
(6a.p), =(a,0'p) — G, C', D’ o0 ke
' 7 | | 7
w,—Lw
C'G=D'C’=0 requires d7="70 k ksl

Sandia
National
Laboratories
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Algebraic Topology Framework: Summary

1. Structures:

Wo Wy Wo W3) Forms Geometric compatibility
c, C, C,C,) Chains
0 1 (2 (3 _chai d

(C?, C1, C?, () Co-chains W —Ssw,

2. De Rham map R | ! R CDP1
R:Wkeck Rd = O0'R CkLCkH

3. Interpolation operator
7:C* =W, d7 =15 cf 9, ke

4. Inner product 7| | 7 CDP2
(ab), = (1a,2) M W, — W,

5. Primal and dual operators

{G.C.D} & {G.C.D} () i

Laboratories
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What does geometric compatibility buy you?

Co-cycles of (W, W, W,, W,) _R, co-cycles of (C?, C!, C?, (P)

dw=0 = 0Rw =0
Discrete Poincare lemma (existence of potentials in contractible domains)

do, =0 = o, =do,, 5" =0 = (" =doc""

Discrete Stokes Theorem

(do, .c.)={(w,,.0c,) (6" ,¢, ) =(c"",dc, )

Discrete “Vector Calculus”
dd =0 00=0— CG=DC=0;C*G*=D*C*=0

Any feature of the continuum system that is implied by differential forms calculus
is inherited by the discrete model

Called mimetic property by Hyman and Scovel (1988)

-— LUUUIGLUIIG
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* Discretization is a model reduction

« Careless discretization causes unphysical
behavior

« Compatible discretizations mimic continuum
structures

« Differential geometry provides the tools to
encode this structure

 Algebraic topology provides the tools to copy
the structure to discrete models

* Cheating is possible but requires “stabilization”,
some or all conservative properties are lost.

Conclusions

Sandia
National
Laboratories
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Network Equations

Equilibrium conditions

U, U,
‘ Force < concept — source \ Pz f | Po
u Ug

Uqo
8 Ug Uy - ®
Constitutive P4 p | Pe
equation Uy ° Us
U, Uz
P1 p ’_.Ps
2
v, = pPU, p — "pressure"
u— "velocity"
p — "density"
v— "flow"

Sandia
National
Laboratories
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"/, Further examples of incompatibility

Counrant Humber = 0,012, Pe=Infinity

40

20

20

i0

10 20 20 40

Galerkin

Conrant Humber = 0.012, Pe=11.517

40

20

20

10

10 20 20 40

bdjoint Stabilimed Galerkin

Advection of a scalar
quantity

V-(ay)=f

An extremely simplified
case of a transport
problem

Seemingly reasonable
fixes can make things
even worse.

Sandia
National
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